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PROCEEDINGS 



THE LONDON MATHEMATICAL SOCIETY. 



VOL. XXXII. 



THIRTY-SIXTH SESSION, 1899-1900 
(since the Formafcion of the Society, January 16th, 1865). 

Thtirsday, January llth, 1900. 

Lt.-Col. A, J. C. CUNNINGHAM, R.B., Vice-President, 
in the Chair. 

Ten memhers present. 

The following were elected members of the Society : — Miss Beatrice 
Mabel Cave Browne Cave, Miss Frances Evelyn Cave Browne Cave, 
and Mr. Herbert William Richmond, M.A., Fellow of King's College, 
Cambridge. 

Prof. Love gave a sketch of a paper by Mr. J. H. Michell, entitled 
" Elementary Distributions of Plane Stress." 

Lt.-Col. Cunningham (Mr. Kempe in the Chair) communicated a 
preliminary sketch of " A General Method of Factorization of Bi- 
quadratics " with special application to Quartans, N= aj*+y*. 

The following papers were communicated in abstract, viz. : — 

A Problem in Resonance, illustrative of the Mechanical Theory 

of Selective Absorption of Light, by Prof. Lamb. 
An Abstract Simple Group of Order 25920,by I^T.\i.^,\yvO&&wi. 

VOL. XXXII. — NO. 710. B 



2 Proceedings, [Jan. 11, 

The following presents were made to the Library : — 

** Educational Times,*' January, 1900. 

" Indian Engineering," Vol. xzvi., Nos. 22-25, Not. 25-Beo. 16, 1899. 

*' Annales de la Faculte dee Soienoee," S^rie 2, Tome i., Fasc. 1,2; Toulouse, 
1899. 

Ostwald, W. — '* PeriodiBohe Erscheinungea bei der Auflosung des Chroms in 
Siiuren," 8vo ; Leipzig, 1899. 

Oarten, Dr. S. — ** Beitrage zur Phjsiologie des elektrisehen Organes des 
Zitterrochen," 8vo ; Leipzig, 1899. 

Acta Societatis Scientiarum Fennicas : — 

Lindelof, E. — ** Remarquee hut un Principe g^6ral de la Th^rie des Fonc- 
tions Analytiques," Tom xziv., No. 7, April, 1898. 

Mellin, H. J. — ** Ueber eine Verallgemeinerung der Riemannschen Function 
f(«)," Tom XXIV., No. 10. 

The following exchanges were received : — 

*'Beiblatter zu den Annalen der Physik und Chemie," Bd. xxm., St 11 
Leipzig, 1899. 

*< Bulletin of the American Mathematical Society," Series 2, Vol. vi., No. 3 
New York, December, 1899. 

** Journal fiir die reine und angewandte Mathematik," Bd. cxxi.. Heft 3 
Berlin, December, 1899. 

'* Annali di Matematica," Serie 3, Tomo ni., Fasc. 3, 4 ; Milano, Dicembre, 
1899. 

** Archives Neerlandaises,'* Serie 2, Tome lu., Livr. 2 ; La Haye, 1899. 

**Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 2, Vol. vin., 
Fasc. 11, 12; Roma, 1899. 

"Berichte iiber die Verhandlungen dor Konigl. Siichs. G^sellschaft der Wisfien- 
schaften zu Leipzig,*' No. 5 ; 1899. 

** Proceedings of the Physical Society,'* Vol. xvi., Pts. 7, 8 ; December, 1899. 

**Periodico di Matematica,** Serie u., Vol. n., Fasc. 3 ; Livomo, Nov.-Dec, 
1899. Supplement©, 1899, Fasc. 2. 
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An Abstract Simple Oraup of Order 25920. By L. E. Dickson, 
Ph.D. Received and communicated January 11th, 1900. 

1. The abstract form of the known simple group of order 25920 
was determined by the writer in the Proceedings of the Society, 
Vol. XXXI., pp. 40-45. The present paper gives a simpler method of 
solving the problem. Furthermore, it has direct contact with the 
developments of Jordan on the group of the equation for the 27 lines 
on a cubic surface.* We first set up the abstract form of a sub-group 
of order 960. 

2. Theorem. — The abstract group 0^ generated by the operators E^, 
Ef, E^ with the generational relations 

(1) ^ = £: = i?:=i, iii,E,y=(ii,E,y = (ii,E,y = i 

is put into holohedric isomorphism with a linear group L^ by the 
following correspondence of generators : — 



(2) 



fE, -({ = („ €i = („ S = f., (i = („ & = €„ 

U,~« = ^,, & = (x, & = €», ii = f., r. = 4 



Indeed, the abstract group is holohedrically isomorphic with the 
altemating group on five letters.f 

a. Theorem. — The abstract group (?„ generated by the operators B„ 
B,, Bf, B^ Vfith the generatwnal relations 

(3) B! = I, B,Bj = BjB, (i,i=l,2,3,4) 
iff holohedrically isomorphic with the commutative linear group 
£„= {J, G,G„ G,C„ G,G„ 0,0., G,G„ Gfi„ G,G„ Gfi„ G,G„ Gfi^ 

G,G,G,G„ G,G,G,G^ Gfifi,G„, GfijO.G^, G,G,G,G,], 



* Jordan, Traite dea Substittaions^ pp. 316-329 ; Dickson, Comptt* Jietiduif 
Vol. cxxvra. (April, 1899), pp. 873-875. 
t Moore, Froc. Zond, Math. jSoc., Vol. xxvin., pp. ^51-^66. 
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wherr d denotes the linear substitution 

Or. f; = -&, « = 6 = 1. ....5;i^i). 
We may set up the following correspondence of generators : — 
(4) Bi ^ GiOi, B, ^ 0,0„ B^ ^ O^Gi, B^ ^ 0^0^ 

4. Theorem. — The abstract group generaiedby the aperaJUyn ^„ ^„ ^,, 
^j, B^y B^y Bi with the geTiera^ional relations (1), (3), and 



[E{'B,E, = B,B,, E{'B^, = B,, 



(5) 



E{ B^Ei = B^B^^ 
El BiEi ^ ^4, 



Ei^ByE^ = 2^„ 



^J" -Bf'^s = BiBfB^j E^ BJS^ = Bj, 



Ei^B^E^ = B,5„ 



Ei^BiE^ = ^8^4t 

Ei^B^E^ = B,B4, 
^j" B^E^ = -84, 



w 0/ f>rd<»r 960, atw2 is holohedrically isomorphic icith the linear group 
L^^on the indices f„ ..., ^5, given as the product of the permutable 
groups Li^ and L^, 

The pennutable groups L^^ and L^, having only the identical sub- 
stitution in common, genei-ate a group of order 16 . 60. The iso- 
morphic groups (7,8 and G^, subject to the relations (5), generate 
an isomorphic group O^^. 

5. Theorem. — The abstract group G^^ is generated by tJie operators 
JS7„ ^,, E^, B^ subject to the generational relations 

(6) ^ = #, = ^: = ^ = J, (E,E,y=(E,E,y=(B,E,y = l 

(E,E,y = (B,E,y = (B,E,y = i. 

From the relations (5) we derive at once the following : — 
(7) B, = E,B,E[, B, = E,E^E[B,E^eXv B, = E,E,,B,E,E,. 

The relation E^'B^E^ = B^B,^ 

then requires (Bjiy,)* = J. 

Also, by (5), J5i is commutative with E, and E^. It follows that the 

operators E^, E^, E^, i?, of G^ are subject to the relations (6). In 

ordej' to prove that they are subject to no relations independent of 
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(6), we proceed to show that the relations (5) can be derived from 
(6) and (7). Noting then that J?„ JBj, B^ are expressed in terms of 
^„ JB?j, E^ B^ by (7), our theorem will be proven. 

B^B^ = B,E,B,El = E\B,E, [since B,E^ is of period 3]. 

BiB^B^ ^^ Ej^B'iE'^.B^^^ E^B^E^E^E^B^EiE^Ey 

Replacing EIE^E] by E^E^E^ and interchanging JB,j&, with ^^B„ 

B^BiB^ = E^E^BiEiB^E^BiEfE^ = E^^E^BiE^BiE^E^E^ 

[since J?i^i is of period 3] 
^ E^EiByE^E^ = £fa B^E^. 
Ej B^^ = EJS^BiE^E^ = E^EJB^E^E^ = E\ByEy^ = Bji?,. 
B^B^ ^ EiBiEjBJ^B'^EiE^E^ ^ EiE^EiB-^E^E^E^, 
upon setting J?ii7, = ^,Si, B^E^B^E^ = ^iB,^. 
Hence ^.J^j = E^E^E^B^E^, E^ = EJB\B^E, E^ = E; '5,JS7i. 

l**""* D 1? — TJT J? 1<» in* Z> J«» IJ' 7?' 1? — - m 17» !<»' /' UT D IJ' N 1? IJ* T?' — P 
i!f2 -^S^s ^^ JlifJl/iJh^JliyDiJldiUd^JIj^Cj^ = ^|i!f^j ^iV}jD|^jJ XV|iLf]i2f| — i>3, 

since EJS^E^E^ = E^E^E\E^, 

B^B^ = ^1 EfEyByEiE^E^ . E^E^ . E-^E^EyByE^Ei E^ . E^E^, 
But EiE^E^E^E^E^E^E^ = E^E^E^E^E^E^E^ = E^E^E^E^E^ 

Monce B^B^ = J5/j J^j £?j j^i ( j&j j^j E?j jE7j E^ B^ E-^E^E^ ^i^% 

= E^ EJSjE^E^h^E^ B^EfE^EyE^^ j^i-^j 
= E,EXE,E,E,B,E,EX^^^fE,E,E, 

VTPTPTPJnTPJiTPJn W^TP JP TP IP 7P 

— IL yCj^Jlj^tld llh^tld 115^111 '^Jjj^ ^Pj^IL ^JL^JL 

= h\E,E,E,E]{E,B,E,) E,E,E]E,E%E\ 

= E,E^E^, {E,E,B,E,E,) E'.E.EyE] 

= EjEiE^l {E,E,E^tEtE,E,) E^E^E\Ei 
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Using the last result, we find 

To prove that E^ B^JS^ = B^, 

we note that -E^' {E,BJS^) E^ = E^^ (5^) ^i, 

or E^E^BsE^E^ = ^1^3. JS'^ •^4-^1* 

Bat the first product equals 

E^yBJ^^Ei = BfB^i. 
Finally, ^.''B^iSi = -EiJSiJgiBa^^jJSi = E^ {Efi^E;)E^^ = B4. 

6. The general orthogonal group on five indices with coefficients 
taken modulo 3 has a sub-group 0^^^ given by the extension of the 
group Zfj^ by the following substitution w of period 3 : — * 

We note that v^ and w^^ both have the form 

&'=-fl + f,-& + &, f4' = -f, + f, + f3-f4. 

If (12) (34) denote the linear substitution (2) corresponding to J^j, 
we readily verify that 

0,(74 = w?(12)(34)M;-^ 

Hence the simple group O25920 is generated by the linear substitutiouR 
(2) (which generate L^ together with xc, 

7. THEOKEM.t — The abstract group generated by the aperat(trs 
JS?,, JE?j, JE?8, B„ W subject to the generational relations (6) and 

(8) Tr»=l, TF-%TF=B,i;„ W'E,W=B,E,, W'B.W^ B,B,E,, 

(9) WB, = B,B,E,E,ElW\ 

(10) (WE^E^E,W)E, = E\E,E,E^E, (WE^E,E,W). 

is simply isomorphic with the linear group Oja^so. 



♦ American Journal of Mathematics ^ Vol. xxi., pp. 193-256. 

f I^or simplicity Bf, B^, and B^ have been retained in the f ormiilfe, but are, in 
Act, to be eliminated by (7), 
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In virtue of the correspondences (2), (4), and W^iv, we may 
verify that the corresponding relations for the linear substitutions ' 
all reduce to identities. If therefore the order of be proven to be 

< 25920, the holohedric isomorphism between and 0,bq» will be 
established. To do this, we consider the following twenty-seven sets 
each of 960 operators of 0, those of the first set being the operators 
oi 0=0^ :—* 

B^ = GW'E^W* 
Bat = GWE^E^W 
B^=GWE^E^^W' 
B.u=GW'E^EJ^,W'] 



/< = 0, 1, 2\ 
\«=1,2 / 



It will be proven in §§ 8-11 that the generatorsf ^i, ^j, -£?«, ^i, W^ 
and hence an arbitrary operator of 0, give rise to an interchange of 
our 27 ix)ws when applied as a right-hand multiplier. But the first 
row contains the identity. Hence the product I,g ^ g^ where g is 
an arbitrary operator of 0, lies in one of the 27 rows. It follows 
that the order of is at most 25920. In particular, it follows that 
the 27 rows form a rectangular table for with G^^ as first row. 

We note the following formulsB derived from (8), (9), (10) : — 
W^E^ = B.E^W^, WE, = B,E,W^, W'B, = Bj,B,E,W\ 
WE^ = B^W, WE, = B^E^E.W, WB, = Bj^E^W, 

WB^ = E^,W, E,W = WB,E,. J^JJTT = WE\B^, 

E,W = WE,B,, EtW^= TT^,, E,E,W=i WE^E\, 



8. Theorem. — E^ gives rise to the following substitution upon the 27 
rows when applied as a right-hand multiplier : — 

l^i] • (I^$ioB,2o)(BaiiB^){BaiB2,u)(Ba2Rsi2)(RmB^i)(Ri^B^^), 

where « = 1, 2. 



* The notation JRtf Bnt for the 27 rows is that used for the corresponding rows 
of the rectangular table for Oj^ggo ^ given hj the writer in Gomptei Rendm^ 
Vol. axxvm. (April, 1899), pp. 873-5. 

t We may drop the generator B, in virtue of the relation 
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B^\ = JKoi ^i^f = ^^^« = ^^»T^ = GTT = Ri, 

since (11) E^E^E% =: B^^EJEl[. 

B^^E^ = OW'E^E^EiWE^ = aWE^E^^BJV= B^u 

since (12) E^E^^B^ = B^B^^E^^, 

B,^oE^ = GW'E^E^\E^ = OW'E^E^E^i = GTF*JS;J^^^i = B^. 

JR^, = GW'E^E^.E^ = GTF'JE?, = B^o. 

B^^, = GWE^EJE^W^E^ = GWBfifi^E^E^EJs^^W^, 

since E^E^E^Efi, = BJBJB^E^E\E^E\ = B^^B^E^Ej^^]. 

Hence, by (9), E^J^J, = (^TP-iJs^t^!^' = -B2.11, 

-802^8 = (?T^'^3^,Tr«i;j = GW'E,E^,EJ3,W^ = GTF^i/sTF* = i?,42. 

1^,«^, = GWE^E^WE^ = (^TT^/^E^j^sTF 

= GWB,B,E,E,W= GWE^E.W = i^^a,. 

9. TFlften applied as a right-hand multiplier to the 27 rows, E^ gives 
rise to the following substitution : — 

[^1] • (^.lO^»»ffrto)(^*Sl^«31^J*4l)(^»«^t«lJ^«S2)> 

wJiere 5 =: 1, 2. 

B,E, = B,, Ba^, = GW'E^,E, = B^ B.,,E, = GW'E,E, = R,^. 
B^E, = GW'E,E,E,WE, = GWE,E,E,B,E,E,W 

= GW*EiE,E,.E,E,W= GW'E,eIE^W= GWE^E^W = 7.\,„ 
nsing (12). 

l^^xE^ = GW*E,E,WE, = GW'E,E^BiE,E,W 

= GW'B,B,E,E,.E,E,W= G}r"E,E,W = QfTP'^sH^ri: i?^.,,. 
7i:,„^, = GWE,E^E,W^E, = GW'E,E,E,B,E,W' 
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= GW'E^E^W* = B^. 
B,uE, = OW'E^E,E\'B:^tE,W = OW'E,E^E\,E^EiW 

= GWE,E,EXW = GW*E,E,ElW = ^m [rising (11)]. 

E^E, = (?TPi;,Tr'i;, = gwe^,e,w^ = (?Tr*^,TF» = e^,- 

10. When applied as a right-hayid multiplier^ W gives rise to the 
following substitution upon the 27 rows : — 

[PF]: (i?,S,B,)(E.„E^,B^) (. = 1, 2; » = 1, 2, 3, 4). 

11. When applied as a right-hand mtiltiplier, E, gives rise to the 
follmring substitution upon the 27 rows : — 

[E,] : (■Ki^«))(Bj-B^)(Ai(hRuo)(J^«'?ao)(^i-Bj4»)> 

(^lAM)(J^U^JJj)(^nRMl)(^J^l)(Bi„B,«,). 

We have B,E,= G WE, = B^ 

«.,»£, = QWE,E^\E, = OWE,E,E^, = B^ 
i?.^, = QWEJE^E, = GWE^JE, = GW'E^E^ = B^, 
R^E^ = GWE,E,E,WE, = GWE,E,E,W= B,„ [by (10)], 
B^E, = GW*E,E,E^WE, = GW (E\E,E»E^,WE,E,E,W) 
= WEiE^E^ WE J . E^E^ W= G WEjE^Et W. E^E^ W 
= GWE,E,E,E,E^W* = GWE^\E,W* = E,„, 
B„,E, = GW*E,E,E\WE, = GW^E,E,E,WB,E,E, 

= GW'E,E,E,WE,BX = b„,e,bX, = -B«,B,X 
= GWE,E,W*B,1<1\ = GWEyE,.B,B^XxW* 
= (3TF5,£,B,B,^,J5;jTr* = GTT^TI'' = E,«, 
B-oiE,:=GW*E^,WE, = GW'E^,E,WE,E^B, 
= B^E^E^B, = B,^E,B, = GWE^,W'E,B, 
= GWE,E,.BiE,B,B,E,W* = GWB,BJ<!^^E^E^m 
= OW^EtE.E\W^ = E„„ 
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Bi:iiE,:= OWE^^WE^ = GWE^^^WEttJ^B^ 

= GWE^^.W.E^Bj = aWEJS^^,BJS^^B;^^W 
= OW^EiW = Ehi [using (12) and (6)], 

R^,E, = GW^E^.W^E, = OW^E^W^B^^ = OW*EtW^E^B,B^ 

= GW^E,E,Bl\E^,.B^B^^E^\W* 
= GW^B,BsE^^li\E^.E^E^^W*=:GW^E^,E^W^ 
:= GW'E^^W^ =^ B,ny 
R,^Ei = GWE^E^.W^E^ = GWEsE^B^W^E^E^ 

= GW*E^^E,WE[ = GW*E,E,E,.E^,B^^E,W 

i?^^5 = GW^E^,E,W^Ej, = GW'E,E,,B,W^E,E, 
= GWE.E.W'E.E] = i223,^,i;J = J^«,^ 

= gw^b,b^,b,e,eXw' = (?Tra,JE;,^'ir2 = b„,, 

JR,„i;, = (?lF^,jE7,^Tr^, = GWEJE^WE^E.B, 
= ^iiE^E^B^ = B^ii^iBi = E,„Bi 
= GWE^E^.WB, = GWEJE^^BJU^W 
= GWE^E^E,.E,W= GWE^E,E\W= R,,, [by (12)], 

Ei«^, = GTF^jTT^ = GWE^^. jrB,E,= GWE,E,W'EAB^ 
= R,^E^:fi^ = E^iBjB^ = GW^E^^E,WB,B^ 
= GW^Ej,E,E,.E^B,.B^B^E,E,E\w' 
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A Problem in Resonance, illtistrative of the Theory of Selective 
Absorption of Light. By Prof. Horace Lamb, P.R.S. 
Received January 8th, 1900. Communicated January 11th, 
1900. 

The impact of sound-waves on a fixed spherical obstacle was 
discussed by Lord Rayleigh in a well known paper,* which also 
treats briefly the case where the sphere is movable, but is urged 
towards a fixed position by a force varying as the displacement.f 
In the present note this latter problem is studied under a more 
general form, it being supposed that the sphere is capable of various 
independent modes of free vibration ; and special attention is directed 
to the case where there is coincidence, or approximate coincidence, 
between the period of the incident waves and that of one of the free 
modes. 

The immediate acoustical importance of the question is perhaps 
not very great, since massive bodies are not usually set into vigorous 
sympathetic vibration by the direct impact of air-wave8,J but rather 
through the intermediary of resonance-boxes and sounding-boards. 
The problem has, however, an interest in another direction, as 
furnishing an analogy by which we can illustrate, without any great 
expenditure of analysis, the mechanical theory of selective absorption 
of light in a gas. 

The main results of the investigation are simple, and have a high 
degree of generality. The " free " vibrations which can take place 
in the absence of extraneous sources of sound will be of the type 
e"*^ cos ((T^-f «). When waves of sound beat on the sphere, there are 
certain values of the frequency, very nearly but not quite equal to 
the respective values of o'/2ir, for which the amplitude of the scattered 
waves is a maximum. If the incident waves be plane, it is found 
that when the frequency has precisely one of these critical values 
the amount of energy dissipated outwards per unit time in the form 
of scattered waves is independent of the size of the sphei*c, and bears 
a definite ratio to the amount of energy which in the primary waves 



• Froe. Land. Math. Soc., Vol. iv., p. 253 (1892). 
t Jlnd., p. 272. 

* The extreme preciaion of toning that would \>e requrradi tx^\aX»& ^^^qaxaX. *Cb^. 
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is propagated per unit time across an area eqnal to the square of the 
wave-length. Moreover, there is a rapid falling-off in the rate of 
dissipation as the frequency deviates from a critical value.* 
The notations for the various solutions of the equation 

(v«+y)<^ = (1) 

which are required are as explained in the author's Hydrodynamics, 
§§ 267, 309. Thus, if 

^'<^ = (-^ir-r= i.3...Ui) ^-n£3-)-^--i<^> 

the typical solutions of (1) are ^^ (kr) 7^8^ and ^, (kr) r*iS«, where r 
is the radius vector, and <S»„ is a spherical surface harmonic. The 
former solution (alone) is finite when r = 0. To express waves 
diverging from the origin, we require the combination /„ (kr) ?*"S^„, 
where , /7 \*» -*' 

/»(£)= (-^y Y = *-(^>-''''"(^^- ^^^ 

1. Let us suppose that in the absence of a suiTOunding medium 
the sphei^ would have a natural mode of vibration in which the 
surface has the form ^ , _i_ c (f^\ 

where 8^ is a definite surface harmonic of order w, and a„ is a function 
of t. The origin is, of coui-se, taken at the mean position of the 
centre of mass. Let us further suppose that the potential and kinetic 
energies of the sphere ai-e determined solely by the form and by the 
normal motion of the surface, so that we may write 

r = M.('^)', r=io,ai (6) 

This latter assumption has, of courae, only a restncted degree of 
generality ; it holds for a fluid sphere subject to surface tension or 
to forces of mutual att inaction, but it does not apply to a solid elastic 
sphere. For such purely illustrative purposes, however, as we have 
in view, the assumption embodied in (6) may perhaps be tolerated. 
The case n = 1 is that of the vibmting rigid sphere considered by 

♦ The author hopes shortly to publish an investigation dealing with similar 
problems in an elastic solid medium. An electro -magnetic analogy is developed in 
s paper recently comiuunicated to the Cambridge Philosophical Society (TVffw*., 
Vol. xvm., p. 348). 
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Lord Rayleigh. When adverting to this case we shall replace a, by ^, 
the displacement of the centre, and Ai by the mass M. The harmonic 
Si is then of the form cos 0. 

The equation of motion of the sphere when saiTounded by a gas 



will be 



^•^'+C.a^ = -\lpSn<h. 



(7) 



whei*e p is the pressure and rfs is an element of surface. Assuming 
a time-factor e*^ (which it is not always necessary to show explicitly), 
and writing a. = (OVA)», (8) 



we have 



K-A;V)J.a, = -((i,S„ds. 



(9) 



The constant o-„ indicates the frequency (o-„/2ir) of the oscillation 
when the influence of the surrounding medium is ignored. 

2. Now let the velocity-potential in the gas be <l>-\-^\ where 

<I> = B„ il^., Qcr) r-^„, <^^ = ^./, {kr) r^S,,, (10) 

^ being due to a certain distribution of sources at infinity, and ^ 
representing the waves reflected outwards from the sphere. If p be 
the density, the variable part of the pressure is given by 



P = PJ^ (* + </»') = *^'^^ (*+*')• 



(11) 



whence, substituting in (9), 

«-fc»c«) J.O, = -ikepar {B,,(,,{ha)-VB,f,{ka)\^\Sld^. (12) 
Again, we have the kinematical relation 



-|:(*+«A^)=^"S„ = jfcraS., 



(18) 



whence 

-ikca, = B„a»-' {ka^'.{ka) + nyl>,{ka)} JrB^a'-' f fe«/.(fea)+n/,(A»)]. 

(14) 
Eliminating a„ between (12) and (14), we find 

A, 



k'c 



B.xl,Jka)+BlfAka) 



B, {kai,:{ka)+mi,,{ka)} +K {kaf:,{ka)+nf, {ka)] '"* 
where dar, = ds/a', is an elementary solid angle. 



(V ._ 
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3. When there are no extraneons sources, B^ = 0, and 
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(16) 



This is an equation to determine k, and thence the character of the 
" free " motion of the sphere as influenced by the surrounding 
medium. Usually, ka will be small, so that the equation reduces to 



^-^■=sTi'^r:-- 



whence 
if 



fc»c»_ 1 
< l + « 
1 pcf 



(17) 
(18) 

n+1 A. ii'-'^' ^''^ 

This fixes the ratio in -which the frequency of the particular mode 
under consideration is diminished by the inertia of the surrounding 
gas. In the linear oscillation of a rigid sphere (n = 1), we have 
#c = jjxpa'/if ; we thus reproduce the well known result that the main 
effect of the fluid is to increase the inei-tia of the sphere by half that 
of the fluid displaced. To find the rate of decay of the oscillations it 
would be necessary to caiTy the approximations further. In the case 
n^^ly^e find frg/; (^g) +/, (frg) ^ JM_ 

f,(ka) 1 + iW ^^ ^ 

and thence 



a: 



-|-#c) l-\-tka) 



J 1+kI =l+a:a3 ( 2(H 

I+kI 2(1+*) 2(1 + k) ^ ) 



(21) 



2(1+") 
The usual method of successive approximations then leads to 

ikc= dbtV"-»', (22) 

where a = — — ^—r. < 1— ,-7^ — ^- -V r » " = tti r — «- • i^^) 

(1 + k)U 4(1 + #c)* c* ) 4(l-h#c) c* ^ ^ 

The (idealized) time-factor is now e'** cos (o-'^-he). 



k 4. In 
ft and (19 

eLjrwxnr., 



4. In the ''foixied" oscillations of order n we have, from (15) 
and (19), 

j^_ {kail/n (ka) +n>/r,, (ka) ] ((r^-A;^) -f (n -h 1) k feVt/r, (fea) 
^ " {kafUka)-^nf^(ka)}(al-J^c')-r(n-^l)KkVfn(ka) ' 

• ^ JLoiti Eayleigh, Theory of Sound, \ ^^5. 



(24) 
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If ha be small, i.e., if the wave-length of the extraneons sources be 
large in comparison with 2ira, the approximate values of ^^ (Tea) and 
/, (ifco) make 



B\ n«-fcV)-|-(n+l)K*V 



{kaf 



B, («+l){,r»,-(l + K)fc»c'} {1.3...(2»-1)}'(2»+1) 



(25) 



This ratio is in general of the order (A:a)*"*\ but the approximation 
IB plainly illusory when kc is nearly equal to o-„/(1 + k)*, i.e., when 
the frequency of the sources is nearly coincident with that of the fi'ee 
vibration. The result for a fixed spherical obstacle is got by putting 
<r„ = 00 in (25) ; thus 



B\ 



jka)'^^^ 



Bn n-hl'{1.3...(2n-l)}»(2n+l)* 



(26) 



This requires correction when w = ; it may be shown that 
B^fJB^ = — ^A:*a', approximately.* 

5. To examine more closely the case of approximat'C synchronism, 
let us wi'ite, in the exact formula (24), 



fnVca)^^,{ka)^i^^(ka). 



We obtain 
whei'e 






g» c^**) 



G,(i;a)-tgr,(A»)' 
(do? 



(27) 
(28) 



g, (ka) = {ka,l,:(ka)+wl,. (ka)] ( -s^-fc»o«) +(« + l)«fc'a' ^„ {ka)) 

(29) 

The modulus of the right-hand member of (28) is never greater than 
unity, but it attains the value unity, and the amplitude of the 
scattered waves is therefore a maximum, when 

O, (ka) = 0, (30) 

in which case B\ = —iBn. (31) 

If we substitute for ^„ (ka) its value (3) in the form of a series, the 



• Theoiy of Sounds \ ZZ\. 



u iL*: 



L-^?s iiuin that iifiven l)v 



For large values of kr we have 

velocity -potential of the scattered waves at 
the origin is therefore 

real form, f' = iJ4 """ ^('''-'•+'> &'„. 
.te of propagation of energy outwards is 

>ver the surface of a sphere of large radius r. 
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plane waves, travelling (say) in the direction of x negative, we may 
write 

tp = e'*' = S (2n'\-l)(ikry ij/, (kr) P„ (cos $)* (39) 

where cos = x/r (the origin of x being at the centre of the sphere), 
and P« denotes the ordinary zonal harmonic. Hence, if we write 

B. = (2n + 1) t'*Aj", Sn = P„ (cos 6) , 

the scattered waves will be represented by 

^ = SB;/, (kr) r^F^ (cos 0), (40) 

where the ratio of B\ to J5„ is given by (24). 

When k has the critical value for the component of order n, we 
have, by (31), ^.^ ^ _ (2n+ 1) ^"*'it^ 

and the formula (36) becomes 

^' = ( - )" ^±1 »'°^(''<-'-) P, (cos «), (41) 

K r 

corresponding to the incident wave 

^ = cos h{x-\- ct) . (42) 

The mean rate of dissipation of energy is now 

2(2/i+l)*pc. (43) 

The proper standard of comparison here is the energy-flux (per unit 
area) in the primary waves i*epresented by (42). On the scale of 
our formulae this is ^pk^c. The ratio of (43) to this is 

47r (2n + l)//^ = "- "^""^ \\ (44) 

TT 

where X is the wave-length. 

8. In the linear oscillation (» = 1) the displacement f of the 
Hphere is given by (14) ; viz., we have 

When the period is adjusted to maximum dissipation this becomes 
I = - 1- {fcaf;(fea)+f,(i«)} + '^} ikaf,(ka)+Mka)] = - ~-, 

C C' n CL C 

(46) 



♦ See Lord Rayleigrh, I.e. ; Heine, Ku(jelfnHCtionei\^ \.. l,, ^. ^*I V^^'\^^' 
trOL, XXXII. — NO. 711, c 
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approximately ; or, introducing the time-factor, and taking the real 



part 



^ = ^c'^*^- 



(47) 



The amplitude of vibration of the air particles in the original wave 
(42) is 1/c on the present scale; the amplitude of the sphere exceeds 
this in the ratio 6/l^a^, Again, the energy scattered in any time is, 
by (44), equal to '955 of that which in the primary waves crosses in 
the same time a square area whose side is equal to the wave-length. 
If the sphere were fixsd, the expression corresponding to (44) would 

^ J(ifca)*TO«» (48) 

The ratio of (44) to this (when n = 1) is ^ (*?«)"•• 

As stated in the introdaction, these results are interesting chiefly 
for the optical analogy. They indicate that, on any mechanical 
theory of selective absorption, the dissipation in the case of syn- 
chronism will be so great that an assemblage of molecules, such as 
is supposed to constitute a gas,t would be absolutely impenetrable to 
waves of the critical length. 

9. The wave-length of maximum dissipation is very sharply 
defined, and the more sharply the greater the value of n. If we put 

^=(l + e)z, (50) 

where z is the small root of 

G.W=0 (51) 

and e is a small fraction, it will be foand that 

fi. \ «** n fi. \ 2(n+l)1.3... (2tt— 1) ., , . 

(52) 

approximately. The foi*mula (28) then shows that the dissipation 
is less than the maximum in the ratio 

[-1^ 4(n + l)'{r3...(2n-l)r jI^kJ V] - ^^3^ 



♦ This i« easily deduced from (38) with the values of B\ and ^o given in (26) 

and the line following. The result is given by Lord Rayleigh, Fhil. Mag., April, 

1809. 

t Viz., the diatoDoes between neighbouring molecules are large compared with 

tAe diameters, whiht a very large number of molecdles \b contained in a volume \'. 
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This ratio has the value | when 

Jtm*l 
€ = ± r- T^. (54) 

2(n + l) {1.3 ... (2n-l)}* ! + « "^ ^ 

For example, when n = 1, the dissipation sinks to one-half ithe 
niaximom when the wave-length of the incident vibration deviates 
from the critical value by the fraction 

4(1+k) 

of itself. For n = 2, which may be taken as corresponding I'ouglily 
to the case of a tuning-fork (without resonance-box or sounding- 
board), the corresponding fraction is 

54(l-fK)' 

It is to be noticed that not only is ^ (= 2ira/\) small, by hjrpothesis, 
but that K will in any acoustical application be a very mintrte 
fraction. 

10. Regarded as an illustration of optical conditions, the notion of 
]i molecule attracted towards a fixed position in space is of coui*se 
somewhat crude. Lord Kelvin has employed on various occttsiens 
the conception of a ngid spherical shell enclosing other concentric 
shells which are attached to it and to one another by massless 
springs. It is easy to adapt our analysis to such a case. The rela- 
tive configuration of any dynamical system enclosed by the outer 
shell may be specified by means of coordinates 9,, g„ ..., 5,„; and 
there is no loss of generality in assuming these latter coordinates to 
be so chosen that the expressions for the kinetic and potential 
energies of the shell together with the included system reduce to 
the forms 

2r = lf^ + 2(a,gj-ha,g,+ ...+a«.gJ^ + a,gJ+a,g*-|....+a«.gl (55) 

and 27= Ci^J-hCj^J-h... -hc^gl, (56) 

i-espectively, where i refers to the outer shell. Lagrange's method 
gives m equations of the type 

arqr-ha.'i-^-Crqr = 0, (5k7) 

together with Jf ^ -I- 2,a, ^, = - 1 1 jp coa 6 d^. ^«\ 



20 



On a Problem in Resonance. 



Introducing the time-factor e'*^, we find 



9r=- 



kVar—Cr 



f 



(59) 



(60) 



and thence [ - A;Vlf -h A;*c*S, jtjt^ l^^-Upooseds. 

This corresponds to (9), with n = 1, and the work can then be con- 
tinued as before. The result will be that the factor cfJ— ^c*, where 
it appears in (16) or in (24) (with n = 1), must be replaced by 



aj 



-^^'+]JS.j^^^— ^. 



(61) 



It is easily verified that, when waves of given period impinge on the 
system, there are certain critical values of the period for which the 
dissipation is a maximum ; moreover, that in the case of plane 
meident waves the i*atio of the maximum dissipation to the primary 
energy -flux has the same value as before, viz., 



^-V. 



(62) 



A (mathematically) singular case arises when 

kc = {CrlarY, 

i.e. J when the fi'equency of the incident waves coincides with what 
would be the peiiod of the free vibration corresponding to the coor- 
dinate qr, if the outer shell were fixed. It appears from the preceding 
equations that j will vanish, together with all the coordinates 
fi» <lv •••» ?«n with the exception of 9^. The ratio of B\ to -B, is deter- 
mined by the equation 

d 



dr 



(*+<^0=o, 



(63) 



for r = o ; and the value of qr then follows from the equation (58) , 
which reduces to 



■''"iVajf^™"*'^'- 



(64) 



It is otherwise evident that, under the circumstances supposed, a 
steady internal vibration is possible, whose reaction on the enclosing 
shell shall just balance the pi-essui^e of the air-waves upon it. 
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Thursday, February 8th, 1900. 

Prof. ELLIOTT, F.R.S., Vice-President, and subsequently 
Lt..Col. A. J. C. CUNNINGHAM, RE., Vice-President, 
in the Chair. 

Twelve members present. 

Pi-of. Elliott announced that the Council had passed the following 
resolution, viz. : — 

" That, the objects of The London Mathematical Society re- 
quiring that it shall consist of more than 250 membei*s, it i» 
resolved that the number of its members may be increased b}'- 
further elections to 350." 

He also mentioned that the Registrary of the University of Cam- 
bridge, by direction of the Reception Committee, had forwawled to 
the Society a bronze copy of the medal presented to Sir Gr. G. Stokes 
by the University, on the occasion of his jubilee. The medal was 
exhibited to the members present. 

Prof. Love gave a sketch of a paper by Mr. J. H. Michell, entitled 
" Some Elementary Distnbutions of Stress in Throe Dimensions." 
Dr. Larmor joined in a discussion of the paper. 

Major MacMahon spoke on " Combinatorial Analysis, the founda- 
tion of a new Theory." 

The following papers, in the absence of their authors, were taken 
as read : — 

A Formula in the Theory of the Theta- Functions, by Prof. A. C. 

Dixon. 
The Canonical Reduction of a Pair of Bilinear Forms, and 
Reduction of a Genei'alized Linear Substitution to a Canonical 
Form, with a Dynamical Application, by Mr. T. J. I'A. 
Bromwich. 

The following presents were made to the Library : — 
** Educational TimeH," February, 1900. 

** Indian Engineering^," Vol. xxvi., Nos. 26, 27, 1899; Vol. xxvn., Noh. 1, 2, 
1900; Dec. 23-Jan. 13. 
Kneser, A. — **I/elirbuch der VariatioiiBrechnuiig," ^vo; "BTwms^'^€\^^ V^^^ . 
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Forsyth, A. R.— '' Theoxy of Differential EquatioiiB/' Ft. 2, VoIb. n., m., 8vo ; 
Cambridge, 1900. 

<* The Astronomical and AstrophyBical Society of America,** Fimt Keeting, 
1899 (from *' Science,*' Vol. x., No. 26). 

Schreibner, W. — *< Zur Theorie dee Legrendre-Jaoobi^sohen Symbols (-^J,** 
8vo; Leipzig, 1900. \ *» /' 

0«twald, W.— **DampfdruckeTemarer Gkmiache," Svo ; Leipzig, 1900. 

The following exchanges were received : — 

** Periodioo di Matematica," Anno xv., Faso. 3, 4 ; Livomo, 1900. 

** Proceedings of the Royal Society," VoL lxv., Nob. 422, 423, 1900. 

** Beibliitter zu den Annalen der Physik und Chemie," Bd. xxzn., St. 12, 
B^. xxiT., St. 1 ; Leipzig, 1899-1900. 

** Bulletin de la Societ6 Mathematique de France," Tomexxvn., Faao. 4 ; Paris. 

^* Bulletin of the American Mathematical Society," Series 2, VoL vi., No. 4 ; 
New York, 1900. 

** Jomul de Scienoias Mathematicas e Astronomicas," Vol. xin.. No 6 ; Goimbra, 
1899. 

" Monatshefte fiir Mathematik und Physik," Jahrgang xi.. No. 1 ; Wien, 1900. 

-' Bulletin des Sciences Mathcmatiques," Tome xxm., Nov. ; Paris, 1899. 

'^Rendiconto dell' Accademia delle Scienze Fisiche e Matematiche," Vol. v.. 
Fasc. 8-12 : NapoU, 1899. 

**Atti della Reale Accademia dei Lincei— Rendiconti," Sem. 1, Vol. ix., 
Fasc. 1 ; Roma, 1900. 

** Revue Semesirielle des Publications Mathcmatiques," Tome vni., Partie 1, 
Av.^Oct., 1899. 

** Journal of the Institute of Actuaries," Vol. xxxv., Pt. 2 ; January, 1900. 

*' Sitzungsberichte der Konigl. Preuss. Akademie der Wissenschaftenzu Berlin,** 
NoK. 39-63 ; Oct. 19-Dec. 21, 1899. 

** Proceedings of the Cambridge Philosophical Society," Vol. x., Pt. 4 ; 1900. 

*'Jahrbuch iiber die Fortschritte der Mathematik,'* Bd. xxvni.. Heft o, 
Jahrgang, 1897 ; Berlin, 1900. 

*' Annals of Mathematics,** Series 2, Vol. i.. No. 2 ; Harvard, 1900. 



1900.] On Distributions of Stress in Three Dimensions. 23 



Some momentary Distributions of Stress in Three Dimensions. 
By 3. H. MiCHBLL. Received January 21st, 1900. Com- 
municated February 8th, 1900. 

A force is applied to an isotropic elastic solid, either at an internal 
point, or on a plane boundary, or at the vertex of a cone, and it is 
required to find the distribution of stress. If we make the assump- 
tion that the stresses vary invei-sely as the square of the disl^ance 
fix)m the point of application of the force, we arrive at a series of 
elementary solutions of which those suitable for the present problems 
are here communicated. These elementary solutions must of course 
include those at the base of the classical works of Thomson and 
Tait,* Boussinesq,t and Cerruti on the infinite solid and the solid 
with an infinite plane boundary. 

The General Equations, 

1. Let u\ v\ w be the displacements along rectangular axes. The 
equations of equilibrium are 

(^+/')^+/'W=0, 

(A+/i)^+,iVV=0. 
Multiplying by x, y, z i-espectively, and adding, we get 
(X+/t) r^'^ +/iV« (a-u'+y»'+zw')-2fiA = 0, 

or (A+/t) r^ -2/tA+/»V*rtr = 0,' 

dr 

where u, v, w ai*e the spherical polar displacements. 



Natural Fhiloiopht/, ^ 730. t .-Ipplication* de* PotculviU- 
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For the rotations nf{, nTa, htJ, we have 

Vtr; = 0, 
Vtr; = 0, 
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Multiplying by x, y, z respectively, and adding, we get 

or V'rtr, = 0, 

tir„ nr,, «r, being the spherical-polar rotations. 

We have therefore the three intrinsic equations of equilibrium 

V'A = 
(2A 



/uV*ru7-|- (A + /i) r ^ — 2fiA = 
dr 



(1) 



VVht, = 

These ai-e not, in general, sufficient equations of equilibrium. Let 
a solution of (1) give 

(X+M)^+AiVV=-X', 

(X+/u)^+,xV'u;'=-Z'. 
dz 

Then, from the process employed in obtaining equations (1), we 

must have 

xX^-yT^zZ' = 0. 

X (z;-y:) +2/ (x:-z:) +.- (r;-z;) = o. 

Introducing the polar components of force X, Y, Z, these equations 
aro known to be equivalent to 

Z = 0, 
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It follows that, if the solution of (1) is regular throughout the solid 
angle, we must have X = F = 0, that is, the solution satisfies the 
equations of equilibrium with no volume force. In this statement 
no attention is paid to an irregularity at ^ = or $^= v, which dis- 
appears if the polar axis is displaced. The application of (1) to 
complete spheres and spherical shells must be left to another 
occasion. At present we consider those solutions for which the dis- 
placements vary inversely as the distance from the origin, and the 
stresses, consequently, invei*sely as the square of the distance. In 
this case, after having found the general solution of (1) of the form 
required, we substitute in the equations* 

X = = (X-l-2/i) sin« ^^ -2/i'^ -h2/x sin ^ (rtir,), 
du d<p dr 

r = = (X + 2m) cosec « ^ -2m |: (r-r,) +2^ ^ , 
which, remembering that Mr, vr are independent of r, become 



= (X-.2,).^.4-2,.sin«^^+,g 



(2) 



The Qeneral Solution. 
2. When rA, rtiTj, w vary inversely as r, the equations (1) become 

^^+cotaf+cosec'«0-H2A=O. 

ABRTiming that u, w vary au cob m^, and that v varies as siu n<l>, these 
equations become 



^'^ +cot $'^■ + (2- n- cosec= tf) A = 0, 



d^ 



Jd 



(3) 



* Lovef Elmticxtif ^ i., §125. 
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^5 +cottf ^ -n»co8ec«fl tr,= 0. 



(5) 



The general solution of (3) is 



r^A/co8n<^ = iltan"|-(»+costf)+Bcot"-|-(»-«»*)» (P) 



that of (4) is 
rw 



/cos »^ = - ^±^ -^ +Otaii- 4 +I>oot- J-, 



(7) 



and that of (5) is 



2r*iir4/sin wf^ = E tan" -^ +-Poof -^ . 



(8) 



If we substitute these solutions in equations (2), we have 
8intf^(ctan"-|+I)cot"y)-n(j57tan"|-+^cot»|-)==0, 

-7*(0tan"|-+I)cot"|-)+sin^^(A^tan»|.+JPcot"|-) =0, 

which are both satisfied if 

= E, 

The general solution of the assumed form is therefore 

6 

r'A/cos n^ = w4 tan'* -- (n + cos &) +B cot" — - (n — cos 6), 

ru;/cosn^ = -^^t2/^ -^^+Ctan"? +Dcot" J, 
' ^ ft cos n^ 2 2 

B B 

2r^m^jmnnip = G tan** -- — D cot" — . 

To find the displacements n, v, we have 

— (ttr sin 0) 4- 3- (vr) = r* sin flA — trr sin 0, 

— (rr sin fl)— -7- (wr) = 2^,7^ sin tf, 
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and it is readily shown that the solution of these is 

ur sin ^/cos n^ = ^-—'- sm ^ — r ( J 

' ^ 2/i dO Vcos »^/ 

+ (C tan" 4- +-2} cot" |-) cos tf +6? tan" -| +Hoot" ^, 

rrsintf/sinn^sn^i^ J!^^ _ f Otan"^ -i)cot" |-) cos tf 
' *^ 2/* coBM^ V 2 2/ 

-Gtan-A+Hcot-i. 

In the particular solutions we are about to consider n = or 1. In 
these two cases some of the solutions change form, but those which 
we use are at once derivable from the general solutions. 



Force at a Point of an Infinite Solid. 

3. Take the polar axis in the direction of the applied force F at 
the origin. In the general solution we must put n = 0, and there is 
the further condition of regularity throughout the solid angle. The 
required solution is readily found to be 

_ . X4-3fi sintf 

t* — — JL —^ — , 

Zfi r 

17 = 0, 

«, = ^^±2AfC0si^ 

fi r 

whei-e -4 = - ^c- T- • 

X + 2/L1 4t 

The curves of displacement are determined by 

^ w 2(\+2fi) 

where ^ is the angle between the tangent and the radius. 
For incompressible material 

tan v// = — ^ tan $, 
which gives r sin* 6^=0 

as the cnrva^ oi dzspiacement. 
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For Poisson's isotropic material X = /i, and 
tani^ = — f tantf, 
which gives r* sin* 6 =i C 

as the curves of displacement. 



The strains are 


-_ jX+fi OOS0 








.X+2M008tf 








o = c = 0, 




b = A'^^; 


and the stresses 


p=Q = „^COS^^ 



,S = IT = 0, 
m J sin tf 

For an incompressible solid /i/X = 0, and the solution reduces to 
P = Q = Sf=T=[7 = 0, 

■n At COS 3 XT COS 

In an incompressible solid, we have, therefore, a purely radial dis- 
tribution of stress, and, as in the ease of plane stress,* the same 
solution applies to a force applied in any dii'ection at the vei'tex of a 
cone of any shape, including as particular cases the wedge and the 
infinite plane. 

In the general case the directions of the pidncipal axes of stress in 



*' Elementary Distributions of Plane Strefts,'* itt/ra, pp. 35 et seq. 



J 900.] Distributions of Stress in Three Dimensions. 29 

the meridian planes are given by 

For Poisson's material tan 2^ = — J tan $ ; 

by means of which we can trace the lines of stress as in the accom- 
panying figure. The lines of displacement and the curves of equal 
displacement, for the same case, are indicated in the same fifj^ure. 




The approximation to pure radial stress in the neighbourhood of 
^ = 0, the line of the applied force, is an important feature from the 
practical standpoint. 



Force at the Vertex of a Cone and along the Axis, 

•i. Let the force F be applied at the vertex of a right circular cone 
in the direction of its axis. Taking the axis of the cone as the polar 
axis, consider the elementary solution 



M=- -tan--, 
r 2 

V =0, 

B 
w = — . 
r 
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The oorresponding straiiis are 

B 

A = 0, 
a = C := 0, 

6 = 25tanA; 
r* 2 

B B 

and the stresses ^^ f^ ~T ^^ if cos 0, 

Q = Mf sec"!-, 

r = 2;.5tan|. 

This solution is readily shown to be identical with Boussinesq's 
second type of simple solutions,* 

Combine this solution with that of § 3, making 



^ = - ^ cos* -"- 
2 



We thus get the distribution 



A 

P^z^fi- (cos tf — cos a) cos d sec" -- , 

Q = if» -j- (cos ^— cos a — sin' 0) sec' -^ , 

E= ^(_(3X+4^)costf+fi(l + cosa)}, 



* Love, ElaMticittjy 4 161. 
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5=17 = 0, 

A 

T = ^/i -J (cos tf — COB a) sin sec* — . 

Since P = T = 0, when 6 = a, this is the required solution for a 
cone of semivertical angle a. 

The equality Psin^= Tcos^ shows that the stress across a normal 
section is directed radially from the vertex of the cone. 

By considering the stress across the spherical section r of the cone» 
we find for the magnitude of the applied force 

Jo Jo 

= 2irA {X (1— cos* a) +fi(l -cos a)(l + cos' a)] . 

For Poisson's material 

F= 2wfLA (2+cosa-h2cos*a)(l — cosa). 

The preponderance of the radial stress is worth noting. For many 
purposes it would be sufficient to neglect P, Q, T and take simply 

E = --4cos0/r', 

as if the material were incompressible. 

If we put a = — , we have Boussinesq's elementary solution for a 

normal force at a point of an infinite plane boundary. This solution 
in polar coordinates is 

P = i/i-j cos'6^ ^®^''o ' 

A 

Q = i/i^ (cos <^— sin* 0) sec' — , 

E = ^ [ -(3X+4fi) cos e-hfJ^], 
T = l/n -J sin « cos 6^ sec' — , 



where 



¥ = IvA (A+/Li). 
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Force at Right Angles to the Axis of the Cone, 

5. Taking the polar axis along the axis of the cone, and the force 

in the direction (^ = ^, 0=01, we consider three elementary 
solutions. 

(i.) This is merely the solution of § 3 with the force in the new 
direction. 

n 

We have w = cos $ cos 0, 

G . 
V = — sin 0, 
r 

tr = — 2 ;^ — ~- — sin cos 0. 
A + 3/* r 

2u* (7 
These give P = — r— ^^r sin tf cos 0, 

i?. = ?^i^±i^5sin^cos0, 
X + 3/X r* 

S3 2/1^ (7 . 

X + 3/i r* ^ 



T = • '^^ - cos cos 0, 
(ii.) This solution is 



■XH-3/Li 

[7 = 0. 



B 



COS0, 



It gives 



t; = — Rin 0, 
r 

i(? = — ta,n - cos 0. 
r 2 

f' = - tan - cos 0, 

7^ 2 

/ = 0, 

5r= --, tan- cos0, 

7^ £i 
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A = 0, 

6 = — -J (2—1 sec' A cos ^, 

c = r^tan— sin ; 

r ^ 
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and therefore 



P z=2u. -, tan — - cos A, 
r* 2 

Q = 0, 

E = — 2/1 — tan — cos 0, 

S=M^(2-iBec'-|-)8m^, 

r=-/i^(2-i8ec'|)cosf, 

tr = — fi -J tan _ sin ^. 



(iii.) This solution is 



It gives 



u = sec' — 008 ^, 

r 2 

t? = — sec* -r- sm ^, 
r 2 

w? = 0. 

e = — — tan — sec' — cos 0, 

J = ~ tan -g sec' ^ c^s^, 

<7 = 0, 
A = 0, 

a = J- sec' -— sm ^, 

-r 2 

2E i 

b= -T-sec' — cos^, 

r- 2 

2^^ t 6 . , 
c = -^ tan— sec' — sm (f> ; 
r 2 2 
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and therefore P = — 2/i -5- tan - -• sec' — oos ^, 

Q= 2/1 ^ tan |-Bec» 1-008^, 

E = 0, 

S= -2m ■^- 860*1 8in«, 

T= 2/t^Bec»|co8f, 

U= 2^1 ^tan 1-860* 4 sin f. 

We can now combine these solutions so as to make 

P = T=[7' = 0, 
when = a. 

The result is 

U= ^ (- ^±^COSe + 2cOS«4-SeC«|-C08*-" ) C08<^, 

r \ 2/1 2 2 2/ 

JT/X -1-3/1, o «o, .d «a\*j 
r = — ( ---^ —2 cos'-— +sec' - cos* -—- sm d>y 
r \ 2fjL 2 2 2 / 

w = — ( sm ^+2 tan -— cos' — - \ cos A, 

r \ fjL 2 2/ 
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P = 



= — '- tan - fieri' — 



^ — r^ tan - sec' — - (cos ^— cos a)' cos <bj 
2 r' 2 2 



Q = — ~- -jtan — sec' — (cos a -|- cos ^+2) (cos 6^— cos o) cos<^, 

Ezizfi ^ |^-±^^sin tf-|-2tan|- (cos tf-cos a) | cos^, 

S= -^ -J jcosa(l— cosa)— tan' — (l + cosa)(2-l-cosa) J sin^, 

T = — -^- ^ J co8a + (2-|-cosa)tan'^| (cos tf — cos o) cos <^, 

U'= — ^ ^teii^sec'~(l-|-cosa)(cos^— cosa) sin<^. 
2 7^ 2 2 
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The magnitude of the applied force F' is foand by integrating over 
a spherical section r. We find 

^ = -ir£'{X(2+cosa) + 2fi] (l-cosa)', 

If X=fi, 2^ = — »M^(4 + co8o)(l— cosa)«. 

Combining the result of this and the preceding section, we obtain 
the distribution of stress due to a force applied in any direction at 

the vertex of the cone. If we put a = ~ , we have the solution for 

a tangential force on a plane boundary. It is of pi'actical interest to 
find the limits within which the force must lie that there may be no 
radial tension. If we make 12 = 0, when ^ = ir, ^ = a, we have^ 
supposing X = ft, 

—5 sin clK'+ (1 —6 cos a) w4 = 0, 

and the limiting direction of the force is given by 

t^nylr-^ - -g(^ + co8a)(l-co8 a)' 

F 2il(2 + co8a+2co8*a)(l-co8a) 

_ (6cosa— l)(4+cosa)(l— cosa) 
10 sin a (2 H-cos a+2 cos* a) 

If a is small, tan ^ = ^a, 

so that the force must lie within the middle quarter of the vertical 
angle, corresponding to the law of the middle third in plane stress. 

The same method can cleai*ly be applied to the hollow cone by 
adding solutions not regular at ^ = 0. 



Elsmentary Distributions of Plane Stress. By J. H. Michell. 
Ueceived January 7th, 1900. Communicated January 11th, 1900. 

In a recent paper* I have discussed the fundamental equations of 
plane stress. I now propose to consider some elementary solutions 
by means of which various interesting problems can be solved in a 

• **0n the Diroct Determination of Stress, &c.," Lond. MatK. S<>c. Ptoc« 
Vol. xxxr., p. 100, 

d2 
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veiy simple form. The solutions gfiven apply to solids indefinitelj 
extended in one direction (infinite cylinders) as well as to thin plates, 
an alteration of the modnlnses alone being required to pass from the 
one case to the other.* The method employed was first suggested 
by a consideration of the tiansmission of stress from a load on an 
isotropic wall. A search through the accessible literature resulted 
in finding that Flamantf and Boussinesq^ had discussed a problem 
equivalent to this and had i*ecognized the extreme simplicity of the 
result ; but I cannot find that they have gone further in the direction 
of the present paper. The same simple distribution of stress bad, 
however, been previously applied by Hertz§ to give a remarkably 
simple solution for the stress in a circular cylinder, as I recognized 
Bdtev rediscovenng his i*esults in a more geometrical form. 

Force at a Point of an A^olotropic Flate. 

1. Taking polar coordinates having their origin at the point of 
application of the force, the resolution-equations of stress are|| 



dr r 


l^^'=°. 


dr r 


2-f-- 



Making the almost obviously coirect assumption that the stresses 
vary inversely as the distance fi-om the point of application of the 
force, the equations reduce to 

of which the general solution is 

(^ = . I cos (^ + a)/r1 . 

U= A siu ($ + a) Irf 

We have further to satisfy the identical strain-relation. To obttiin 
this in genenil conjugate curvilinear coordinates we may pix)ceed as 
follows, avoiding the considemtion of general pixxiesses not to be 



* Lor. cit.y p. 106. t Onnpten Rendun, 1892, p. 1465. 

/ CoMp/c's Hetidm, 1892, p. 1510. \ Hertz, MiseeUaneouii Papn-ft, xv. 

// Love, Siatiicitf/, J., p. 217. 
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entered on here. Let h be the arcual parameter* of the coordinates 
^, ly, and put log h = m, so that V m = 0. The strains are 

d / M \ dm u dm v 

^^~d(\h) di h ihj h 

^"drjKh) di h drj h' 
. - ^ / V \ . d 



Putting 
we have 

Hence 



_ d / V \ d /u \ 
^ d(\h)'^'drf\h)' 

dm u dm^ v _ 
di h ^ dri h "" ''*' 



de 



dn de \h) drj' 



dc 



f?£ — ^/ — ^' I }L\ — ^- 

dfi (li'^'drfKhl 



dC 



dc _de df_ ^v_ 

di drj d-n ' h ' 

dc ^d£ ide_^2U_ 

dn di di" 'h' 



where 




v' = ^ + ^ 


so that 




Vjm = 0; 


therefore 







dm,-.! V 
di'T ' dr, ''h ' 



"•■ d^' di h drf dri h 

Q d}vi_ I d_ 1^ , d^ V \ 
di'drf\drf 'h di hi 

_ dm /dc __ df ,de\ 

"'diXdrj (ii dil 
dm fdc __de df\ 
dtiVdi dri drj) 



* The arcual parameter here employed is the rodpiw^CV ol V>^'a\, Vv\. \jr>xv' >^ 
EfffM/uri/y, and in many other books. The elemeuti^ oi aiv*, a\oii^ d\, dt\ laccvi VdV^^ ^"^x- 
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d^e ^ dH cPc d (dm, ^ . dm ) 

, d (dm ,^ V , dm, ) 

ftnd this is the relation reqnired. 
For plane-polars put 

^ = logr = «r, i| = (?, m = logr = ir, 
and the equation becomes 

dff^ djg" dOdnr dm^ ^^^ dO' 

In the present problem e, /, c vary as 1/r since the stresses do so, and 
we suppose the linear relations between stress and strain to be inde- 
pendent of r. Hence 

de 







diB 


-e. 






dm* 


dm 






d'c 
dOdv 


de 
d6' 


The equation 


therefora reduces to 










! = 0, 


80 that 




e = 5 cos 


fe+/3)/*-. 


Tliis eqnatiot 


1, together 


with 








Q = A cos 


(0+a)/rj 






IT = il sin 


(0+a)/rJ 



C^) 



(1) 



determines the distribution of stress. The relations between the 
constants are discussed below. The solution holds for any kind of 
])late provided that the moduluses are not functions of r. 

Fitrce applied at aw Angle, 

2. If the force is ap])lied at the vertex of a rectilinear angle, we 
must have Q= U'=0 over the legs oi t\\e awgVe, ft\x.^^««\^ tlvem 
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free from applied force. The equations (1) then give Q = 17 = 
throughout the plate. The solution in this case is 

F^E{e)e = E{e)B cos (^-|-/3)/r \ 

G = [, (3) 

where E {$) is the Young's modulus in the dii'ection 0. The law of 
transmission of stress from an angle is, therefore, that the stress is 
purely radial, is inversely proportional to the distance from the angle, 
and such that the radial elongation varies as the cosine of its in- 
clination to a fixed line determined hy the direction of the foi'ce at 
the angle. This, of course, includes the case of a force applied at a 
point of a straight boundary discussed, for an isotropic solid, by 
Flamant* and Boussinesq.* For the experimental verification of the 
law in this case, reference may be made to a paper by Cams Wilson, 
. Phil, Mag,, Vol. xxxii., p. 481 (1891). It was in connexion with this 
paper that Flamant and Boussinesq's work was done. 

In engineering it is of importance to know the limiting directions 
of the applied force, within which it produces no radial tension. 
Confining ourselves now to the isotropic solid, let ^ = ^i, 0=^0^ be 
the boundaries, so that 0^—0^=:y is the angle of the plate. Take 
the direction of the applied force F as the initial line. Considering 
the equilibrium of a sector of the plate, and taking e = 0, when 
^ = — j3, we have 

F=EbC sin (^+i3) cos OdO 

= ^J5;5 (y sin/9-|-8in y sin (2^j-f y +/J)}, 

and ^ ~ r ^^^ ^^"^^^ ^^^ ^^^ 

= I (ycos)3-siny cos (2^i + y-f /3)]. 

The latter equation gives 

tan /3 = cot (26^ + y)— y cosec y cosec (2^i -f y), 

and the former gives B, for the given force. If, now, P = when 
S = tfj, we have 0^ = — /3 ; and therefore 

tan/3 = (2y— sin 2y)/2 sin'^ y. 



♦ Loe. cit. 
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Wl.en 


y is small, 


/3 = 2y/3, 




y = aQP, 


H = 19° 55', 




y = 60°. 


/3 = 39°19', 




y = 90°. 


/J = 57° 31'. 
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The commonly employed i-ale of the middle third is therefore 
iiccurate for a small angle, and nearly true even for an angle of 90°. 

Fitrce applied at an Internal Point, 

S. The simple distribution of stress of the last section may be used 
to build up the solution for otber boundaries at which given forces 
are applied, as we shall see below ; but for an internal force we must 
fall back on the complete solution (1), (2), because the simpler solu- 
tion will not in general give one- valued displacements in the plate. 
The conditions that the displacement may be one-valued will deter- 
mine the constants -A, a in the expressions for Q, Z7, as we proceed 
to show. 

Consider any closed curve s in the plate. Let S^ be the angle 
turned thi-ough by the tangent at (jj, t/)*, and ads the elongation of 
the element d^ at the same point, when the plate is strained. Using, 
for the moment, rectangular coordinates, the displacement of the 
point (,r,, yi) on the curve is given by 

w, = 7t(j4- 1 o- cos i/r fZs— I Sdy, 
Jo Jo 

1*1 = 1*0-1- 1 o-sin ^rf-5+ I 3d.v, 
Jo Jo 

or u^ = Mo-h o-cos^(/i?-^o(yi— 2/o)-}- I {y—yi)dS, 

Jo Jo 

ri n 

^*i=^*o+ o-sin^(i« + ^o(^i-'*o)-| U'-'OA 
.0 Jo 

where if/ is the inclination of the tangent to the axis of x. 

Let the integi-ation be extended over the whole curve ; then, for 
continuity of displacement we must have 



1*0 [0 

acoail/dsi-X (//— t/^) rf^ = 
Jo Jo 

lO -0 

I o- sin \^ ds— (**'— i^o) t?-^ = 

;• Jo ^ 



(4) 
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Since further I i^ = 0, 

Jo 

the conditions (4) reduce to 

I a- cos \l/d8-\-\ ydS=:0 
Jo Jo 

I a-ainil/ds^l xdS = 
Jo Jo -^ 

We proceed to express (5), (6) in terms of the strains. Let the 
curve 8 be one of a system (f) of conjugate cui'vilinears of which the 
orthogonals are the curves (rj). The symbols applying now to these 
curvilinear coordinates, the strains are given by 

■t du , dm 
jj> dv . dm 



7 ^dy du ^ dm ^ dni 
d( drj drf di^ 



and the rotation by 



d( drf drj d( ' 

Whence, remembering that V'm = 0, we have 

drj drj drj d( d( 

Now, b}' a well-known theorem, 

^ = xsr — ^c. 

The equations (5), (6) therefore become 

iy^,a,-l\{l A<v)_| ij(^.,_|. «|„=o| 



Vi^ 
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Foi- the pi*esent problem we take (f, if) as conjugate polars with the 
origin at the point of application of the force. Here 17 = 0, £ = log*^> 

h = r, m = logr, hf =irf ib independent of r, and ^ = — +fl. Since 



J]'|(Ac)dfl=[Ac]>0, 



the conditions (7) become 



c 



ed$ = 0, 



(8) 



C 



f/sinflci^+rsin^ (^+^) ^=0' 
T/cos Ode- Tcos tf (^ +e) cM = 0, 
and the last two may be simplified to 

p (/sin e-cco8e)d$'\' f' e sin 0(10 = 
i (fcoRO'^cfiinO)dO+\ eco 



(») 



icoiiOdO = 



The condition (8) is satisfied on account of the form (2) of e. The 
conditions (9) leave two constants arbiti-aiy in the general solution 
(1), (2), corresponding to the magnitude and dii'ection of the applied 
force. 

For an isotropic plate 

Ef=Q-<rP, 

fjx= U = Asiii(0+a)/r, 

where o- is now Poisson's i^atio. Hence 

/= ^^(l-cr)/7?-(re, 

or 2fif = (^ ( 1 — (t) — 2fi<re 

= (1-0-) A cos (^ + a)/>— 2/i(rBcos (^+/?)/r. 

Taking the applied force in the dii-ection ^ = 0, we have j8 = 0, and 
hence, from equations (9), 

a = 0, 
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and 

{l-a)A {''' coB^ Ode -^2A P'sin'tf rf^ + 2/i*(l-<r)B [''cos'fldtf = 0, 

Jo Jo Jo 



or 



therefore 



P = 2fip^Bco8$/r. 



3-^ 

The solution can therefore be written 

P= (S-\-(r)Gco8e/r, 
Q = -(l-<F)0co8^/r, 
U= — (I— tr)C sin e/r. 

If F is the magnitiide of the applied force 

F=— \ PcoBOrdO+y UsinOrdO 
Jo Jo 

= -(34.iT)ir(7-(l-iT)irC 
= -4irC. 

Hence P = - (3 4- er) i^'cos e/^wr \ 

Q= (l-<T)JPcos^/47rr V. 



(10) 



U= (1— lT)Psin^/41rr- 
The inclination ^ of a principal axis of stress to the radius r is given 
by 



tan2<^ = 



_2U 
P-Q 



l-<r 



tan^, 



from which the lines of stress can be di*awn. For Poisson's isotropic 

material 

tan 2<^ = - J tan 0. 

For incompressible material 

tan 2<^ = - ^ tan ^, 

giving the same lines as those for a Poisson-isotropic solid of three 
dimensions with a force applied at a point. 
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Circular Plates and Cylinders. (Fig. 1.) 

4. For shortness, I will call the distribution of stress 

P=Aroo8fl/r^ 

Q = 

U=0 

a radial distribution at the origin 0, whose axis is = 0, and whose 
intensity is k. We may combine any number of distributions of this 
kind to obtain a solution, provided that the boundary is such that 
the displacements ai*e one-valued. This condition is, of ooursey 
satisfied if the origins are on the boundary of a simply-connected 




Fig. 1. 

plate. Beginning with a single radial distribution, consider the 
stress across a circle through the origin 0. Let the axis of the dis- 
tnbutiou cut the circle again at 0'. Take any point A on the cirele 
and write ^^^, ^ ^ 

OA = r, 

a A = r, 

Z GAG' = a, 

zAGa:=e, 

zAG'G^ff. 
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If E is the radius of the ciixjle, we have 

sin ff sin sin a 
The stress across the circle at A is in the direction OA, and is equal 

A; cos sin ff/r 
or A;cos^/2E, 

which is equivalent to components 

k cos cos ff/2B along the tangent, 
k cos $ sin ff/2B along the normal. 

Now let ^ be the inclination of the normal to 0(7, so that 

,^ = x/2 + ^-^; 

then the components become 

k (sini/r— cosa)/4B along the tangent, 
Ic (cos ^H-sin a)/4iB along the normal. 
Now the components 

ksinilf/AiB along the tangent, 
k cos ^/4B along the normal 

are equivalent to A;/4E in the direction Off. Hence, finally, the 
Htress across the circle is composed of three uniform distributions 

(a) a uniform normal tension Jc sin a/4B (T) ; 
(6) a uniform tangential shear —A; cos a/4iB {S) ; 
(c) a uniform tension A:/4E (X) along 00\ the axis of the dis- 
tribution. 

If Off is a diameter of the circle, these reduce to 
(a) a uniform normal tension' fc/4B ; 
(6) a uniform axial tension A;/4B. 

If Off is a tangent to the circle, the reduction is to 

(a) a uniform tangential shear k/isB ; 

(b) a uniform axial tension k/isB. 

The signs of these two forces are seen at once by considering the 
equilibrium of the circle as a whole. 
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Circular Disc under Ttco Opposed ForceSy or the BoUer-Prohlem, 

(Fig. 2.) 

r>. Let a second radial distribation be applied at ff of the same 
intensity k, but in the opposite direction ffO. The stress across the 




Fig. 2. 

circle is now the sum of the two normal tensions k sin a/4B, the other 
stresses (6), (c) being equal and opposite for the two disti*ibutions. 
Let this circle be taken as the boundary of the plate, and let accented 
letters apply to any other circle through Off. To make the boundary 
fi'ee from stress, except at 0, (7, we have merely to add to the above 
distributions a uniform pressure k sin al2E throaghout the plate. 
The sti*ess across the circle B' then becomes a tension of magnitude 



or 



, / sin a' __ sin a \ 
\ 2B' '2B ) 



kcl l__i.\ 



fjet F be the thrust applied at 0, so that 

F=-'2irBxk/4B = - 7rk/2 ; 

then we may state the rcsult arrived at as follows : — If a circular 
plate is acted on by two opposed thrusts F at the ends of a chord 
t?<9\ the lines of streas (tie and strut lines) are the circles on 00' 
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and the orthogonal circles ; the pressure across one of the foimer 
circles is constant and equal to 

the pressure across one of the latter circles is 

Fc f cote cot ff 1\ .|ox 

2^1 W B^l ^^^> 

at the point (r, 0), The last result is ohtained from the known sums 
of principal stresses of the simple distributions combined. 

The pressure (11) vanishes when B = B\ which happens on the 
boundary of the plate, and also on its image in the line Off, This 
shows that we have here the solution of two other problems of some 
interest. Taking the lune formed by the arcs a, x—a on the same 
side of Off, we have the solution for the transmission of stress down 
a semi-crescental plate cantilever loaded at the angle. Taking the 
arcs a on opposite sides of Off, we have the solution for a spindle- 
shaped plate strut. The shaded poi-tions of Fig. 2 are examples of 
the two forms. 

If 00' is a diameter of the bounding circle, the expressions (11), 
(12) both vanish over the boundary. Thus in this case the boundary 
is entirely free from stress (P = Q = 17 = 0). 

Hertz* has considered this last case as an example of his general 
result for the circular cylinder, but he does not analyse the stress, 
simply remarking that the magnitudes and directions of the principal 
stresses can be calculated and that the distribution of stress is 
extremely complicated. 

Circular Disc under a Gouplt. 

(Fig. 3.) 

6. Let the equal forces F at 0, ff on the circulai* plate act at right 

angles to Off and in opposite directions. The couple formed by 

these forces is to be balanced by a couple applied at the centre of 

the disc. 

Consider two equal radial distributions at 0, 0' in the directions 
opposite to the applied forces F. The uniform normal tensions and 

* Miscellaneous Papers^ p. 264. 
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Fig. 3. 



tlie nifiform axial tensions over a circle R thron^h 0(7 disappear, 
and we are left with a tangential shear k sin a/2B. Since 

jP = kir/2 and c = 2R sin a, 

the aniform shear is Fc/2wB', which of coui'se also follows at once 
from the consideration that it must balance the couple Fc. 

Taking now polar cooixiinates (p, &) at the centre of the disc, we 
supei'pose the well known centi*al distiibution of stress 

P=« = 0, 

U-- Fcj2irp\ 

which transfers the couple balancing the pair of forces Ffrom the 
< circumference of the disc to the centi-e. 

The distnbution of stress due to the couple (i^, — F) and the 
opposing couple at the centre is therefore compounded of two radial 
distributiouK at 0, 0' (which give a constant tangential stress 
Fcj2irR'^ over each circle thix)ugh 0, (X), and a central system of 
put'e circnmfei-eutial shear of magnitude Fc/2vp^, 
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Disc or Solid Wheel loaded at Centre. 

7. The circular plate is acted on by two equal and opposite forces 
F at the ends of a radius CO and along it. Taking polar coordinates 
(p, S) at the centre C with CO as initial line, the distribution of 
stress in an infinite plate due to F at C is (§ 3) 

P = - F(3 + cr) cos ^/4irp, 

Q= F (I -a) COB S/4nrp, 

[7= F(l-(r)sin*/4)rp. 

With this take the distribution 

P = Ap cos ^, 

Q = ^Ap cos ^, 

U s^ Ap sin ^, 

which is immediately seen to verify the resolution-equations with 
no volume forces 

dP_^ I dU_^P--Q_^ 

dp p d& p 

dp p dS p 

and also satisfies V* (P'\'Q)=: 0, 

so that it is a distribution due to boundary forces only. Choose A 
so that the combined stresses give a uniform distribution in the 
direction CO over the boundary p = B. This requires 

ili2-F(3 + (r)/47rii = -.^E-F(l-<r)/4irE 

or A=^F(l + (r)/4^R\ 

We then have at p = I^ 

P = — Fc08^/27ri?, 

Q= F(2-\-a)cos&/2irE, 

U= FR'mS/2irB, 

and the stress across this circle is a uniform distribution F/2irB in 
< he direction OC. Now the radial distribution at 0, corresponding 
fo the force F at that point, gives a uniform distribution over the 
:!ircle the opposite of the former, together with a normal pressure 
lF/2irBj which is got rid of as before by the adA.\tvou ol ^ ^vm^arrcoL 
VOL, xxxn.'-NO. 713. e 
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A Crank Disc. 



n a very similar manner we can treat the p 
disc in so far as it is a problem of plane stress, 
thrust, already considered, we have a tangenti 
nt on the circumference, an equal and opposi 
0, and a couple FB at the centre. Taking the 
section of the force F at the centre, the last i 
e system 
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Heavy Disc or Boiler. 

9. To find the stress in a heavy disc or roller on a horizontal 
plane, consider the following elementary solution expressed in rect- 
angular coordinates with origin at the centre C, and axis of x vert.i- 
cally upwards, 






'\WXy 

\wy. 



These give 



and 






The distribution is therefore due to a uniform vertical (downward) 
force w per unit area, and a uniform vertical (upward) force \%oR 
over the boundaiy. Now the radial distribution at 0, the point of 
contact of the disc with the plane, corresponding to the pressure 
irtrl?, gives a uniform downward pressure \wR over the boundary, 
together with a uniform normal pressure, annulled as before. Hence 
the stress in a heavy disc or roller is compounded of the rectangular 
system (origin at centre) 

P'= h^{x-^E), 

,(2' = -|m;(x-E), 



Hvy, 



and the radial distribution at 



P = — 2tri2' cos Ojr, 

^' e = o, 

If we take a horizontal section of the disc, the stress across it is 
directed radially from 0, and its magnitude is 

• -^^ (272008 tf-r)(2iiJcosO+r). 
/ £tr 

If we take a radial section through 0, the stress across it is a 
horizontal tension of magnitude 



^w{2Rco%6-t\ 



^ "^ 
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The boundary is entirely free from stress (P= Q= 17= 0) except 
at 0. 

Oeiieral Problem of Circular Plaie or Cylinder. 

10. Consider any number of simple radial distribntions with their 
origins on a circle of radius B whose centre is C. Elach one gives 
(§ 4) over the circle a uniform normal tension ^sin a/2wB^ a uniform 
tangential shear — i^'cos a/2iri2, and a uniform tension FI2wB in the 
direction of the radial distribution whose intensity is 2F/«-, corre- 
sponding to a force F on the circle in the opposite direction at the 
origin. Now F sin a, F cos a are the components of F along radius 
and tangent respectively, at its point of application. If we take 
moments about C, we see that 21^ cos a = 0, if the forces F form a 
balancing system. The uniform tensions F/2wB in the directions of 
the forees F give a zero resultant at each point of the boundary for 
a like reason. We are left with a sum of normal tensions 
2F8ina/2«'2^ at each point of the boundary. This we may write 
T/2irB, where T is the sum of the normal (outward) components of 
the applied forces. This uniform tension we get rid of as before, 
and so obtain the following theorem : — 

If a circular plate is acted on by any balancing system of forces 
1,F applied to its boundary, the sti-esa at any point is that due to the 
I'adial distributions, such as 2Fcos O/wr at the points of application 
of the forces SJ', and in the same directions as those forces, together 
with a uniform pressure of magnitude T/27rB, where T is the sum of 
the normal tensions on the boundary. 

This theorem is due to Hertz.* who gave an analytical proof of it. 

Circular Hole in an Infinite Plate. 

11. A similar process can be applied to the problem of any applied 
forces on a circular hole in an infinite plate, provided these forces 
either balance or form a couple. The limitation is not seiious, as 
any simple solution giving a resultant force over the hole removes 
it. For example, the solution of § 3 is sufficient for the pui-pose. 

It is readily shown that the system of radial distributions corre- 
sponding to such a system of applied foixies gives one- valued dis- 
placements in a region not enclosing any of the points of application. 

• Loc, cit. 
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Take one of the distributions 2Fcos (^ + rt)/7rr, and consider tlie 
integrals* 

]~dn 



.(:(' 



[o I dP ^ dP\, 

taken over the circle r. 

The first integi*al vanishes, the second and third are respectively 
— 4F8ina, — 4Fcosa, and these will be the values over any other 
closed cui've surrounding the origin. Hence, for the whole system 
of radial distributions, inside the closed curve integi*ated over, the 
above integrals vanish, for by assumption SFsina, 22'' cos a vanish. 
The conditions for a one- valued displacement are therefore satisfied. 
Let 8 be the algebraic sum of the tangential forces over the hole. 
The distiibution of stress in the plate is that due to the ludial dis- 
tributions 2Fcos$/7rr, together with a pure circumferential shear of 
magnitude SBI2wp^, a radial tension of magnitude TRj^np^^ and an 
equal circumferential pressure. The last distnbution, intix)duced to 
annul a uniforai pressure over the hole, is equivalent to a pure shear 
on planes making an angle of 45° with the i*adius, and therefore 
gives shear lines in the form of equiangular spirals. It seems prob- 
able that the special curves sometimes produced around a punched 
hole in a plate are due to such a radial pressure produced by the 
lateral spread of the material under the punch. See, for example, 
the frontispiece in Todhunter and Pearson's History of Elasticity^ 
Vol. II., Part 2. This explanation would correspond with the theory 
which Tresca has given for the flow of metal around a punch-hole.f 

Appendix. J 

Some Diagrams of Plane Stress. 

The accompanying diagi^ams are intended to illustrate some of the 
solutions given in my paper on " Elementary Distributions of Plane 
Stress," recently communicated to the Society. The stress is 



• IVevious paper, Vol. xxxi., p. 108. P is here the v^ ( = P+ Q) of that paper, 
Bdnce Q = 0. 

t Flamant, Rcsistanee des Matcriaiix^ p. 296. 

X [This Appendix to Mr. MicheH's paper was xeceVveflL Va "^^^ , \^^^ \ V^Ha 
printed here tor convenience of reference. — Sec ."^ 
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defined by a single function ^, the stress-fanotion ; bnt the oonstmc- 
tion of the carves ^ = const, woald not give a convenient graphical 
representation of the stress, since second derivatives of ^ are in- 
volved in its expression. The carves ^, = const., ^, = const., which 
are drawn in the present diagrams, indicate the stress at each point 
simply and completely. 

The stress* across the curve ^, = const, is everywhere parallel to 
the axis of x, and its intensity at any point is the rate of increase of 
^y along the curve. The stress across a line parallel te the axis of x 
is, of course, conjugate to that across ip« = const., that is, it is in the 
direction of the tangent to that curve. Ite intensity at any point is 
the normal rate of increase of tj/, or is measured by the closeness of 
the consecutive curves ij^, = const. The stress at (a;, y) is completely 
defined by these conjugate stresses. It is similarly defined by the 
conjugate stresses across iff, = const, and x = const. The rectangular 
elements of stress are represented in the figures by the rates of 
increase of ^,, ^y in the directions of the axes, viz., 

^= >'^ 

These equations are also conveniently used to determine the signs of 
the conjugate stresses considered. 

The curves were drawn by superposition of those for the ele- 
mentary distributions employed in the solutions of the various cases. 
It will be well to give a list of the component and the final curves. 

Components. 
1. Simple Badtal BUtrihntion. — Taking polar coordinates at the 
point of application of the force F and the initial line (axis of z) in 
the direction of that force, 

4/» = - — rtf8in^ = -'^^, 
^i= f (1-C08 2W), 
i^, = -^(2fl+sin20). 
♦ See previous paper, Pi'oceedwgi^ Vol. X3W.i., '^. \\Q. 
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2. Force at a Point of an Infinite Piute. — 

^=-^rfl8m^-|- ~(l-<r)rlogrco8^, 
25ir 4ir 
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^?= ^ 



F 



^(l-co8 2e)+i-(l-«r)(-21ogr+l+co8 2tf). 



Ifi' = -£ (2e+8in2tf)+ ^ (l-ff) sin 26. 



3. Complementary Linear Stress, — 



4. Uniform Tension T. — 

5. SymmetriceU Shear due to Couple L at Origin. — 






L^ BinO 
liir r 

X C08^ 
2ir r 



The Diagrams, 

The axis of x is always taken in the direction of one of the applied 
forces which are indicated in the diagrams hy arrowheads. Polar 
coordinates having their origin at the centre of the disc are written 
(p, ^), those having their origin at the points of application of the 
forces on the boundary (r, $), suffixes being used where necessary. 
The initial line at each origin is always in the direcUou ol tl^ft ^-x^a 
of a^ as indicated in each diagram. On accouxi^. oi ^^ ^^cmel^Vc^ 
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with respect to a diameter of the disc, it is safficient to xepresent 
the curves ^, = const, on one half, and the carves ^, = const, on the 
other. This has heen done except in the diagrams V. (a), (6). The 
full lines represent curves proceeding by equal differences; inter- 
mediate curves are drawn as broken lines and their parameters 
indicated. The scale on which the stresses are indicated by the 
Dumbers in the diagrams is derived by considering a complete 
section of the disc. Thus, in Diagram II., the resultant stress across 
a horizontal section must be equal to one of the applied forces which 
is therefoi^e represented by 2x. 




I. Force applied at a Point of an Infinite Plate (» = J). 
The curves are 

tA. = £ (l-cos2(9) 4- 1~ (2 logr-hl + co8 2^), 
*^^ = -.-(2^-f-sin2tf) + 4I^Bin26. 
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II. Boiler, 
The applied forces are at opposite ends of a diameter. 

^r= , ^(l-C082(?,)-£(l-C082tfO+ ;^^PCOs^, 

^y = -£ (2^, + 8in2^,) + £ (2^i + 8in2^0+ ;^P8i^'^' 

where E is the radius of the disc, and the snffix I refers to the 
point (y = 0, aj = B). 
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III. Disc Wheel. 

Here a force F at the centime of the disc is balanced by an opposite 
force at the circnmference. 

^,= £(l-cos2«)-^(l-cos2*)-^(21ogp+l+co8 2^) 
^, = «^(2tf+8in2«)+ -^(2^ + 8in2^)-^ sin2^ 
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IV. DisC'Crank. 



A tangential force F at the point (a; := 0, y=^B) on the circum- 
ference is balanced bj a force and a couple at the centre. 

^,= £(l-C082d)-£(l-.C082*)-g(2l0gp-hl + C08 2^) 

p' (2-1- COS 2^) +-5 , 



32r2e» 



4,, = -1^ (2d+sin2d)-l- 1^ (2^-|-sin2^)- ||^sin2^ 



2w 



4^' 



32ir 
FE cos^ 



^^ -p* sin 2 J- ^ 
32irie« '^ 27r p 
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VI. Heavy Disc, 

The disc is in a vertical plane and is supported at its lowest point. 
The stress-function in this case is not very convenient for the repre- 
sentation of the stress, on account of the volume-forces. The figure 
represents a set of conjugate stresses. The stress across any line 
through the point of support is horizontal, and its intensity at any 
point is given by the parameter of the curve on the right which 
passes through the point. The stress across any horizontal line is 
directed radially from the point of support, and its intensity at any 
point is given by the parameter of the curve on the left, which 
passes through the point. 
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A Formula in the Theory of Single Theia-Funetions. JBy A. C. 
Ddlon. Communicated Febroaiy Sth, 1900. Beoeived, iii 
revised form^ April 16th, 1900. 

The addition-theorem for three argoments in the case of the 
functions sn u, en ti, dn « is perhaps meet compactly given by the 

formula 

+e(f*,+Js:)0(i*,+ir)e(f«,+iP)eK+JC) =0, 

where w,, «,, fi,, u^ are any four arguments whose sum is scero. For, 
by such substitutions as 

tt, + iT, tt,— ^, ff„ u^ for «i, t*,, fi,, t«4, 

other formulse may be derived from this one, and thus the sn, en, dn 
of «4 expressed in terms of those of «i, m,, ii, in many ways. 
For the functions 

Hu : II(n-{-^K) : Jf (u+fX) 

thei-e is a corresponding theorem, namely, that, if t*j-ffi,-htt, = 0, then 

+ HK+§/OH(n,+§ir)H(u,+fir) = 0. 
[Quarterly Journal, Vol. xxiv., p. 181 (37a), p. 225 (76).] 

Again, if Uj, ti,, ..., u^ are n angles whose sum is -^, 

IIcosM— nco8(tt+— J +nco8 lu-\- — j ... to n terms = 0. 

These are instances of a general theorem which it is the object of 
this note to investigate, that, if On is a holomorphic function of u, 
such that ^(u + 2a>) =c-«*^(?w, 

tf(tt + 2a,') =e-'-*^tfu, 
sncl having only a simple zero wiihm t\ve ^^^.xaW^lo^gcwoi of the 
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periods 2a>, 2€o', namely, when u = 0, and if $r,u denotes 

exp f -(!:?+?«) («+r?+?!=^') + Jl(«—/3) + i-(aV-/30 1 
i \m n / \ m n / m n } 

\ m n / 
where r, «, m, n are any integers, m, n heing positive, then 

M-I n-1 m» 

raO a-O <■! 

if U], u,, ..., Umn are Tnn arguments whose snm 

= (mn— 1) (nfi>+m«') (mod 2rMi», 2fnitf^. 

This formula contains implicitly the addition-theorem for Twn— 1 
arguments relating to the functions of the type 

which are so important in the theory of transformation. 
When m = n = 2 it is possible to express 

V "S (-ly— (-»)—("-') n er.Ui 

rmO amO iml 

as the product of factors each a theta-f unction. This does not appeal* 
to be possible in general. It can be done when ?» = 1, m = 2, and 
for a particular value of the modulus when n = 1, w = 3, and, again, 
for the trigonometrical case given above for any value of n. The 
form of the results, especially when mn = 3, seems to show that 
they are exceptional. 

Proof of the Formula. 

Taking periods 2w, 2ctf', let Ou be a theta-f unction, having only a 
simple zero within the period parallelogram, namely, for the value 
of the argument, and such that 

^(n-i-2«) me*"*^^!*, 

^(tt-h2«') = e-'«*'^^tt. 

Then it is known that aa>'— a« = tx, i being the sign of the imaginary 
part of w'/w. 

Consider the function 



4>r,u = €-(•'•/"•♦••'/")•* 



\ m n / 

\ m n / 
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where m, n, r, $ are any four integers, the first two of wluoh will bo 
supposed positive and kept fixed thronghont the dioonssion ; in tlio 

exceptional case when — , — are both integral, we bIuJI suppose 
iTtr n 

H ) ; similarly in like o aso s 

throughout. It is then easily found that 

^♦«, • ** = ^«f 

so that there are only mn functions such as ^n. 
Also 

*(w-|-2«) ' eu 

= exp — - ; 

n 

and, in like manner, 

i^,, (u + 2u.O . ff>r.n ^ / 2r«r\ 

^"(t* + 2«') ' $11 ^\ VI J' 

Thus the function ^— has the two periods 2fuj and 2nua\ and with- 
uu 

in its parallelogram the mn poles 

2tai-h2;V (i = 0, 1, ..., n-1 ; i = 0, 1, ..., m-1) ; 
the same applies to the more general function 

r.O ««0 

in which the coefficients A ai'e any constants. This function has 
therefore the value zero for mn values of u, whose sum is 

2 "is' (2ta»-h2;V)» 

«-o >.o 

that is, w?i (?i— 1) w+wm (m— 1) w', 

^ibZ? Ae/n^ the sum of the values of u at its poles. Now the mn 
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coefficients A may be so determined that 22^r«^r«tA shall vanish for 
mn— 1 distinct given arguments 

t*i, tt„ ..., M«.„_,. 

It will then vanish for only one more, namely, «„,„, where 

t*i -I- ttj -}-...+«»,» = win (n— 1) ui-f-nm (m— !)«', 

so that, if there are mn arguments 

^h» ^» •••» ^*i»«i 
whose sum ^ mn (n — 1) w -J- nra (m— 1) «' (mod 2n4», 2fn«i»'), 

the determinant of the mV quantities 

must vanish ; and, conversely, if this determinant vanishes, the sum 
of the arguments is as stated. We may write this determinant as 



(mn V 



Now, we may put tii+2/;ai, Uj—2kw for ?*<, Uj without affecting the 
sum of the arguments ; the determinant thus becomes 



^ka(Ui. 



.|y+2M 2 J ^^{s,-sj)2lu./n J^" ^^^^^A , 



which must vanish for the values 0, 1, 2, ..., n — 1 of A;. From the 
n equations thus derived it follows that the sum of those terms in 
the determinant for which Si—Sj (mod n) has any particular value 
must vanish separately. Any one of the parts into which the whole 
expression is thus divided may now be treated similarly by picking 
out any two arguments, increasing the one by a multiple of 2fii or 2to\ 
and diminishing the other by an equal quantity. In this way the 
determinant is separated into paints, each of which must vanish 
separately ; in each part all the differences such as «,— «,, Vi^rj are 
the same (mod n, m respectively) in each term, and, using a double 
suffix notation for the arguments, we have the following result : — 

IM-l »-l / «H-l »-l \ 

2 s (=fc n n 4,,^rj..Uij)=:0. 

r-O i-O \ »-0 >-0 / 

It is now possible to give the proper sign to each term of the ex- 
pression ; an addition of 1 to r causes cyclic interchanges in n groups 
of m factors each, and thus changes the Bign ul^m— V) \i\m^^\\vi 

VOL, XXXII. — NO. 714. F 
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symmetry, an addition of 1 to # changes the sign m {n^l) 
Thus the result is 

ss (-ir '—'*-<*-" n ^^^^„ «^, » 0. 

r « ij 

In this equation put 

in ft 
S r^ = 2 Uff+n (i»— 1) tt+m (n— IJm 

= n (w»— 1) li+m (fwn— 1) •#'. 



so that 



Now 



^<*r./*. ( 



,_2» _2^' 



) 



^v 



"^ ( \w n/ \m n /\ m n / ) 

\ m n I \i» n f 

Thus n ec*—^^ "»•*-"•—' -«"■"" <l>,,r,j.. (r^ - — -- ^ •') 






^ I Vm n M expr(^ + ^) (»(«.-l).+m(«-l)y}]. 

^* V m n / 

(fV^ wMMpMre the denominators in expressions of this type, we have 

.^. V «l n / i,j \ m n / 

. n n ^ ^» " ^ 

\ m n / 

<.o >.o \)n. n / 

» exp I ^ r (r— l)oii^+r (n— 1 + 25) a«'-|-WT^ f 
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ntf(2^« + 2'^^«'^ ^ntf f2-^ i.» + 2i.«'^ 
ij \ m n / t,j \ m n / 
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= n n 



Nth n / 

= exp S' 'S (?^a'i.,+ -aV+/3') 
<«o y-o Vth n / 

= exp (* (wi-1) a'w+ ^ 8 («-l) aV+ww/3'l . 

Hence 

ui * \ m n / 

s> \m n / C \ m n / ) u 

= exp (— -h ~ ) {n(m — l)w-hw(n— I)**'] — — (r'--r)a« 
L \wi n / ^ m 

-r (n-l + 2«) a«'-nr/5-« (m-l)a'a)- — 8 («-l) aV-ww/3'] 

n J 

= exp !«(„— a-)-m« (- + _) (- +-) 

Thus n^,„,,„(»<,-^'w-^«') 

X exp J -mn (^ + ^') (^ + ^') +^^r (ai.-/3) -hm* (aV-/J') J 



U \m n I 



The part of this expression after the sign -5- is common to all the 
terms, since it does not contain r or » ; it may ttier^ioT^ \i^ ^\\ic»:t^^^ 

F 2 
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II, tlient we write 0^v far 

♦"■•x»(v*v)»p{-(5*T)(=+T)*i<— »■ 

that is, for 

we have, finally, 

"S "S (- 1)"*™(-«)— c-» ff tf„r, = 0, 

r-0 a«0 <■! 

if v„ v,, ..., Vmn are mn arguments whose sum 

= (mn— l)(««-hmi#') (mod 2iMtf, 2fM/), 



Resolution into Factors, 
Let F^^ (t'l, r„ . . . , r«,.) denote the expression 

"i "2 (-i/'*"'^"-*'*'*^"-»> ffov 

r.O a-O 1-1 

In certain eases this can be expressed as the product of factors. For 
instance, 

"2 (-1)' n COS (tV+ ^) = -^ 008 2 V,, 

there being in this case only one factor. Before discussing the other 
cases, it may be well to note that the constants a, /3, a, /J' are known 
to be connected by a further relation, which may be found as follows. 
The function Ou/0{—u) has neither pole nor zero within the parallelo- 
gram, and 

^ (u + 2w) ^ Ou _ ^^^.^) 



e{u-\-2w) . 



tf(-tt-2w') ' 0{-u) 



= e»t^' -'-''. 



Hence -r- loaf rr-? has no pole within the parallelogram, and is 
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— 2km+X. 
Xow ^e has a simple zero when u = 0, and therefore 



Oii 



or 

so that 

Hence 



Lim ^ , . 
N.O ( — u) 

Ou 5 



-. = -1, 



e^ - - — ^-^= - e— *^ 



and we may put 
in the same way, 



/3 = (a-f2ic)«+i7r; 
/3'=(a'-h2ic)w'-hiir. 
Then the known result in the case m = m = 2 may be written 
Fjj (r„ tv t^a* ^i) = — 2e^''**'-"^'»*''^''»*'"»**"*^-^***'-*'^^***"'^ 

From this may be derived the expression in the case m = 2, 7^ = 1, 
by writing «' for v,, « + «' for V4. Thus 

««'0(«+«')r,,(t'„*,) 

In the case m = 3, « = 1, ^j, can be expressed as the product of 
factors if «'/« has the special value \ (p— 1), where p = e^'^, so that 

«' = p (« -h w') . 

For, let ^jt*, 0,ti now denote 

Then the fnncfooBflf ^j f//i^«, O^u/du have the periods ^w^^ui ^^i?cv'^^»^s»^ 
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2u>, 2pw, 2p^af ; their poles are 0, :J=2w' or 0, ±i (p— 1) •*. The seiofl 
of O.u/Ou are -§«, -§«±S(p-l)«, that is -|«, -fpi*, -^t,, 
and those of O^u/Ou are §41^, l^^^f (P""!)^ ^^t is )«#, |pM, fpV 
Hence Oiu/Oii and Oipu/Opu are functions of tf having the same periods, 
poles and zeros ; this is evident in the case of the periods and leros ; 
a pole of 0ipu/6pu is f (p— 1) pV which is equal to f (p^l) t^+^w, 
and therefore equivalent to a pole of Oih/$u ; similarly for the pole 
— f (p— 1) p'*». Thus $^pu/6pu only differs from O^ujOu by a constant 
factor which is found to be p' on giving u a small value. Thus 

-J"-— _^ ~ jp!! similarly. 
Each of the fittctions in fact 

= exp I £-, (aV-a>-ap) +«* (p— 1) | . 

For let ££!fexp J^,(«>-aV + ap) + cfi(l-p)J =xW. 



Then 



Xexp ( ~ (f*-|-w)(a>-aV + op) + 2ic« (1-p) | 



= exp {(3a'-ha)pM + 6aV + 6a'«-h3i3'+i8-att-/3 

+ (p2-l)(u + cu)(«>-ay + ap)+2Ki.,(l-p)} = l; 

also 

X (u'^2w') _ (pu-2u-'4!ut') Ou 

,Xtt ^ptt e{u-^2w') 

xexp {(w + w')(a'p-ay + ap) + 2«:i.i'(l-p)} 

= exp {-a'(2/^«-4u»-6w')-2/3'-.o (pt*-2cu)^/3-a'«-/8' 

+ (n + w')(a'p-ay+af))+2K«'(l-.p)} = 1. 

These I'eductions depend on the relations 

3w' + w = pw, pw' = — w — 2(o', aw' — a« ^ tw. 

It follows that xu is doubly periodic, and thei-efore constant, since it 
has no poles. Its value is 1 when tt = 0, and hence the statement 
made is pix>ved. 
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Hence F„ (vj, r„ r,), F„ (r„ /n^„ pV,), F,, (r„ p\, pr,) only differ by 
an exponential factor, and the zeros of each, as a function of Vi, are 
(mod 2«, 6«'), -t?,-t'3, — pr,— p-v,, —ph^^—pvy Now 

2w = -(p-p0(2w-f4u;'), 

6to= (p— p*)(4w + 6c.i')» 
so that the periods 2«, 6w' are equivalent to (p—p*) 2a», (p^p^) 2w', 
and the zeros and periods of F,i (t;,, Vj, v,) coincide with those of 

^ Vi -f t?^ -i-t?a ^ y, -h pv,-^p\ ff t?, 4-pS-t-P<^a 

P-P^ p~P« p-p« 

In fact, if 



P-P' 



P—P 



P—P 



Xip^p') exp [- ^ {2t;; + (r, + r,)*} {pa + a (p-p«)} 

— ic(2p*i7i— rj— r,) I 
it may be verified withont difficulty that 

^8i(vi, v„t;3)-T-/(r„r„t7,) 

is unchanged by the following substitutions for »„ Vj, r,, namely, 
v^ + 2«, v„ r, ; r, + 6«', r„ r, ; r, + 2w, Vj + 2toi, «, + 2w ; t?, + 2w', r, + 2«', 
t?, + 2«'; v,, Vj + 2«, Vj— 2w; r,, t;,+2w', t',— 2w'. Hence JP„-f-/ is a 
doubly periodic function of each of the three arguments, and it is 
never infinite. Thus it is a constant. Again, if r, = — r, = §ai, tliis 
constant is readily seen to be 1. Thus Fj, =/, that is, when 

« + w' = p'w, 

Fn (vi, t;„ t;,) = (p-p') exp [-1^ {2t;J+ (t;, + r,)*} (pa + (p^-p^) a} 

-ic(2p*Vi-t?,-r,)J 

X d !i±'^i+3 ^'i + P^i+p'^> V+Vt^ pw? 
P-P' P-P* P-P* 

This result is simplified by taking On to be at*, for then c = 0, 
a = a' (p— 1), and JPg, (v^, v,, v,), that is 

.«^-|.(r.>r..r.*«; ^ (v^ + foi) CT (v, + f Ul) IT (v, + f 0,) 

= (p-p*) <r Hl±Hl±l?.» a- Hl+P^J."': pS o- ^i'^^^^^>'*"P^« 

D — /)* D — o' P~"P* 



oi?iCrt/2<rt7j- 



P— /> 



P-P 
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On Multiply Infinite Series ajid on an Eyetansion of Taylor^s 
Series, By M. G. Mittaq-Lkptlir. Gommnnicated June 

8th, 1899 * 

J have introduced in a former publicationf a new geometrioal 

conception, the «tor-figure. 

In the plane of the complex variable x let an area be generated in 
the following manner : — Round a fixed point a let a vector I (a straight 
line teinninated at a) revolve once. On each position of the yector 
determine uniquely a point, say Of, at a distance from a greater than 
a given positive quantity, this quantity being the same for all 
positions of the vector. The points thus detei*mined may be at a 
finite or at an infinite distance from a. When the distance between 
Ui and a is finite, the part of the vector from ai to infinity is excluded 
from the plane of the variable. 

The star is the region which remains when all these sections 
(c(tupures) in the plane of x have been made. The fixed point a is 
called the ceiitre of the star. It is convenient to name the points a, 
the sHmmits of the star, and to introduce the following definition : — 
One star is inscribed in another, if all the points of the first star 
belong to the second and if the two stars have common summits ; 
the second star is then circumscribed about the first. 

By the use of the well known notion of a limiting value, the results 
which were obtained in the paper ref en'ed to can be stated as follows : — 

Let F(a), F^a), ..., F-^{a), ... 

he an array of quantities satisfying Caucliys condition ;% denote hy 

G, {je I a) 
the p<dynomial in ir, 



f., = n i,»=o h =nlhl liA .„ h„l ^^\ n / 



• Received, in Fromih, Mav 4 th, 1900. The EngliAh tranfllution, made by 
Mr. R. W. H T. Hudnon, received from Prof. Mittag-Leffler, Juno 19th, 1900. 

t *• Sur la re^rcKontation analytic^ue d'uuc branche uniforme d*une fonctiou 
ttionoghae (premiirc note),*' Acfa Mofhcmaticay tome xxin., pp. 43-62. 
/ . A'//y J/a/A/'//ta/ica, i.e., pp. 43, 44. 
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which is formed by means of these qtiantities. Consider the limiting value 

Lim Gn (x I a). 

nmx 

There exists a star A, with centre a, which is uniquely determined 
when the quantities F {a)^ F^^^(a), ..., F''"^(a), ... are once given^ atid 
which possesses the following properties in relation to the limiting value 
Lim G^ (x I a) : — 

This expression is uniformly convergent for every domain in ths interior 
of A, hut is not uniformly convergent for any two-dimensional continuum 
which includes a summ,it of A. It defines j within A, the branch FA (x) 
of a monogenic function. This branch is regular within A, but has the 
ftummits of A for critical points. 

Further^ it possesses the property 



(^-■),..= *'"^«> (M = 0,l,2,...). 



The functional branch FA(x) can be defined, not only by G^ (x \ a), but 
also by an infinite numher of other polynomials 

y.(«|a)=2c;->JP''>(a)(a!-ay, 

in which ea>ch of the coefficients r/**' is a nutnerical quantity^ given in 
terms of v and n, and independent of a, of F(a), F^^^(a), ..., F^**' (a), ..., 
and of X, and which possesses in relation to A the same properties as 

Among the stars which can be inscribed in the star ^ is to be 
specially noticed the circle C, centre a, the circumference of which 
passes through the summit of A nearest to the centre, in accordance 
with our definition. Corresponding to this circle we have the limiting 



value 



" 1 

Lim !S - 



^F"^{a)(x-ay, 



which is known as Taylor s series. Taylor's senes possesses in relation 
to the circle C the same properties which I have just stated for 

in relation to A, with one very important exception. Eveiy summit 
of ^ is a singular point of the functional branch FA (x). This is 
not the case ior C with respect to FG (x). It ca.iv \i^ ^3a»ev\i^^ w^^ 



74 



Prof. G. Mittag-Leffler on 



[June 8, 



that there exiBts at least one summit of C (».e., a point on the 

circumference of C) which is a singular point for the branch FC(x), 

But, on the other hand, Taylor's series possesses in relation to C 

the pi-opeHy, which cannot in general be attributed to the limiting 

value 



Lim 2 S ... 2 TTT~i hi 



y(*l+»,+...+*J(^)^?r.«\ 



— fl\ *!+*<+• •+*» 



in relation to A, that it does not converge for any point outside (7. 

Xow between C and A there exist intermediary stars K, unlimited 
in number, each of which in succession circumscribes the preceding ; 
with each star corresponds a limiting value possessing in relation to it 
the same properties which I have stated for Taylor's series in relation 
to C These new limiting values have further the property that 
they include Taylor s series as a special case. 

There ai-e different classes of expressions which fulfil these con- 
ditions. My intention is to investigate in this note one of these 
classes, as follows : — 



Let 



/A,*,.. 



f^, = 0,l,2, ...,00^ 
^ = 0, 1, 2, ..., 00 

>,. = 0, 1, 2, ...,00 



be an w-ply infinite array of functions of a certain number of variables. 
The multiple series 2 2 ... 2 /*,*,..*» 

A,-0 A,*0 ^h'^ 

is genei-ally defined as being equal to a single series, the tenus of 
which are the different functions /a. *,..*„ made to cori'espond with the 
integers 0, 1, 2, ..., according to a certain law. 

It is, however, useful to study this senes from another point of 
view, which, in spite of its gi-eat simplicity and the advantage to be 
obtained from it, does not appear so far to have atti*acted the attention 
of mathematicians.* 



* See *'Oin den analjiiska framfitalliiiiigen, &c., Fiireta meddelande, 11 Maj 
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I make the following definition :— 
I suppoee that the series 



^..*»-i--.^/*i ...*,.' 



*«*o 






A,-^S^A.v 



are all convergent for a certain value of the variables. 
I say then that the series 



/= 2 5 , 



2 /Va...a» 



%8 an n-ply ivfinite series which is convergent for this value, 
I suppose farther that the series 

ai'e all uniformly convergent in a common domain B within the 
domain of existence of the functions /a,...*^ . 

I say then that the series is an n-ply infinite series which is uni- 
formly convergent in the domain B. Having laid down this definition, 
I can enunciate the following theorem : — * 



The functions 



/*A....*«(^i--^'«) 



f/i,=0, 1,2, ...,oo' 
A, =0,1,2,... ,00 

A, = 0, 1, 2, ..., 00, 



hting analytic functions of the variables x^, ...,«»., uniform and regular 
in the domain B, and the series 

*,-0 *,-0 A„=0 



* ThiB theorem in an immediate consequence of the theorem demon^tnAe^L Vj 
Wdentnus in hia memoir ** Zur Functionenlehre," \ 2, IFcrkc^Bd.. ii., -^.'ift^-*!^'^. 
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heiuij an n-phj infinite series, which is uniformly eonvergent in the 
ditmain B, then the series represents, in the same domain B, a umfdrm 
regular function of the variables a?,, ..., «„. 

It is easy to see that the oonoeption of an n-ply infinite series is 
very different from the generally received notion of a mnltiple series, 
and that the region of convergence of the first series is generally of 
much greater extent than that of the second. 



Take aH an example 



/(•) = 



l-x 



Denoting by { a point on the real axis between and —1, we have 

This equaUty holds for | aj-{ | < | f | . 
Then / (20 = 2 -^- f'^ (£) £"=12 -—f'^''' (0) f *^ 

If we regard the series 

1 2 -J— /t-'•)(0)f*'• 
„.0|i.o v! ft! 

as a double series in the ordinary sense, we shall have 

r-o M"U vl fll hmo ni 

and this seHes will be then convergent only for ^ f > — y* ^^t 
on the contrary, the series 

2 2 ~/^*''K0)^^'* 

v-U ^.0 vl fJll 

is i-egarded as a doubly infinite series, the convergence holds foi' 
0>f>-l. 

It is by an application of my conception of an n-ply infinite series 
in the case where the functions //i,A,...^„ involve only one variable x 
that 1 obtain a class of limiting values possessing the properties 
which I have stated above. 
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We have, in fact, the following theorem : — 

Theorem.— I^ F{a\ F^^\a\ ..., F^^(a), ... he any quantities satis- 
fying Cauchy*8 condition, and let 

i I ... I c».*.. . J?^*.**— *-)(a)(a!-a)*'**--** 

be an n-ply infinite series in which Ck^M^,„k^ denote certain numerical con- 
stantSj independent of the quantities F (a), F^^^ (o), ...| F'^^ (<*), -"OS well 
as of a and of x, 

. It is always possible to choose these constants in such a way that the 
series may possess the following properties : — 

It tciU have a star of convergeiice -4^*^"^, su4ih thai the series is uniformly 
convergent for every domain within -4'*'"\ but converges nowhere outside 

This star A^^'*"^ is inscribed in the star A of the elemerUs* F{a\ 
F^^^(a), ..., JP^**^(a), ..., and when n ^ n, where the positive integer n is 
taken sufficiently great, it contains within itself any finite domain which 
is contained in A, 

Further, the star A^^"'^ is inscribed in the star A^^"*'\ when n < n. 
The equation 

A,.0 *,-0 A„-0 

holds throughout the interior of A^^'**\ For n = 1 the series become-^ 
Taylor s series. 

Among the different modes of fixing c^^^^..^^, I will bnng forward 
one, with which corresponds a star of convergence -4^* **', obtained by 
the following simple construction :— Select one vector Z through the 
centre a of the star A, Construct a system of circles having their 
centres a, ly,, i?j, ..., rjn-i o^ U so that each passes thi^ough the centre 
of the preceding. I shall denote the radii by r, r,, r^, ..., r„_,. The 
centres i;,, t/j, ,.., i;„.i are chosen in such a manner that each circle 
cuts the preceding in the points of contact of tangents from <t to the 
former, and that | i/i— a | = r, = r. It is evident that, if the i-adius 
r be taken sufficiently small, this system of circles will be included 
in A, The star -4^'^"^ is obtained by measunng along / the length 



• I.e., the star belonging to the elements F{a), P^^ (a), ..., F^''' (a), .... Set- 
** Sur la representation analytique d'une branche unifonne d'une fouctlow xaQxiftv^lixve^ 
(premi^note)/' ^^//7 Sfathematiea, tome zxm., p. 48. 
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I '7«-i— a I + r^.i, tHen sabatitnting for r its saperior limit p and 
making I revolve onoe round a. With this fann of star of oohtot* 
gence, the coefficients Ck^t^^x^ are 

^ [sin a, J Uini».,,J (2r-^K^i*^ 

(ii»2,3, ...)• 

sina^^i = — Jsin'a^ + Jsina^yS+sin'a^ (/& s 1, 2, 3, ...), 

sin Qj = 1, 

1 

The root which oocnra in the expression for sina.^, is the positive 
root. 

We have then 

1 

"*• = &;!' 
_ 1 

r - ^ 

""''*'' h^\h,lh,V 

1 / sing, X*'*** / isin'n, X***** 

c*.M.». h,'.htlhtlh,[\l + aina^l Vl + sina,/ 

/ . -/SS-lX 

(8.na.= -^. ), 

Since the n-ply infinite series 

has a star of convergence in the same sense as Taylor*s series has, 
when n = 1, 2, 3, the question arises whether the same is true for 
w>3. It is not so, if the elements F (a), F^'' (a), ..., i^'*^ (a), ... are 
chosen arbiti'arily. It may happen then that the series converge at 
a point X = x\ without converging at a; = ax\ a being a real positive 
quantity less than unity. 

This is a new example of the danger in analysis of drawing general 
conclnsiona from speci&l cases. 
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Canonical Reduction of Linear Substitutions and Bilinear Forms, 
xvith a Dynamical Application, By T. J. I' A. Bromwich. 
Received February 7th, 1900. Read February 8th, 1900. 
Received, in recast form with new title, Mai'ch 15th, 1900. 

The following paper falls into three parts : in the first we solve 
the problem of reducing to a canonical foi*m the generalized linear 
substitution consisting of n equations between 2n quantities : the 
second part applies the results of the first to a problem in dynamics — 
that of finding the small oscillations of a system about a state of 
steady motion by Hamilton's equations ; the third part solves the 
problem of the simultaneous reduction of a pair of bilinear forms. 

Owing to the fact that the first and third parts were written inde- 
pendently, there are some differences of notation ; but I hope that 
these are not sufficient to cause any confusion. 

1. Redaction of a Oeneralized Linear Substitution to a Caiionical Form, 

In a note presented to the Society (November, 1899) I gave an 
investigation of a method of reducing a linear substitution to its 
canonical form ; in what follows I have investigated a similar method 
for reducing a set of n linear equations between n j*s and n xs. 

It will be seen that my method was suggested by Darboux's 
reduction of two quadratic forms,* which was extended to bilinear 
forms by Stickelberger.f In fact, the forms for the reduced coor- 
dinates will include Stickelberger's as particular cases. We might 
apply Muth's methodj and deduce the reduction of the linear sub- 
stitution from that of two simultaneously reduced bilinear forms ;. 
but it appears to be easier to reduce the substitution independently, 
owing to the fact that only one set of n vanables has to be I'educed. 

In my reduction I have considered specially two cases of some 
importance; namely when | J9 | = and | -4 — XJ? | =0, in the nota- 
tion of the following work. The need of these special investigations- 

• JtmifuUde Mathematiques [Liouville, 2™« scrie), 1874, t. xix., pp. 347-396. 

t CrelWa Journal fur die Mathenuitik (1879), Bd. Lxxxvi., ^p. 'iO-\^. 

I Th$orie und Anwetufmi^ der i£lemetUarthe\ler (Lei]^g, \%^^V ^^^^- 1^,^^. 
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was pointed ont by Prof. Bumside, in oonnezion with the note 
referred to above. 

Suppose that we are given the generalised linear snbatitation 



Then, whatever Wj, ..., «?» may be 

%ar,WrX, = %h„Wrt (f» » = If 2, ..., It), 

and we shall write A = A {w^ x) = %a„u>rXn 
B = B(w,x) = '^hr,u>rX„ 

80 that the equations above yield 

A = B (0* 

In order to reduce the substitution, we must in the first place divide 
the determinant | ^ — AB | into its invariant-factoi*8 {Eletnenfar- 
theUer); to do this we divide | A-^XB \ by the H.C.F. of all its first 
minors; the H.C.F. of all the first minora by that of all the sectmd 
minoi's, and so on. 

We suppose that (A.— c) is a factor of | ^4— XB | , and let 
e„ Cj, ..,, fk, ... be the indices of (X — c) in the firat, second, ..., fc"*, ... 
(quotients as just constructed. Then the corresponding powers of 
(X— c) are the invariant-factors which belong to (X— c). 

Constinict the form {A—\B)'^ which is reciprocal to {A-^XB); 
this can obviously be expanded in a power-series of (X — c), and the 



* It may be uweful to poiut out here, once for all, that in what follows we Khali 
Miippose the Ryinbolical product of two bilinear formn in tr, ;r to be given by 

d-e dw 
or, what in the Hame thing, by substituting for each x in A the correnponding 
^^ ; or, again f !>j i»ub«)tituting ^ - for each w in B. 
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firet term in the expansion will be (X — c)"''.* Or we may write 

^ = X— c, 

where JD is a bilinear form which contains no powers of t beyond 
f'^; and P{t) is a bilinear form which contains no negative powers 
of t But we have 

E = (^-X7?)(^-\5)-» = {A-\By' (^-XB), 
where E is the anit-f orm {Einheitaform) or 

Hence we have 

Ei' = 1) [il-(c + 0-B] +/'P(0 [-4-(c + 05l 
Now write BB = yi+yj*+...-i-y,/''* ; 

then 1)A = DP (i) (by the i«elation foand on p. 80) 

where 17^ is the same function of the ^'s that y^ is of the x't^. 
Our equations now yield, if 

P,{t)^P{t)[A^{c^t)Bl 

or, equating coefficients of powers of t, 

Vi = cyi, % = cy^-byi, rj, = cyr-^y^-i (r = 2, 3, ..., e,). 

Hitherto we have regarded the symbols involved as bilineai* forms ; 
but, if t^i, ..., Wn be now considered as constants, the quantities 
^19 %9 •••) Vii yv ••• ^1^1 ^e the same linear functions of the Ts and x*s 
respectively ; thus the given equations have been reduced to a simple 
set of equations in the manner prescribed. 

It may be convenient, for the purpose of reference, to have the 
values of the y*s written out in a complete form ; to do this we note 
that f'DB is equal to the first e terms of [-4 — (c + B^"^ B; or to 
the first e terms in the result of replacing them's in [-4 — (c + 0^] '* 

by|^'s. Thus 

* See, for ezam^. Math's Slementartheiler, p. 135 ; the fact is, however, almo8t 
intuitlTe, on examining the construction of (A — \B)-^, 

VOL, xjxiL — ^^a 715. G 
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{yi-\-l/it-\- ...■hyet'"^)t'* -^ terms without negative powers of i 

«ii-(c+0^ii •••» Oil.— (c+0^ui (^i«i+...+^««.) 

I i£?i, ..., w„ 

in which \ = \ A--{c^t) B \ . 

The y's may be slightly generalized by taking 

where Q {t) is any power-series of t with constant coefficients which 
.starts with a constant teim. 

Referring to previously known rednctions, it may be mentioned 
that Stickelberger's Y„ Y,, ...,* are the same as these. If B^=E^ 
the Y's are the same as the z's found in a different form by Prof. 
Biirnside {I.e. mnpra) ; and they have been given in my note for the 
special case when one w is unity, the i*emaining w*b being zero. 
Mr. H. F. Bakeii" has shown that Prof. Bumside*s reduction is given 
by the following : — 

and that xi^y c + f) = \l^{c-\-t)[A-{c-\-t) Ey\ 

where \//(c + is the quotient of | ^— (c + ^ I by the H.C.F. of all 
its first minors. This shows that Prof. Bumside's z's must be con- 
tained in the Y's above. 

In order to pi*oceed to find other reduced equations, we inti*oduce 
the subsidiary form 

-\-it^n*\ {ql'^i + ... -h9«*«) + ... + wj«^.*(2t^i + ••• +(?i««)» 

and in this form the p^H and q^a are quite arbitrary, the indices acting 
as additional suffixes and not as exponents. Further x^+u •••» ^n.ij 
w„^ij ..., Wft^k are only to be used in performing the symbolical multi- 
plications which are required ; after the products are formed the 
extra a-'s and w's are all to be put zero. 



♦ Crellfi (1879), Bd. Lxxxvi.. p. 26. equation (7). 

t Proc. Loud. Math. vVx*. (1899), Vol. xxx., pp. 195-198; see also FrobeniuK, 
yy^//t//r/' Sitzfifft/sbenchtc^ 1890, pp. COG H »€q. 
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If we form the product ^A-^Xk—{c'ht)B^'^ Xk (on this hypo- 
thesis), it is easily seen to he 

<^i, ..., ^1,0 pU .., Pu 






dnl, 



k 



i^H 



0, ..., 0, 



a ..., a 




ax, 





where 



A,= |^ + X*-(c + O^I, 

On expanding this form we see that each term contains no negative 
Powersoft. Thus [A-\-Xk-{c-^t) B]-' [A-{c-\-t) B] can be ex- 
panded in powers of t, without negative powers. 

Now we have, as before, 

where jP is a bilinear form ccmtaining no powers of t beyond /*" * ; 
and P (0 contains no negative powers of t. 

Hence we find that 

F[A--(c-\-t)B] ^fB{t), 

where B {t) contains no negative powers of t. Let then 

FA = FB (() (by the original equations) 
= ^, + '7t^ + ...+^<^-', 
and thus we find by equating coefficients of powers of f, 

^1 = 2/1, ^3 = 2/j + cy„ »7. = y. + ci/,_i (r = 2, 3, ...,e*,,). 
We may generalize the y*s by multiplying FB by a power-series with 
any constant coefficients, the series containing no negative powers 
of ^ 



• Thep^n and q*B are determined ho that A* is not divisible by a higher power of 
t than any k^^ minor of A^ ; cf. Stickelberger's paper quoted 0Ti\.Vve'\»»\.^^8c^. 



G S 
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The values of the y*a. will be the coefficients af the fii*8t ek^^ terms j 
in the ex|>auston of 

^* »., du. p\ tI (^11-^1+ ■+i|*3'0 



1 



qU -^.» qi 0. ..., 0, 








d 



ill powers of f. 



This agrees with Stickelbergei-'a result ; but it may be uot^d that i 
the p'& and q's need not be the ^^me in Hnding successire gets of ^'fl^l 
for the redaction of a linear sabstitution ; while in redacing a pair 
of bilinear forms it is necessary that the constants pi, •-•«!>» shonld 
be the same in the last set of y*8 as in the first. 

Proceeding thus for fc = 0, 1, 2, ..., we get in all (ci+e,+e,+ ...) 
y's which correspond to the factor (X — c). But ^i+^jH- ... = A is the 
index of (X— c) in | u4— XB | . Hence the total number of y's fonnd 
from all the factors of | il— XB | will be 2A orn ; and this ought to 
be the case. 

If \B\ =0 (and | A-kB | ^0 for all values of X), then the 

equation 
^ |.4-XB|=0 

will have one or more roots infinite. To be perfectly general we 
must examine the effect of such roots, although the method above 
requires a very slight modification to apply. 

Let us suppose that h^ is the index of the highest power of X 
which appears in any one of the k*^ minors ; then (w— fc — ht) roots 
of every k^ minor will be infinite, for the degree in X ought to be 
(n—k). Thus here we have to take 

e,= [n-(A— l)-7^.,]-[n-^-/iJ 



= 1+^*-^*.,. 



Clearly 
If 



hy. = n — k. 
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We now have, writing X = 1/t, and expanding in powers of ^, 

{A^X.^B/ty = Ft'-'^tP (0 \e = €,), 

where i^ contains no power of ^ beyond <•"-. Thus, as before, we 
find that „ , ^ «v « , x 

F(At-B):=:t'B(t). 

Hence, if FB = y^-^-y^Ji- ... -^yj*'', 

FA = FB {() 

we find the equations 

^ = yi> '?i = y«» •••» '?r-i=yr (r = 2, 3, ...,«*)• 

It will be observed that in the reduction of the substitution just 
investigated we have a number of arbitrary constants at our disposal. 
But it is known that in the reduction of a substitution, the i^oots of 
the characteristic equation not being repeated, there is only one 
arbitrary constant in the value of each y ; by the investigation above 
we have, apparently, n. This disparity is accounted for by a theorem 
of Stickelberger's ;* which is to the effect that the bilinear form 



F,.,= 



d„, . 


M ^u, Pi. 


••, p\'\ 


«1 




•^.i, • 


• ) <^««. p'm • 


Jk-1 
.., Pn , 


Xh 




?;, . 


.., qL, 0, . 


.., 0, 


!, 


9?-'. . 


.., 7'-. 0, 


.., 0, 





yl, • 


.., y», 0, . 


.., 0, 








when expanded in powers of t has for the coeflicient of the 
lowest power of t in the expansion a bilinear form of rank /, 
where I is determined by 

e-i = fj^i ^ ... ^ 6jk^/_i > <?*♦/. 



• CrelU (1879), Bd. lxxxvi., p. 42, Satz. vii.; MwtVn EUmc^vlavlVeVWr ^ 
jjp. 135-139. 
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Consecjuently in the case of non-repeated noote the form 
ill, .„, tfi«, ijiia*i-h„,~|-£i«x., 



i^»i, —7 d^, hn^-^'^'-^hin^r 
W„ ..., W», 

will contain only one effectiTe arbitrarjr constant ; to here 

and thns Stickelberger s theorem shown that the rank is nnitj . 

The following proof* and generalization of Stiokelbeiger's theoxem 
are new, so far as I am aware. Following Darhonz, Stickelberger 
has proved that we have an equation 

Aa.i a* Ajb.iA*' 

where F^^i is the bilinear form as defined above; and Xt (F*) is 
found from F*., by replacing the y's («s) with q^^, ...» ^J ip\i ••mPJ)- 
It follows that 



Ajk.i Aft., Aft '" A„_,A,/ 
Now, from the definitions, we shall have 

and rjA, =3fo-f3f,f-l-M,^+..., 

A,.,/A, = ^'(ao+a,^+...) (e = e,). 

By hypothesis, e* = e^.i = ... = eft+,.i > e*^,, 

and hence, on expanding the value of Fft.i/Aft.j, the coefficient of ^"' 
is a sum of I products of the type L^M^ ; or the rank of the coefficient 
is I. Here the products are ordinary, not symbolical. 

The extension which I make is found by considering the coefficient 



* Stickelberger proves only a particular case, referring to a paper by Fro- 
benins; the reference is to a proof of Sylvester's theorem (Phil. Jfaff., 1851) on 
minors of any order. 3futh gives a proof {lx,\ which is attributed to Frobenius. 
I hare not met with any other proof in the papers 1 have qoi\sv:\\«^ 
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of ^"' in tlie expansion ; this contains et products from the fraction 
(XiYt)/(At_i^t), and, in general, e,. from (X^y,.)/(A^.,X). So, in all, 
this coefficient contains products in number 

and thus A^.j is the rank of the coefficient of <"' in (XkY^)/(^k.iAt) ; 
and this will be the highest rank of all the first e^ terms in the ex- 
pansion of Fk.-i/^k-i* 

This fact will be of service in counting the number of effective 
arbitrary constants in the reduced forms. 

Suppose, in the next place, that A, B are so related that 
I A-XB I =0 

for all values of X ; so that | ^ | = = | 5 | . Then we must 
examine the first, second, third, ... minors of | ^— XB | ; let us 
suppose that all the (^— 1)*** minors are identically zero, but not all 
the ^ ; so that at least one k^^ minor is not aero identically. 



Then, if we write 



A.= 



^ii» •••» <^i«» Pu ""I t'\ 
... I 

3li -I 3hi 0, ..., j 







?;, ...,<?:, 0, ...,0, 


where 


drt = a„— X6^„ 


we shall have 


A„ = = A, = ... = A*., 


but 




A*#0. 



Now it is well known, by the theory of zero determinants, that we 
can find h sets of quantities (functions of the d's), such that for each 

/i(iir+/,*r+...+/M<i«r = (r = 1, 2, ..., n), 

and these h sets will be independent of each other. We shall 
suppose the h sets so determined that, if p^^ ...li^M be any quantities 

* In tbia, Ar denotes ihe mdieji of the highest power oi t wVlv^ ^vrvi^«^ b.t. 
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(not regarded aa functions of X), then the k expressiotm 

p,K + .-+P.fn* (r = 1,2, ....*) 

are to be each of the lowest possible decree in A. Ifcisthett known 
that the^e k sets of /*s ai*© liuearlj independent. 

In like manner we determine k sets of y% such that for eftch set 

a&d the k expi'essiaiis 

^i?[ + — +9.i^* 0* = 1, *2, •*», Ar) 

are each of the lowest possible degree in A, 

Now multiply the Si'St n i-ows of At hy fj^,^,^fl^ add theresnlts^ and 
replace the first i-ow of A^ hy the snmK so foand. In like manner, 
replace the second mw by similar quantities obtained by usin|^ 
fv .••»/*; and so on to the A;*** row. The determinant so formed will 
be (Afv'fk) times A*. 

Similarly, modify the first k columns by nsing the k sets of ^'s. 

We finally have A^ (/|/*.../J)(gr,'...gf*) equal to a determinant of 
the form 

0, ...,o, 0, ...,o, p;, ...,Pj I 



0, ...,0, 0, ...,0, Pi,...,Pj 

Qh ••.» Qky ?*Mi ••1 5m> 0, ..., 



Qi» ...1 Q*5 5**i> •••» 7h 
in which we have written 



0, ..., 



I (r j « = 1, 2, ..., «). 



It follows that 



A, = E,E,E,, 



* -ffene ^^ indices r appUedi to the /'s will distinguish between the sets of /'s ; 
tiejr do not refer to powera. 
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where ^i = | P | , a determinant of k rows and columns, E^= \ Q\ , 
a determinant of the same form, and E^ is the quotient of a certain 
]^ minor of (A—XB) by the product (figU..fkgl)' Now J^„ JS?, will 
not be divisible by any function of \ which does not contain jj's or 
g's ; and the denominator of E^ will be a function only of X. Hence, 
as Ak is an integral function of X, so also is E^* 

On examining the value of P« it is clear that its degree in X 
depends only on s (not on r), and let this degree be denoted by a, ; 
similarly, let the degree of QJ be denoted by P,, Then the numbei-s 
a,, ..., a^k, /3j, ..., j3it will be the two sets of Minimalgradzahlen belonging 
to I A—XB I ; and Kronecker's invariants will be 

2«i+l, ...,.2a*+l, 2/3. + 1, ..., 2/3*+ 1. 

Let us now suppose a particular set of values of the arbitrary p's 
are chosen ; and to do this let us assume 

PJ=1, P: = («=1, 2, ..., r-l,r4-l, ..., i) 

for all possible values of r, i.e., from 1 to k. The number of condi- 
tions to determine each set of j^'s will be 

(ai+l) + (a, + l) + ... + (aj + l), 

for in Pj there are (o,4"l) coefficients of the various powers of X. 

Now (aiH-tt,-f ... -fa*) is the index of the highest power of X in ^j, 
and is thus not greater than (n— ^), which is the highest power of X 
in A*. Thus 

(o, + l) + ... + (aj + l) =n; 

and n is the number of p's in each set, or we have at least enough 
p^B to satisfy all the conditions imposed on the P's. 

Now in El replace j9[, .,,,pn by the quantities (6uaJi + ... + 2>i„«»), ..., 
(J^Hi^i-^ "•'^^mm^H) respectively; the other ^s retaining the values as 
just determined. The value of E^ will then be 



0, 

1, 



0, 
0, 



F», 0, 1, 



Ft, 0, 0, 



* It may be lueful to point out that it is not necessary (as a rule) to calculate all 
the/'s and /s ; Ak will generally arrange itself in the pro^i loTm ^\l<qii ^^ V«n^ 
to xvdttoe a given numerical substitution. 
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whei-e F, =/;' (6,iaJi+ ... +6,na?..) -K ... +/; (6„i^, + ... +t»Ha'»), 

and consequently J5?, will simply reduce to F^. The degree of jP, in 
X will be the degree of 

f\ (K^ + ••• +6,„«„) + ... -f/;. (6„,a-, + ... +6„«.rJ, 

which is a,. Consequently, if we write 

'^i = yi + y2^ + y»^'+-i 
we shall obtain (o,4-l) linear functions of the xs. 

But, returning to the original definition of E^ (by the aid of A^), we 
have that the product F^E^E^ is equal to Ai^ with the column pi, ...,pi 
replaced by (6j,ar,4-...4-5uaj«), ..., {Kisc^-^- ,..-\-KnX^), Similarly, we 
express *, E^E^, where *i is the value of jP, with the f s replacing 
the a-'s. 

Hence (*,--XFi) E^E^ is equal to a determinant of the ty^ A*, but 
with f'r replaced by 

(6..ii+...+fer»i«)-^(^i^i + .-+^«a^H) 

in reducing which we have used the original linear equations ; and 
here, as in Aj, d„ = a„— Afe„. We now multiply the first, ..., n*** 
columns of the last determinant by ar, ,...,a^„ and subtract from the 
(n -f- 1)*** column. This column then contains n zeroes followed by h 
t«rms of the type — (5[ajj + ...4-9||xcJ. We now expand this deter- 
minant in terms of the elements of the {n -f 1)^** column ; and it will 
be seen that the co-factor of each non-zero element is a determinant 
of the type A^.i, which will by hypothesis vanish identically. 

Hence *i— ^ = 0, 

or, if <>i = »?i + i7,X-h..., 

we have the (ai-f-2) equations 

i/j = 0, 17, = ^!, ..., i?»,*i = y^,, = y^^i 
wliere m = a,. 

In the same way, if the quantities pj, ...,pi in JS?, be replaced by 
(5„a', + ... + 6iHa;«), ..., (l)«ia'i4-... + 6„„ar,.), we shall obtain (a^+1) y's 
and (a^+1) rjB which must satisfy (a^-h2) equations of the type just 
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In all we get (ai4-a,+ ...4-ai-f A:) y's and (ai + a,+ ... 4-a*+2A?) 
equations by treating all the various sets of ^'s in this way. 

We pass to the consideration of corresponding results due to E^ ; 
in the first place, let the g*s be determined in such a way that 

0^ = 1, Q; = (^ = 1,2, ...,r-l,r + l, ...,A?). 

We shall, however, require further sets of variables typified by y', and 
the definition of these will be that 

r: = X^ r: = (fi = l,2,...,r-l,r-hl,...,A?), 

where F is formed from the y's just as Q is from the q's. The 
argument applied above in determining the number of conditions to 
be satisfied by the p's will show that we have sufficient q^s and y's to 
satisfy all these conditions. 

If, now, we take Aj and replace one row of g's (say the r^) by a 
row of y's (say by yj, ..., y'.), the result will be (JE^E^ times E,, the 
corresponding substitution having been made in E^. But (unless r = 1) 
the value of E^ will then be zero ; for the first and r^ rows will each 
have zeroes in all the spaces except the first. If r = 1, the value of 
E^ will be X^'. Thus, in general, if the r^ row of g's in A^ be 
replaced by yj, ..., y*? the result will be zero ; but, if the first row be 
similarly replaced, the result is (E^E^) X.^\ 

Now consider the value of 



r = 



C«l, ..., C„n, Ph, "'•,Pn, (Kx^l^l-^ "'-^KhX,,) 

ql ...,9;;, 0, ...,0, O 



ql ...,^J, 0, ...,0, 

I Ti', ..., y«, 0, ..., 0, 

and let us similarly form H from the f\s. Then, taking (H—XY) and 
treating it in a similar way to the determinants before considered, 
we reduce the last column to n zeroes, followed by the (k + 1) quantities 

-(9i'«i + ...+5>i), ..., -(5iiri-h...-h5tajJ, -(yi'ic^ + ... -ry,>„). 

Now, expanding the determinant, we see that the co-factor of the 
last element is A^^ ; while the co-factor of the element — {q\x^ -}-...+ q'„Xn) 
will be (—At) with the quantities (q\, ....q^) replaced by (y[^ .-^V^^^ \ 
»nd these co-factors will accordingly vanish, a\\ Wt Wv^ ^t«»\». 
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HeTice we f?ee that 

Jfow the jp'b were detarmiiied so fts to give E^ — l^ arad thtw, if we incite* 
we see that the typical equations h^tweeu the if^ and ^^s are 

fit = ^1, nr — yr-\ (r = 3 /3i) 

We have thas (/3j — 1) equations between ^j y'e and /^^ ij'a. 

Similarlyf we derive ^'a and ij^s fi-om each set of y's. In all we 
obtain (^+^3^+ .-. +^jt)— /^' equations betiveen {)8|+/J^+ *., +^1^) y's 
and the same number of ij's. 

Combining with the numbers found bj niilng F|, w© see that from 
E^ and E^ we have obtained altogether (S« + 3£i?H-^) equations coni^ 
necting the same number of tfs and of i/'s. But, if e be the highest 
index of X in E,, then 2^ + 5^5^.^ = ^_;k^ 

for this is the degree of A;^ in X. Hence we have already obtained 
(»— e) equations amongst (n— e) ys and the same number of ly's. 

Passing to ^„ we can obtain exactly c more equations by the 
method originally set forth at the beginning of this note ; that is, 
we treat E, as if it had been the original A^, and thus derive e more 
equations. 

In all, then, we have n reduced equations between n linear functions 
of the x\ and the same functions of the ^'s. 

2. Dynamical Application, 

The problem of integrating a system of linear differential equations 
with constant coefficients is at once reduced to its simplest form by 
the results of our investigations. As the theory has been considered 
by many writers, it will be sufficient to refer to Herr Muth*s 
Elementartheiler, § 16, where a list of papers on this subject will be 
found ; amongst others, see Weierstrass, Oes, Werke, Bd. 11., pp. 75-76. 

I wish, however, to examine in more detail a special problem of 
dynamics. This is the probleni of small oscillations about a state of 
steady motion, treated by the aid of Hamilton's canonical equations 
of motion. The suggestion of using Hamilton's (instead of La- 

♦ J/ A J3 a factor of £3, there wiU be, in general, terms containing negative 
powera of A in Y/E^ ; such farms will not, however, aftoct ^e t«sq!l\a. 
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grange's) equations is dae to Mr. E. T. Whittaker, who proposed to 
me the problem of reducing (in this case) the Hamiltonian function 
to a canonical form by a contact-transformation. The solution of this 
problem I hope to publish as an appendix to Mr. Whittaker's paper. 
In a system of n degrees of freedom, let us denote by a?„ ...,«« the n 
coordinates of the system chosen so as to be zero in the state of 
steady motion ; and let ^„ ..., („ be the corresponding momenta. 
Hamilton's equations are then typified by 

Tt^-^i "dt^d, (forallsufhxes), 

whei-e H is the sum of the quadratic terms in the Hamiltonian 
function.* 

It will be seen at once that the form of solution is determined by 
the invariant-factors of the determinant | K^kA \ , where K is the 
symmetrical bilinear form, in 2n pairs of variables, 

and A is the alternate bilinear form 

-4 = 2 {Xrrjr — yrir)' 

We observe that | i4 | = 1, and thus we have no exceptional cases 
of I K-\A 1=0. 

In order that the solution of Hamilton's equations may contain no 

powers of t, it is necessary and sufficient that the invariant-factors of 

j ^— X^ I should be linear ; and, in order that the solution may 

depend only on harmonic functions of ^ the roots of \ K—\A \ =0 

must be pure imaginaries, and not complex. 

I now proceed to show that, if H be never negative for any real 
values of the x's and ('s, then both these conditions are satisfied. 
According to this hypothesis, £* is a positive definite form, and K 
can be put in the form L*L^ where L is any one of an infinity of real 
bilinear forms and L' is the conjugate of L [obtained from L by 
changing each x (or y) to the coiresponding y (or x) and each ^ (or -q) 
to i| (or i)]. This is only another way of stating the fact that K c^n 
be reduced to a sum of real squares in an infinity of ways. 



* Aug. 11, 1900. — I find that this system of equations has been considered by 
Weierstrass (Berliner M(mat»heriehte^ 1879, p. 430), who obtains results similar to 
mine. This ^per has not yet appeared in Weierstrass's Collected Works, which I 
consulted diinng my inyestigations. Weiers trass gives reeidts for alternate form^ 
found independently by Mr. Taber (see footnote, p. 95V 
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We shall ^vnt pmve the folloirfng: — 

Lenmia. — If iT be a positive definite real foiiii and F aiij bilinc*ai* 
form with complex coe^cients, then, if 

F*KF, = 0, 

where F, is obtained from F hj changing +i to — iv 

wemnathav© EF = Q and F'K=0. 

For let F^ P-^iQ; 

then F, = P- tQ and J^' = F' + iQ\ 

Hence (F+iQ') K{F-iQ) = 

Bnt, as ji^t explained ^ K = X'Z, and thas 

P'A^P = FL'LP = (LPy(lF), 

This form is always positive, unless LP = ; similarly, QKQ is 
positive, unless LQ = 0. Hence F'KF^ can only vanish if 1>P = 
and LQ = 0, or if L-P = ; and this gives KF=0 and also KFy = 0. 

We have further the following theorem (given by Frobenius and 
Stickelberger) : — If A, B are any two bilinear forms such that 
\ A — \B \ ^0^ and if the form (-4— XB)* be expanded in an 
ascending series of powers of (X— c), the first term in the expansion 
is of the form F/(X— c)*, where (X — c)* is the first of a series of 
invariant-factors of the determinant | A—\B \ . (See p. 81, footnote.) 

We apply these theorems to deduce properties of the invariant- 
factors of I K—\A I , where ^ is a positive definite form, and A is 
an alternate form, such that | K—\A \ ^ 0. 

If, then, (X— c)' be the first invariant-factor of | K—\A \ , we have 

or (X-c)•J57 = i^(^-X^) + (X-c)(?(i^-X^)^-... 

= (^-X^)F+(X-c)(-K:-X4)6/-H..., 

where E is the unit-form.* Now, by the properties of invariant- 
factors, e ^ 1 ; and thus 

= FiK-cA) = {K''cA)F. 



• Einheitsfoim; = here 2 (:Cryr-»- |ri?r). 
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If c be c5omplex, and Cj be obtained from c by changing -H i to — i, 
then (X — 0,) is also a factor of | JK"— AJ. | , and hence we have 

= F, (K^c,A) = (^-Ciyl) F, 

where F^ is obtained from Fhy changing +i to — i. But, taking the 
forms conjugate to the fii'st pair of equations, we have 

= (X'-cJ') F' = FiK'-cA') ; 

but K' = K and ^'=-J, 

for K is symmetrical, but -4 is alternate. 

Hence F'KF, = c^FAF, = also -cFAF,, 

and thus either c+c, = or I'^'iT/', = 0. 

If FKF, = 0, 

we have KF = 0, 

by the lemma pi'oved above (p. 94) ; hence 

AF=0, 

and thus {K-k.i) F = 0. 

Now \K-XA\^0; 

thus, if iK-\A)F = 0, 

F=0, 

which is impossible. Hence we have 

and the real part of c is zero ; or the roots of 

I K-XA I = 
are pure imaginaries.* 



* This seems to have been noticed for the first time in England by Mr. Henry 
Taber [iVoc. Lond. Math. Soc. (1891), VoL xxn., pp. 449-469], who has also given a 
proof of the property that the invariant-factors of | K— KA \ are linear (stated in 
the equivalent form ** nullity « vacuity "). I had not become acquainted with 
Mr. Taber's work when this paper was originally written ; I ought to remark that 
Prof. Elliott had arrived at the former result (also independently) {fyuar. Jour, of 
Jfath., Dec., 1899). In this connexion I may point out that in the above investi- 
gation, if ^ be assumed symmetrical, we get c = ci^ or c is real. This seems to be 
the shortest arrangement of Prof. Elliott* s proof of the reality of all the roots of 
I K^\A I ; similar methods have been uned by Cauchy, Thomson and Tait, 
f^benius, Heaviside, and Taber. Mr. Taber's results for symmetrical and 
orthogonal forms had been anticipated by Weierstrass [5«*/i«^ MonaUh&i'ichte 
(1858j, p. 216 = Ge; Werke, Bd. i., p. 241] and Frobenius [C»Wfe (1878), 
Bd. Lzxxiv., p. 53]. See also footnote, p. 93. 
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We have thuB that 

antU taking the form conjugate to each side, we obtain, aince 
Changing the sign of A, we have 




(-X-r)' (-\ + (s)' ■■" 

Tbns, on compariaon of the two nxpnnRioiiR for (K—kA)'*, we hsvs ■ 

F=(-1)'K 

F=(-1)'F,. 
But we have , 

(X-c)'JE7 = J^(^-\^) + (X-c) G^ (IT-Ail) + .. 

= (/f-X^) F+^K'-cXK^XA) G-H ... 

and thus, if e > 1, we find 

FiK-cA) = = (fi:-c^) F 

and -JF!4 + G (JT-c^) = = -i4^-h(Jr-Cil) O. 

From these we have 

FAF=zF(K-'€A)G = 0, 

and thus JPZF = cFA F = 0. 

But FKF = (-^ly FKFi 

and, as we have proved on p. 94, this will only vanish if 

or if cFA = 0. 

If, then, c ^0, the assumption e>l leads to 

FA=0, 

and so to F(K-\A) =0 and | JT- A.1 | ^ ; 

80 this equation is untenable. Thus e = 1, unless c = 0. 
We shall now show that if c = 0, we may have 
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but that e>2 is untenable. For, if c = and e>2, we have 

FK = = KF, 
-FA + GK = = -AF+KG, 
-GA+HK=0 = -AG+KH* 
These give GKG = FAG = FKH = 0, 

and, as in the previous work, we show that 

80 we are to have G{KG = 0, 

which involves KG = or AF = 0, 

and thus (K-XA) F^O, 

which is impossible, since | K—XA \ ^ 0. 

Thus I K^XA \ may have a first invariant-factor of the form X'; 
but of no higher power of X. 

Now it is well known that every first invariant-factor is divisible 
by every other invariant-factor which belongs to the same root ; and 
hence no invariant-factor of | K—XA \ can be other than linear, 
except those which belong to a zero root of | K—XA \ = 0, and these 
may be of the form X*. 

Finally, we conclude, on returning to the dynamical problem, 
that the expressions for all the coordinates will contain only simple 
harmonic functions of the time, provided that H (the quadratic terms 
in the Hamiltonian function) is always positive and that | H \ 9^ ; 
if I fl" I = 0, then the first power of the time may appear alone (not 
multiplied by sines or cosines). 

This result agrees with Weierstrass's (see footnote on p. 93), and 
it is verified in the special case when H contains no terms of the type 
Xr(t. This special case corresponds to small oscillations about a 
position of equilibrium ; in this case it has been shown by Weier- 
strassf that the presence of equal periods does not introduce powers 
of tj provided that either H (.>*, 0) or H (0, ()X is always positive (with 

* If IB not hero the Ha.miltonian foootioii, but a bilinear form arising from the 
expanaion of {K—xA)"^ in powers of A. 

t BerUner Monat$her%ehte, 1868, p. 215 ; 1868, p. 336. Geaammelte Werke, Bd. I., 
p. 241, and Bd. n., p. 42. 

X I use H (x, 0) to denote the value of M when aU tihe (^ « «kxe meA^e xet^. 
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the Rame exception m above iti ejvEe | If | =^ 0); and thit^ is always 
Hatistied in real d^'naniical problem!?^ 

Weiei^tr&ss'a condition indicates that tlie conditian that if should 
be always positive is sufficient, bat not necessaryj to ensure the 
absence of powers of t in the case of equal periods, and it is e««y to 
show by the examination of a few special problems that thig con- 
dition is sufficient, but not neceafiat"j% to ensure the reality of the 
periods. It will be necessary to examine cases in which terms of 
the type ^^f* do appear; for otherwise our condition simply i-educes 
to tbe condition that the potential energy should be poititive, which 
is well known to be the necessary and sufficient condition for real 
periods. 

Take, for example, the case of a top spinning? nearly vertically ; if 
(Z, m, 1) ai^ the cosines of the axis, the value of Eouth's modilied 
La^rangian function is of the type* 

where Z, m are of course small. 

The condition for stability is I'eadily found to be 

B' > AG, 

f 
by forming the equations of motion in the ordinary way. But 

, CL ()L 

where P=V' ^ = ^' 

cL dm 

and thus 2J3"= -i- (Bm-^-pY^ -^ (Bl-qy-G {P+m*). 

For this to be always positive we must have G negative and A posi- 
tive, which is sufficient, but not necessary, to ensure 

B^ > AG, 
or to ensure stability. 

3. The Canonical Reduction of a Pair of Bilinear Forms, 

The problem here considered has been solved in various forms by 
numerous writers ; some of the best known works on the subject are — 

Weierstrass, Bei'linei' MonaUbevichle, 1858, p. 207, and 1868, p. 310 ; GegammelU 
Werke, Bd. i., p. 233, and Bd. n., p. 19. 



* ^/, B, C axe here constants of inertia, not 'bWixLQOX ioTms. 
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Jordan^ LiouviUeU Journal^ 1874, t. xix. (2m6 S^e), pp. 35 and 397. 

Darbonx, ibid,, p. 347. 

Stickelberger, CrelleU Journal, 1879, Bd. lxzxvi., p. 20. 

FrobeniuB, ibid,, p. 202. 

Eronecker, Berliner Monataberiehte, 1868, p. 339 ; 1874, pp. 59, 149, 20& 

- Gesammelte Werke^ Bd. i., pp. 163, 349. Berliner SiUum^tberieMe, 1890, 

pp. 1225, 1375 ; 1891, pp. 9, 33. 
Sauvage, Annalee de VEcole Normale Supirieure, 1891 and 1893. 
Landsberg, CrelleU Journal, 1896, Bd, ozvi., p. 331. 
Math, ITieorie der Bletnmtartheiler, Leipzig, 1899, §§ 6-8. 

Kronecker*s and Jordan's methods are in evprj case based on a 
step-by-step process, which is donbtless very •convenient for many 
problems, bnt is nevertheless subject to some disadvantages in case 
it is desired to pat down the complete snbstitations. 

Frobenins's and Landsberg's methods differ from the rest ; but all 
the other authors that I have been able to consult have followed 
Weierstrass in determining the variables of the reduced forms 
(typified by f, ij) as linear functions of the variables of the given 
forms (typified by x, y). In what follows I have expressed (x, y) as 
linear functions of ($, ly). That is, I have found the substitutions 
reciprocal to those given by the writers alluded to. The theoretical 
investigation of these substitutions is longer than Weierstrass's ; 
but, on the other hand, the actual calculation of the coefiicients 
would be somewhat easier in practical cases. In fact my coefficients 
are found by expanding the quotient of two polynomials in powers 
of a parameter t ; the substitutions formerly given are obtained by 
expanding, in like manner, the quotient of one polynomial by th« 
square root of the product of two others ; and, if the expansion has to 
be carried out to several terms, the difference in the labour of calcu- 
lation may be considerable. There is, however, the disadvantage 
that in my solution certain arbitrary constants have to be chosen so 
as to make certain forms zero. 

Another point of some advantage is that, if 
I ^ I = or I 5 I = 0, 

the requisite changes in the method are fewer than in the Weier- 
strassian form. 

It may be well to point out here that, if the symbolical pi-oduct of 
three bilinear forms PAQ be taken in Frobenius's manner (pv oi tVct^'^ 
m&trices m Cayley'a), the result is equivalent to xa'akAii^ Wo\\sye»x 

H 2 



./* = / = a iK'Hnit«' CMU^taiit 

cl 7/ =r ^ * := another ik'tinitt* c-oiLstaiit. 

Ox 

We begin with the simple case of non-i*epeated root 
Ap= I A^\B\ =0; 

: the n roots be X,, A^ ..., X«, and let B be the a 
I— X5), or let i^ be Sor««ry\ where *„ is the minor 
A— KB I . Then we know that 

B(A-'kB) = (A-^XB) R= \E, 

here the products irtT t6 be formed according to P: 
>lical method of mttlit^lication,* and E is the anit 
rm) ixry^ Suppose that fi„ ..., B^ are the valuef 
^placed by X|, ..., X^ ; then 

R,(A''k,B)^(A-k,B)B, = 0, 

&c. 

[ence B^iA —KB) = (X, -X) B^ B, 

(^-X5)l?i = (Xi-X)Bi?p 
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Bdt the product E, (^1— XB)E| must be linear in \; and it has 
(X|-X), (A,— X) as factors. Thus 

E,(^-Xfi)i?, = 0. 

Similai-ly R,{A-kB)n,= {r^s) 

and Br{A-\B) B, = (X.-X) B^BB,. 

In a symbolical product such as B^ {A — KB) B„ the final valuables 
left in the 'complete product will be the x's of Br and the y^s of B, ; 
if, then, these are replaced by constants, the resulting product will 
be constant. Let us write S^ (T^) for the value of B, when the x^r 
(y's) are replaced by p's (^'s). Thus write, for example, 

Si = 0iiar,pry, (X = Xj), 
r, = ^Sa,.«,g. (A = xo, 
where 0, ^ are constants. 

Then we have Sr(A-\B)T, = {r ::^ s) 

and Sr(A^kB)Tr = K'-K 

provided that the value of the product Or4>r is adjusted so as to give 

SrBTr = 1. 
If , now, we write P = 2«rS„ (;i = Sy,r„ 

we shall have P (A -XP) Q = l,x,y, S^ (A-XB) T, 

=:2(X^— X)a;^y,^ 
by virtue of the relations found above. 

We have, then, simultaneously reduced il, P by the substitutions 
P, Q, so that 

PAQ = l,Kxryn 

PBQ=:S,Xryr, 

which are the canonical forms for the simple case considered. 

This method (or equivalent ones in other notations) has been used 
by many writers. It is only reproduced here by way of introduction 
to what follows. 

Let us now suppose that the roots of 

Ao= M-API =0 

ai*e not all distinct ; and let us take X = c to be a ix>ot which a^)^eav« 
h^ ibaaes hi ^acO, and Aj times in every first miwor ol ^^. 



[.\-(r + f) n] lUr) = \Jr) F.. 

R{l){A-(c-\-v)B]l{{v)=^\{y)R\t). 

afoi«, we may replace the x'b in R {t) by p'» and the 
s ; let the forms so fonnd be denoted by. iS> (t), T (t 
the former notation ; farther, let — A, i7) be the v 
1 the x'b are replaced by p's, and the y's by j's, so 1 
I bordered by j)'a and g's.* Thus 

S (0 [^ - (c + B] '/-(r) = - A. (0 A, (r), 

,S(0 [^-(c+r)B] r(r) = - A„(r) A, (0. 
now write 8 {t) I \ (t) = F(t), 

r(f)/A,(r) = G(f), 

•e we may observe that F will contain no power of 
lilar remark applies to G. Hence 

FO)[A-(c+t)B]a(v) = -\(t)/^,{t), 

F(t)[A-(c+v)B]G(v)^-/^,(v)/\(v) 
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and let us suppose that we have 

The quantities /3„ /J„ ...,A» ... will be functions of the coefficients 
(a, h) and of the arbitrary ^'s and ^'s. Since there are 2n such 
arbitraries we shall always have enough constants to satisfy the 
conditions ^^ ^ q = ft = ...=. ft, 

and f^i^O, 

Then the result of dividing the difEerence 

by (t—v) will contain the term 

and no other term in which either t or v is not raised to a higher 
power than (e — 1) ; for the next term in the quotient will be 

in which the terms which most nearly satisfy the condition are ^v*'' 
and f-'t'. 
Hence we have, if we take the first e terms of F(t) and 6 (v), 

(F, + 2!',«+...+J'.<'-')B(<3', + 0,»+... + G',»'-') = /3,(<-' + ...+v-'), 

and, in exactly the same way, 

iF^ + F,t+...+F.t-'){A-cB)iO, + G,v^...+G,v-') 

= /3, (<-'»+. ..+<f-'). 
Comparing corresponding terms, we have 

FrBG. = (r+«#e + l), 
FrBG. = ii, (r+« = e + l), 

Fr (A -cB) G. = (r +« # e+2), 
F,(A-cB)G. = fl^ (r+# = e+2), 
where ot course neither r nor s can exceed e. 
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Combining the rasnllB just vnitten, we have the three coseft 

F,(A~\B)G,^^, if r+#=e+2, 

for any other oomblnation. 

Next suppose that E (v) h formed In the same way aa Q (t?), bnt 
from another root of A^ Bay from \ = c\ Then 

Fit) [A^(c'-^v) B] H{v) ^ -./(jy+/u+ ..0, 
and thus, m c^ c% we have 

Thus Fr(A'-XB)H, = (r<c,«</). 

If now, we write 

r-l r«l 

with P„ Gi, ... similar forms derived from the other roots of 
we shall have 

+/3 (aJ,y,+aJ,y,., + ...+«*yf), 

while P, (^-XJB) G, = = P, (^- XP) Q,. 

Hence, if P = P,H-P,+ ..., Q=Q|+Q,+ ..., 

P (^— XP) Q will be the sum of a number of groups of terms like 
those just written. 



* ReeulUi Bimilar to these are given by Frobenius in a paper on the skew in- 
variantfl of bilinear and quadratic fomu {CreUe^ 1879, Bd. Lxxrvz., p. 44, i 6). 
His ralste to the expansion of S (O/^o (Or c^d are not quite so genml as mme ; 
tbejrgive I'r (A'^\£) G, - 0, only if r + « < • + 1. 
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But in general (unless ^ = for each root) the form P (Q) will 
not contain n aj's (y's), and so we proceed to show how to find similar 
terms itom each successive group of minors. 

Take next the hilinear form Ejt, 

a,|— X6i„ ..., ai,— X61,,, q[^ ..., jj" , y, 



a„l— X6„l, ..., Ohm — AOnm) 5»» 

¥iy -M P'n, 0, 



., 0, 



Pi » 



*-l 



0, ..., 0, 
0, ..., 0, 



in which the p*a and ^^s are arbitrary constants, and the indices do 
not represent powers, but are additional suffixes, when applied to the 
p*B and g's. At will denote a corresponding determinant with 
ply •-jpt in place of ic,, ...,Xn, and 5*, ..., g, in place of yj, ..., y,. 

Let ns suppose that (X— 0) to the power hj, is a factor of every h^ 
minor of \ A—kB \ , so that this is also a factor of Bk and ^k ; a^d 
we write , . 

64= ^4-1 — ^t, 

80 that 64 is the index of the k^ invariant-factor* of | -4— A5 | 
which belongs to the base (X— c). It will be convenient to denote 
l>y B^ (t), A4 (t) the values of Bt, A*, when X = c-f^ 

Consider the symbolical product 

B,(t)[A-(c4-t)B]; 
this is equal to the result of substituting for yr in Bk {t) 

a 



Sx^ 



[^-(c+O^]; 



subtract from the last column of the determinant so formed y, times 
the first, yf times the second, ..., y» times the n^. We then see that 
the product can be written in the form 



* JSlefftentartheiler of WeientxaeA. 




.* n ft re 
, y^ are 



106 Mr, T. J. PA. Bromwicb on Oammtcal Bedudion q^[Feb. 8, 

where X|, ,.,, Xi„i are liDear fnnctioni! of the k^ mmow of | j4— \B | 
and of the x*s. 

Let ns now multiply by R^ (0), fhiid we find 

B, (0 [A-ic+t) B] ff. (.) = - 4, ., (0 R, (v), 

for the product of the rem ai mug terms is found by replacmg the x'b 
in Rt(r) by the quantities 

and is accoinlingly aero. 
Similarly we have 

IUit)[A-(c + r) B]Mv) = -&,.U^) lh(i) 

Suppose, now, that S| (0 i« the value of Rt (O1 when ,r,, * 
replaced by p*, ..m1>I ; and T^ (tO that of /?* (r), when y^^ -. 
replaced by g,, ..., 5,- Then our two equations j^five 

^S* (0 [X-(c+0 5] T, (r) = - A,_| (0 A, (r), 

Sf*(0 [^-(c+r)5]r,(t;)=-A*.at^)A*(0, 

for in the bilinear forms on the right both x*s and y's most be re- 
placed by constants, which gives ^t instead of Bt. 

We now write 

s, (0/A, (0 = F,^F,t +/;^* + ..., 

and A».,(OM»(0 =^(A+A^+...-f)8e^-' + ...) 

(e = c» = /it., — At). 

Thus we find that (if, as before, we choose />*, ..., I'i a^d 9J, ..., ^t so 
that /J, = = /3, = ... = /3„ but fi, 4^ 0) 
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Hence, as above, we deduce 

i^,(^-\5)6?. = (r-X)ft, if r+« = e-fl, 
FAA^XB)G,=I3,, if r+« = p+2, 

^,(2l-\7?)6?. = 0» 

for any other combination of r, «. 

In the next place suppose that the O's ai*e similarly derived from 
^f (s)j where let us suppose that l>k; then the product 

E*(0 [il-(c + 0^] Mr) = -^,,i{t)B,{v). 

Now we have to replace the aj's in i?jk.(0 with |)*, ...ji'i* i^ order to 
obtain i8>jb {t) ; the same substitution must be made in Ri (r) on the 
right ; and the result will then be zero, for we obtain a determinant 
in which two rows are identical. 

Hence S» (0 [A - (c+ B] T, (i) = 0. 

Forming the product 

S*(0[il-(c+r)B]T;(r), 

it will be seen to be of the form 2 Zl (t) Z/l| (r), where Zl (t) is a 

r 

linear function of the k^ minors of | -4— (c+O-B | , and ZT-i (v) of 
the (/— 1)*^ minors of \ A- (c+v) B \ . It follows that 

is divisible by v^ (/ = e,). 
Consequently, if 

T,(i;)/A,(t?) = G, + ... + (?/i-^-* + ..., 
we have (F,+...+F,if'') B(G,+ ... + GfV^-') =0, 



♦ See Fiobenius {Orelle, 1879, Bd. lxxxvi., p. 44, ^1), Hva t«k\l\\a T^VaXfe \a 
the exptmnoB of S»(i)Mk.t (0> and then Fr (A —\B) G, « 0, otX^ \i v a- »< « ^^\ . 
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and^hns also 

wliic!h f^ven F, {A — XJ?) f?. = C'' < ^*t * < ^O- 

If the O's be derived from a different root of ) -4 — XB ) — 0, tliis 
equation will also hold; a result which may be deduced by applying 
the Hi-gumenis pi'evioualy used for this caae, wheu the -F's and ti^'s 
were derived from first minors of | A ^KB \ , 

If, then, we write F = 2a?,/% 

where the summation extends to every root of | A~\B \ = 0, and to 
all the fonns deduced as above fix)m every minor in which that root 
appears, we shall have 

P(A-\B)Q 

as the sum of a number of gixjupe of the type 

^ (c— X)(a?,y,+«,y.., + ... +«.yi) +P (a'jy.+«iy.-i + ... +«.yf). 

Here e is the index of the power of (X— c) in the corresponding 
invariant-factor. 

The number of x's introduced by the root X = c will be 

and so the total number of x'b in P will be n, as it ought to be. 

We may state our result in another form — 

Take the minors of 9J, p* in A* (0, and divide each by A* (t) ; 
expand the quotients in poweM of ^ to ei^ terms, and replace the 
powers of t by different x'a in the former, by y's in the latter. 
Finally, sum the similar results for all roots of | A^-XB \ = 0, and 
for every order k of A* (t) ; we thus arrive at the linear substitutions 
for a?r, yr respectively. When all the variables in A, B are subjected 
to the corresponding substitutions, the forms -4, B will be reduced to 
the canonical forms 

2c/3 (a-, ye+ ... ^-x.y,) +5/3 (ar,y,+ ... +».y,), 

respectively. 

If I 2? I = 0, one or moi'e of the roots of the equation 

|^-XB\=0 



« 
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will be infinite. Suppose that infinite roots are present also in the 
minors of | -4— XB | ; in fact, take A* to be the highest index of X 
present in A*; then there will be {n — k—hk) infinite roots in every 
^ minor of | A — \B \ ; if ^4 = 1*—^, there will be no infinite root, 
and, of course, ht is not greater than (n—k). 

Just as before, we have 

S, (0 [A^B/t] T, {V) = - A,., (0 A* (tO, 

8, (0 [^ -B/r] T, (r) = - A,. » (r) A, (0, 

where now Sa(0»A*(0» ••• denote the values of iS*, A*, ..., with 
\ = Vt. 

Thus we have 

A,(0L^' ^A;(r;- A,(0 ' 

A.W'- ^A,(t;) A*(r) 

If t^t.i{t)/^t(t) be divisible by f(e=:et), it will follow that 
there are e* (= l + /^»— Aft-i) more infinite roots of Aj.i than there are 
of Ajb ; or Ok has the same meaning as that usually attached to this 
symbol in connexion with finite roots. 

Now let us write 

At (») 

then the equations above will yield 

Fr(A—kB)G. = 0. unless (r + O = (f+1) or (e+2); 

and /;(il-\B)6?. = -i3„ if (r+«) = (e + 1), 

F^(A-AB)0, = +\(i,, if (r-Vs) = (,e-\-^^. 



JIG Mr. T. J. FA. Brotnwicli on Canonical Rmlueiuin of [Feb* 8, 

pixjvided that jo\ "■? P* ^^^ 9% ■■' ?* ^^*^ chosen so i^ to sartisfy the 
oonditionfi 

(3,= A = ..- = j3. = 0. #3,#a 

Exactly as before, wo show that 

FAA-kB) a, = o, 

if O, "be deiived f inDm nnTioi*s of an order different from that to which 
F^ belongs; or if 0, be derived fiiom a I'oot of \ A-kB \ =0 which 
ifi not infinite. 

If, then, we have terms in P, Q of the form ^s^rFr, ^y^Of f^ven by 
the intinite itjota of [ j1— Xfi| ^0, the cori-esponding parts of 
F {A-kB) Q will be of the form 

It may be useful to point out that this i-esult is equivalent to what 
would have been obtained by taking the equation 

I kA^B I =0 

and working with the corresponding zero roots. It may also be 
pointed out that we are not left with arbitraries g, h, as in Weier- 
strass's reduction of this case ; Weierstrass*s investigation * depends 
on expanding a certain function in descending powers of X, in two 
distinct ways and then equating coefficients ; in case | £ | = 0, one 
form of the expansion does not take the same shape as it does in the 
general case. In this way it became necessary to replace B by 
(gA-^hB)^ where 

\gA-\-hB\ ^0. 

Dai-boux's corresponding reduction is left without g, h, and this is 
due to the fact that Darboux does not expand in powers of (1/X), but 
follows a slightly different method for finding the reduced foi*ms. f 

According to an extension of Stickelberger's theorem to be found 
above (p. 86), it w;ill be seen that the forms /*„ /J, ...,i^, (e = e*) 
will contain h^.i effective arbitrary constants; and the same number 
will appear in G^, ..., G„ but these have to satisfy e^ relations, and 
thus the effective number is 



' In the ftecond paper quoted above ; or see Muth'a Elcuientartheiler, pp. 78-81, 
t See fix. of Darboux' 8 paper, - 
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Thus, in all, we obtain 

corresponding to any given root ; this number is also equal to 

+ 2 (6,-1-... + 6*) 

+ ... ... ... 

+ 26* 

= c', +36,4-.5e,+ ... +(2A;-l)e,., 

which agrees with the numbers given bj Frobenius* and Landsberg.f 
We come next to the consideration of our' problem in case 
I A—kB I = for all values of X. In order to be perfectly genei'al, 
I shall suppose that A^ ^ e^ Aj ^ A, ^ ... ^ A^^-b a,nd that A^^ is not 
identically zero. Then I have shown in Part 1 of this paper that ^^ 
can be arranged as the product of three determinants D|, J9j, D^ ; J 
where Di consists of k rows and columns containing only ^'s, D^ con- 
sists of k rows and columns containing only g's, and D, contains 
neither p'a nor ^*s. It has also been proved that by proper choice 
of the p'a and ^'s we can make D, and D^ each unity ; and corre- 
sponding to each set of p's (say ^J^, ...,^^) there is a set of v'h 
(«•'", ..., T^). The it's have the property that, if (ir*", ..., w^) take the 
place of (pj, ...,i>") in J^i, then the value of J9, is X*(a = a^, one of 
the Mimmalgradzahlen) ; but, if (ttJ^, ..., 'tJ^) take the place of any 
other set of ij's in i>i, then the resulting determinant is identically 
zero. There are in the same way sets of k's, one corresponding to 
each set of q's, and possessing properties similar to those of the vs. 

We denote by jK^ (r = 1, 2, ..., A;) the bilinear form obtained irom 
At by replacing (p[, ..., pO with (a^, ..., «„) and (g:, ..., ^;) with 
(Vu •••» y»)- Consider the value of the symbolical product Rf.{A'-\B); 
which is obtained by substituting for (y,, ..., y„) in B^ the values 



(dA 



dA .dB dA .dB\ 

^w-, ...» ^ ^^~l 

vxi ojc,^ ox J 



* CrelU, 1878, Bd. lxxxiv., p. 29. 

t Ibid., 1896, Bd. cxvi., p. 349. 

t Called there £\, £o, E^ (pp. 8S ei jcq.y 
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Subtract from the oolumn «o obtained y^ timew the first eoUuim. y\ 
times tlie second, „,, ^„ times the n^ ; we then observe that the pe* 
Bulting determinant is a linear function of the (k^iy^ niinoiift of 
j A—XB I , and IS therefore identicallj zero. Thus 

EAA-kB) = 0^ {A- KB) B„ 

by a similar investigation. 

Again, let us denote by U the bilinear form obtained by Ijordering- 
Ajt with (^1, ..., fl!;), (vi, .", yJ)~ Then (.4— X??) F Ih found by enb- 
stitiiting for (a?i scU) in^ i7 the vainest 

now multiply the first row of the i-esulting determinant by x^, the 
second by ic^, ..., the n** by ir„, and subtract from the last row. Then 



(^-XJ5)tr = 



Oji — X6,„ ..., Oi^— X6i„, q'l, 



9v Vx 



(^nX^^Kxt ...» ttiw — ^^Hn, 9«, ..., ^t, Vn 

Vu ..., />i, 0, ..., 0, 



p\. ..., ?;, 0, ..., 0, 

in which we have written 

and, as usual, ^ = »iyj + ... +aj^y„. 

Expanding the determinant, we have 



where we have written "9^ to denote the linear function derived fi-oni 
A* by replacing (5J, ..., q*^ with (yi, ..., y^). It will be convenient to 
use ^r to denote a similar linear function with (a;,, ..., ;rM) in place of 

We shall require in what follows to distinguish between certain of 

onr bilinear and linear forms according as they are derived from 

(^—^B) or (A^/iiB); this will be indicated by ^Rriting; X or fc in 
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bi*ackets ; thus F(/i) will be a bilinear form derived from (A — fiB} 
in the same way as U{\) (written U above) is derived from {A—\B). 

We proceed to consider the symbolical product 

K,(X)(^-,i5)ir(,i) = -A,(,i)ie,(X)+ 2^i?,(X)[^.>P.0i)], 

where the quantity in square brackets is a bilinear form to be com- 
bined with RrW in the usual way. The product Br(X) [f,^', (/i)] 
is found by replacing (y„ ..., y„) in i?r(A.) by the quantities 

the resulting determinant has two rows the same, unless r = *, and 
so the product is in general zero. Also we see that 

E.(A)[^,>P,(^)]=<I>.(X)4'.(^), 

and thus Br{X){A-,iB)U{p.) = - A,(ai)E,(X) + <I>,(X)>P,(;i). 

In this result let us replace the final x's by p*^, •••»X *^^ *^® ^°*^ 
y's by fc'*, ..., i:* ; then in the symbolical product on the left only the 
x'a of Br (X) and the y's of U (/u) are to undergo this substitution. 
Hence, if W,{fA) be the form now found for Z7(f»), 

since we have that Br (X), ^r (f ) both vanish if the y's are replaced 
by •:*, ..., K^ — a result following by the properties of the «:*s. But 
when the y's are replaced by ifj|, .., *ii and the x'b by /)[, •••»X ^® 
have 



(/3 = /3,). 



Ho we now have the equation 

*, (X)(4-/t5) IT, l» = A, (A) A. (,.) i^'-X') ; 
let us write then 



(/3 = /3,). 



• We observe that ♦r (A) will break up into factors, two of which are the same 
as in Ak (A.) ; the third will be a function of degree 0^ in \ *, whiLe tVi\i XJkvx^ VaL<jX»x 
of A* (X) is nnitj, bj the de&iition of our q*». 

VOL, XIXIL — NO. 71 7. I 
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Thuft 

skud fttrtlier, (since Hy ik)(A ^KB) — 0, 

we have 

(F,^i^;\ + ... + j'V.i^')U-^B)«?,+G,^+^»+ff^^^^' + )=0, 

Hence F, BQ^ — imless ri + o^ = i3.+ 1 , 

F,BG\ = -1 if ^. + a^^/3,+l, 

suid /i;jf;.= -l if p + (r = /i + 2, 

i^; *'l <5^ ^ u ideas p + *r = /3,. 4^ 2. 

If , however, the (? s are deiived from W^ (/i) a.«4 not 6iwm W^ (ft), 

we shall have 



for all values of p, <r. 

We can, in the same way, determine more jP's and O's bj inter- 
changing the parts played by B,^ and TJ \ and then the jS's will be 
replaced by a's. We must also consider the value of products 

such as yiX){A-^B) U (^) = - A. (,.) U(\), 

for the product U {k) [f,^, (/i) j is always zero. Similarly, 

U{\)iA--\n) U(f.) = -A*(\) U(,i). 

Let us write V^ (A.) for the value of U (X) with iCj, ...,«•„ replaced by 
^"i '■'>'^'„'y ^^^» ^^ before, Wg{k) for its value with y^, ..., y« re- 
placed by K*, ..., k\ Finally, let C^„(X) be its value when both 
substitutions are made ; so that 



and 






Now, in determining p^ ..., 2^|", as above, we are left with (n — 2a^— A?) 
constants at our disposal ; this number is also equal to (y-|-2)8^), if 
we write y to denote the index of the highest power of A in D,.* We 
have the same number of constants left in finding t*", ..., ir\ So, in 
all, from the k sets of p, tt, q, k, we have 

2A:(y4-2p-hy + 2a) = 2k(n-^y-k) 



C The bighoBt power of A in A* i8(« — A) andiR also iur-v-liftr -Vy-— "Sfp'- \^th^ 1900.] 
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constants left at our disposal. We can choose these constants so 
that the expansion of Ur,(^)/At (A.) contains no terms after the term 
independent of X, until we reach the (cv+i^.+l)**" power of X; for, 
in all, this requires us to satisfy 25 (a, -1-/3,) conditions; and this 
number is ^(n— A;— y). Hence 

But, on expansion, we stop V^ W/^k W at the term in X*'* (a = c^.), 
and W. (,!)/ A* (,i) at /"^ (ft = /?.). Thus 

(F,+F,\ + ,..-\-F^-')B(G,-hG,,A-^,., + O,fi''')=.0, 

or F,BG^=0 (p^a,, o- = /3.). 

Similarly, F^AG, = 

for the same range of values of p, tr. 

Take now the two forms P = :S,XrF^, Q = 5y^(?r, 

where the summation is to extend to all -^^'s and G's just calculated ; 
so that the number of x'b contained in P is 

2a-h5 (/3-f 1) = ^-^Sa-f-SiS = (n-y) ; 

and in the same way Q contains (n--y) y's. Then the reduced form 

P (.4-XP) Q= X [(Xti-o?,) y^+ (Aa;,-a;,) y,.,-\- ... + (X^^-a,>^.0 y,] 

In order to complete the expressions for our substitutions, we must 
next return to A* (X) ; this will contain y factors linear in X. We 
can proceed with these just as if A* (X) were the original determinant 
I A—XB I of our former work; we shall thus obtain y more F% 
and the same number of G'a. So that our final expressions for P, Q 
contain n x'b and n t/'s, as they should ; and it is easy to see that the 
additional terms in F {A—\B) Q will be of the types found at the 
beginning of this investigation. 

As a numerical illustration and to explain the process, we take the 
following case, suggested by an example given by Darboux* : — 

Let A = (ax^y^ + hxiyi + cx^yJi^Xiy^+Xiy^-{'X^y^, 

• On p. 395 of the paper already quoted ; see alao p. \Vl \s^iyw . 
I 2 
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It tH tbeu BBS J to showr that tbe (greneral) value of ^i (X) will be 

The oonditiotta specified for the p*s and ^'s will give 

pM - 0, p^ = 1, 
T, = 1, ir^= c, 

9i = It gi = 0, </4 = 0, 
<, = *j', Cj = a-*- i>, fc, = 1, 
These yield *, (X) = j^, + ^, (X - a) + ^, (X ^ a) (X- fc). 

We next foi-m Un (X) , which is Aj (X), bordered with the n-'s and k'j 
andf on calculation, this is found to he 

*4-^*94+^ [Pj-(a+^)l>i]» 

for our previous conditions have not det'ermined p^, />„ ir„ t„ g^, c^ ; it 
follows that Uii (X) = 0, if we take p^ =0, |J, = 0, 1C4 = 0, 54 = 0. 
We have nothing to determine ir„ ir,, but these may be assumed to 
be zero, in order to simplify the reduction as far as possible. 

We have then V^ (X) = y^, 

Tr,(X)=ari(a+X)+a?,. 

So, on the whole, we get the substitutions 

aj, = — a^i +fi f derived from *i (X), 

X, = f' from Fi (X), 



and 





'^"^■^'^H fn)mTr,(X), 


^4= ^l 


. from ^1 (X). 



^^SLlj 



* The sign of AiTx) should be chang^ ; this will reverse the signs of ^i (X), 
JaJ, and explaina why the forms of p. 117 differ in sigpn from those on p. 115. — 
-----% 1900.] 
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Thus, finally, we have 

= (i (am + '?0 + ( - ^ii + ii) Vi + iiVi 
and B = aHyi+^jyt+«*y4 

i.e., ^-XB = (6-^i)i7J+(&-AfO'?: + iU^.-^'?i), 

which i$ the canonical form required, agreeing with our genei*al result 
on p. 115. 

I have attempted to construct a similar special case for which it 
would be necessary to work with Aj (X) ; but the work is very 
laborious unless we start with forms simplified so much that the 
reducing substitutions are self-evident. I therefore content myself 
with adding the solution of Darboux's special case ; which is 
A = a(a;,yi+...+a?„.iy„_i) + a;,y,-h...+ic„y«.i. 

The (general) value of A, (X) is then found to be 

so our special values will be 
Ph= 1, ir„ = 1, 

9i = 1» 9j = = S's = •• = ?«» 

ic» = a-», .•,^(n-l)a-S .v=(^;-})a"- r„ = 1. 

Thus *, (X) = y, -f y, (X-a) + ... +y, (X-a)"-\ 

% (A) = ^„, 
and, on further calculation, we find 

Tr,(X) =«,., + 2 [("7^) '»'+("!?) a-X + ...+X'l «,.,.„ 

in which 2>„2)„ ...,2>» have all been put zero, for these values of the 
P'b will make l^i, (X) ^ 0, if Wj = tt, = ... = 7r„_i = 0. 



[• The sign of Aj (a) should be changed ; see footnote on p. W^. — SepiA^Uv^V^^^?^ 
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Hence we find the Bnbstitutione 








1 


"■i = fit 










^M 


ir, =-<+^, 










H 


*,.. = (-ir[a'f,-m'- 


-.{,+ ... + (_!). P a- 


••£., 


1 + .. 


. +{-!)■ 6. 


^1 1 


all derived from *, (A) i 


• »» •■ ■ ••■ «•* n'* 

; and 




-.► 




1 


». = «- 


',;+a-V+ ..+li;-h 








^1 



*,i 'i.i #« 



,.,.. = ("-^j »w;+ (';zj) a'-'^+...+^.,. 



derived from W^ (A), and further 

yH = vi 

from 4^1 (X). 

We then have 

A'-XB = (f,-XfO i7i.i+... + (f.-A^„.0 .?;, 

which is the same as Darhoax*s result. It will be seen that oar 
substitution for the x'a agrees with his, but in his work the ly's are 
given in terms of the y's, so that the other substitution cannot be 
compared directly. 



Thursday, March 8th, 1900. 
Prof. ELLIOTT, P.R.S., Vice-President, in the Chair. 

Fifteen members present. 

The Chairman announced that, in accordance with a resolution of 
the Council, the meetings in future would be held at 5.30 p.m., 
instead of at 8 p.m. 
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Votes of condolence with the families of the late Prof. Beltrami* 
and Mr. J. J. Walker were carried in silence, and the Senior Secretary 
was directed to convey the announcements to the proper quarters. 

Prof. Lamb read a paper entitled " Problems relating to the 
Impact of Waves on a Spherical Obstacle in an Elastic Medium." 
Dr. Larmor spoke on the subject. 

Mr. W. P. Sheppard (Prof. Lamb, Vice-President, in the Chair) 
spoke on " The Use of Auxiliary Curves in Statistics, with Tables 
for the Curve of Error." Messrs. Lamb, MacMahon, and Hargreaves 
joined in a discussion with the author. 

A " Supplementary Note on the Theory of Automorphic Func- 
tions," by Prof. A. C. Dixon, was taken as read. 

The following presents were made to the Library : — 

"Educational Times," March, 1900. 

" Indian Engineering," Vol. xxvii., Nos. 3-6; Jan. 20-Feb. 10, 1900. 

" TransaotionB of the American Mathematical Society," Vol. i., No. 1, 1900. 

** Mathematical Gazette," Vol. i., No. 19. 

"Supplemento al Periodioo di Matematica," Anno 3, Fasc. iv., Feb., 1900; 
Livomo. 

Beohmann, £. — *< Neue Vorrichtungen zum Farben nichtleuchtender Flammen " 
(Spektrallampen), 8to; Leipzig, 1900. 

De Morgan, A. — ** Elementary niuatrations of the Differential and Integral 
Calculus," 8vo; London, 1899. 

"Mathematical Questions and Solutions," Vol. Lxxn., edited by D. Biddle, 
8vo ; London, 1900. 

The following exchanges were received : — 

*' Proceedings of the Royal Society," Vol. lxvi., Nos. 424, 425, 1900. 

'* American Mathematical Society Annual Register " ; New York, January, 
1900. 

'* Bulletin des Sciences Math^matiques," Tome xxm., Dec., 1899 ; Paris. 

'* Journal fiir die reine und angewandte Mathematik," Bd. oxxi.. Heft 4: 
Berlin, 1900. 

''Atti della Reale Accademia dei Lincei — Rendiconti," Vol. ix., Fasc. 2, 3, 
Sem. 1 ; Roma, 1900. 

** Berichte iiber die Verhandlungen der Konigl. Sachs. Gesellschaft der Wissen- 
schaften zu Leipzig," No. 6, Bd. u., Math.-Phys. Theil ; Allgemeiner Theil, 
and Natnrwissenschaftlicher Theil ; 1899. 

*' Memoirs and Proceedings of the Manchester Literary and Philosophical 
Society," VoL xun., Pt. 6, Vol. xliv., Pt. 1 ; 1898-1899, 1899-1900. 

'' Acta Mathematica," Vol. xxm., Nos. 1, 2 ; Stockhobn, 1899. 



♦ Copies (two of different dates) of // Oiomo and a copy of La Ferteveranza, 
sent by Prof. Cremona, were laid on the table, and also a memorial card from 
the Signora Beltrami. 
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Pfohhm^ relating to ihe Impact of Wave^t on a SphfrifAil Ohgtacle 
in a^ Elastic Medium. By Prof. Hokacr Lamb, F.R.S, 
Read and received March 8th, 1900. 

The Bcatteriug of elastic waves hy a Bpherical obstacle whose pni- 
pertiea differ slightly from those of the surround iug medium was dis- 
cussed long ago, and applied to the illuBtration of optical phenomena, 
by Lord Rayletgh.* The present paper takes up the same pi^bleni 
in a more g'eneral form; thus in § 5 the obstacle is supposed to be 
rigid and fixed j in § (> it ii rig^d but movable ; we nert consider 
the case of a rigid shell containing a vibratoiy mechanism (§7) or a 
gyrostat (§8) j in § 9 the effect of a spherical cavity in the medium 
ia examined; final ly. In § 10, we liave the case of an elastic sphei^ 
whose density and rigidity may differ to any extent from those of 
the surrounding medium. 

The investigation was undertaken originally with a view of 
obtaining a mechanical illustration of the selective absorption of 
light by a gas, on the hypothesis that this (apparent) absorption is 
due to a coincidence between the period of the incident waves and 
that of a free mode of vibration of the molecules. It was found, 
however, that in this field, as well as in others, the electromagnetic 
theory furnishes in some respects a much more complete analogy 
with optical conditions. It has also the advantage of greater mathe- 
matical simplicity. For these reasons the calculations of this paper 
were for a time suspended ; they are now completed and published 
in the hope that they may still present some features of dynamical 
interest 

The point above referred to, having been in the meantime dis- 
cussed at length in the papers cited below, is here treated more 
briefly in § 11. It appears that the law of dissipation of radiant 
energy by scattering (w^hen this is a maximum) has the same form 
as in the acoustical analogy considered in a former paper, t viz., we 
find that the ratio (I) which the energy dissipated outwards per 



♦ FhiL Mag,, June, 1871 ; Scientific Papers, Vol. i., p. 104. 
t ** A Problem in Resonance, illustrative of the Mechanical Theory of Selective 
Absorption of Light by a Gas," Fi'oc, Lond. Math, Soc, Vol. xxxu., p. 11. 
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unit time from the sphere bears to the energy-flux in the incident 
waves is given by 

I = ?^X*, (1) 

where X is the wave-length, and n is the index of the spherical 
harmonic belonging to the particular type of free vibration in 
question. It is remarkable that this ratio is independent of the size 
or constitution of the spherical obstacle, and involves only the wave- 
length. The same law (as might be expected fi*om the nature of the 
analysis) is met with in the corresponding electro-magnetic problem,* 
and appears to have a very wide range of generality. 

The notation for the various solutions of the differential equation 



d*^ 2(»+l) dF ^Q 



(2) 



which are required in investigations such as the present can hardly 
be said to be definitely fixed. In the author's Hydrodynamics,'^ it 
has been proposed to write 

1.3... (2» + l) I 2(2n + 3) 2.4(2»»+3)(2n + 5) ' ) ' 

_ 1.3...(2n-l) f, r ■ C* ) 

£*•♦• ( 2(l-2«)^2.4(l-2»)(3-2n) ■" ) ' 



(4.) 
(5) 



and /, (f) = (-)- j^^)" ?^ = *. (0 -tVr. (0 ; 

these notations will be adhered to in the present paper. The above 



♦ Camb. Traru.^ Vol. xvni., p. 348. [See also L. Lorenz, (Euvret Seienti/iquet^ 
Copenhagen, 1898, t. i-tP- ^99, where the formula (1) is arrived at from a some- 
what different basis. The investigation was published (in Danish) in 1890 ; the 
writer regrets that he has only recently become acquainted with it. — &ept,^ 1900.| 

t k\ 267. 309. 
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functions all satisfy equatiooB of the tjpeB 

-^UO^-C^^^iCf). (6) 

which are frequently required in I'eduction.^. We shall ftlsn hare 
occasion to appeal to the formula 

and itfl companions^ where ^^ is a solid hairmomo of (ptmitiTf* or 
negative) degi^ee n. 

General Equations, 

1. The compoTieut displacements («, t\ iv) at anj^ point of an in- 
compi^ssible isotropic medium satisfy the equations 

dr p dxdr p dxj dr p as 

^ + ^ + ^=0, (10) 

dx dy dz 

where c is the wave-velocity, connected with the rigidity (/i) and 
the density (p) by the relation 

c» = M/p, (11) 

and p denotes the mean normal traction about the point (a?, y, z). 
Fix)m these we deduce 

rV = 0. (12) 

In the case of simple-harmonic motion we assume a time-factor 
e'**"', so that 2t/A; denotes the wave-length of plane waves of the same 
frequency. The equations (9) then take the forms 

^ fk dx II dy fk dz 

(13) 

In the problems which we have in view the medium is limited 
internally by a spherical surface (of radius a) described about the 
origin, and the disturbance may be regarded as made up of two parts, 
viz., the extraneous disturbance due to given sources at a distance, 
and the waves scattered outwards by the sphere. 
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If the medium were nninterrupted, the displacements due to the 
extraneous disturbance would be finite at the origin. Hence for the 
incident wave-system we may wiite 



2, = -,i^«2r"5. 



where 



=5«.r 



(14) 



d 



+^.(^)(,£_,|)^i7. 



f„ =|^r-S.+ (« + l)f...(fcr)|^r-r.-«*V-*V.M(Ar)^ ^, 



+ ^.(^)(,^-.^^)^l7. 



w, = |r-S.+ (n+l) ^.., (fcr) A/T.-Mfc*,*-*'^... (*r)^^ -J^, 



+ ^.(A.)(.A_y|)^i,, 



(15) 



The f auction ^, (ir) is defined by (3), and S., T,, Un are spherical 
surf ace-harmonics of order n. The sign 2 indicates sammation with 

respect to n, which may hare the values 1, 2, 3, These formulas 

make 

xu + yv+zu> = S {nr'8,+n (n + l)(2n + l) ^. (fe-)r»r.}, (16) 

(17) 

When the extraneous disturbance consists of a train of plane 
waves, the harmonics iS„, T^, Un are determined as follows. Assuming 
that the direction of propagation is that of a;-negative, and that the 
vibration is parallel to y, we may write, symbolically, 



u = 0, v = e***, w = 0, 



(18) 



the time-factor e'*" being omitted, here and elsewhere, for shortness. 
If this be resolved into the sum of a series of diatuTb^jaa^^ ^i HJo^fe 



,'t' lUiip'^' = :S i'ln -I- 1)(/At)" ^n (A-/-) sin ^cos wP',, (cos 6 

l\, (rnsO) is the ()i-iliii;ir\- /.oiial liainionic. Wc iiifci 
11 with (1*J), that ^'„ = 0, jiiul 

T, = -(f ^ sin tf cos «P: (cos ^). 

i-ly, we find 

[7, = - ^"^-^ W sin 6 sia oiP; (cos ^). 
n (n 4- 1) 

icular, 

sin 6 cos <tf = ^-^ , [7i = — ^k sin <9 sin oi = 



k sin ^ cos cos w = ^iX* -^ , 17, = ^^ sin^ cos sin m 



component tractions /)„, p^, |7„ on a spherical sn 
• described about the origin are given by 
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dx 



dx r^* 



(7a; 



rO./,. = ^. (At) ^ r-S. + B. (At) r*"' |^ ^, + 0. (At) |- r-T, 

+ P. (to-) r-- £ J:,+^. (At) (.|-y £) ^U, 
where ^(fo-)=-^j+2(«-)) 



B«(At) = 



Vr* 



2n+l 

C. (At) = (n+1) (At^;., (At) +2 (n-1) ^,., (At) } ) 
D.(ir)=-nA:'r'{AT^;„(AT)-^..,(AT)} j' 

E. (kr) = krf, (kr) + (n-1) f. (At) .♦ 



(28) 



(29) 



(30) 



(31) 



In the case of plane waves the terms in S„ as we have seen, are 
absent. 

Divergent Waves. 

2. We have next to consider the expressions for the divergent 
waves. For these we have 



l' = -/'*'S^. 



u = 5i*]i, V = St 



w = 2tr, 



1- 



(32) 



* The steps of the calculation are indicated in Ht|drod>|nam%c«^ V^*^^^. 
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-=^^%+^"-^'^^-'^*'*^-s.'''^--»'=''^"^"(*^)i.^. 



'(33) 

j\ {kr) being the function defined by (5), Tlie surface -banaaonicn 
8^, ?t» C^H ai"e to be found in terais of S„, T^, t7„ by iiieai>s of the 
conditions which hold at the surface r =^ a. The admissible values 
of n are 1, 2, 3, ..., as before, the case n = being excluded, since 
the volume enclosed by the spherical boundary will be assumed to be 
constant. These formulsB make 

xu-\-yv + zw = 2 ^ -(n+l)-5y +n (n+l)(2n + l)/„ (AT)r»r: J , (34) 
/dw dv\ , /du dto\ , fdv du\ -, , , ^\ x /i \ my 

(36) 

Again, if we denote the parts of p„, Pr,, p™ which are due to 

{u„ «;, ui) by K, 01, El, we find 

,-«://. = .4; {kr) ^\-, ^^r"S> +5;. (A-r) ||^ + C^ (tr) A ^«r; 
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where -^i («»•)=- ^^^j 

C: (fcr) = (»+l) {fcr/:., (fcr) + 2 («-l)/«.x (fcr)} 
E:{kr) = krf. (fo.) + („-!)/„ (fcr)}. 
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(37) 

(38) 
(39) 



3. We have to examine the properties of the scattered waves at a 
great distance from the origin. When kr is large, we have 



A(^-0 = (-J^..e-. 



(40) 



approximately, and therefore, keeping only the most unpoi-tant 
terms, 



"-=^'"+"^)-(fe--'''"'(£'-"=^"-"''^"'^") 



(kr)' 



d 

dz dy 



,„e-**'(y " -z';-)r"I7: 



hil 



^•:=(2»+l)(^e-(Ar.r:-,.yr-X) 



■k- ,.',. ■ f-'*'' 



(krr'^ Vdx dz)' ^" 



>, (41) 



'^{kry*'"' 



H-yt)^'^' 



where a slight ti*ansformation has been effected by means of the 
foi*mnla (8). We notice that «),, t\, w\ are ultimately of the order 
1/r, whilst the radial displacement (xUn-\'yvl+ziVn)/r is zero to the 
present degree of approximation. It is really of the order 1/r*, as 
is easily seen from (34). 

The geometrical interpretation of the two types of terms which 
appear in (41) is very simple. The tenns in T,*, express a state of 
motion in which the particles on a spliere ol \%i^^ t^wm^ t ^x<i 
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ribi-atiDg in directions orthogonal to the coiitoiir-Iin«a of the harmonic 
Tf,, with an amplitude inversely proportional to the diitance between 
ooDBecntive contonre^ if we imagine these to be drawn for e<)i]&l in* 
finitesimal inci^menta oi T^. Tbe tarms in Ul, on the other hand, 
eatpreas a vihratioa along the contonr lines of U^, with a similar law 
of amplitude.* 

For example, if (in accordance with a lat«r notation) wt* writir 



we 



have (uu I'l, M^i) = 2jt' [-^^ —^ ^ - ;; ) — -^ i^} 

The particles on & sphere of large radius r ai'e hei*« vibrating in the 
dii-ections of the meridians in which the sphere is cut by planes 
thi^ugh the axis of y, with an amplitude proportional to the distance 
from this axis. 



On the other hand^ if 
we find (n), v\, w\) = -^ (^ , — y , j 



(44) 
(45) 



The lines of motion are circles about the axis of 2:, and the amplitude, 
for points at the same distance r from the oi-igin, varies as the dis- 
tance from this axis. 

Again, if r'Ti = ^ikBlxy, Ul = 0, (46) 

we find 

(„•..,.;) = _ 5^ (J^J^t^'^J, 'Jl±^, ^yjl, (47) 

The lines of motion on a sphere of radius r are the orthogonal 
ti'ajectories of the curves in which the sphere is cat by the hyperbolic 
cylinders xy = const. It is easily proved that these trajectories are 
the intersections of the sphere with the cones 2;* = A. (aj*— y*), where 
\ is a variable parameter. They all pass through the four points 

The values of J^^, (?i, H^ at a great distance from the origin are 



• Cf. Pi'oe, Land. Math, Soc., Vol. xm., ^. 194. 
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most easily obtained from (27) and (41). Having regard to the order 
of magnitude of wi, vl,, wl and {xun-^yv^ •\-zw\)lr^ we readily find 

jp: = -iVw:, o:=:-ikfAvi H:,=^-tk^w:. (48) 

It appears that the radial stress is relatively very small, as might 
have been anticipated from the fact that the waves tend to become 
ultimately plane. 

Propagation of Energy Outwards, 

4. The formulse (41) and (48) enable us to calculate a very useful 
expression for the rate at which energy is carried ofF by the system 
of scattered waves represented by (3*2), (33). If, after restoring the 
time- factor, we take only the real parts of our expressions, the rate 
in question is equal to the mean value (with respect to the time) 
of the integral 

-ll('^-s^'".|'-''-t)'"'' <«> 

taken over the surface of a sphere, of any radius r, described about 
the origin. For simplicity of calculation we may suppose r to be 
infinitely great. 

It appears on examination that, if m and n be distinct, 

(K ^- + Gl ^- +ir„ '^^) dS = 0, (50) 

in virtue of the conjugate property of spherical harmonics of different 
orders, bo that the expression (49) reduces to the form 

-2fj>.f+«;f+fl:^)... (51) 

Moreover, it is easily seen that the terms in this expression which 
involve combinations of Ti with IT,, will disappear.* 

Let us now write in (41) 

r"T; = <!>, + *>,. (52) 

Taking real parts, we have, so far as the terms in T,', are concerned, 

du: ^ ;fc,2n+l C /d^_. -n ^^ <!.„) cosA: (r^-r-he) 
df (kry I \ dx r* "/ ^ ^ 

- (^ -^ J- *») si^ ^ (ct^r-^e) I , (53) 

* See Camlf. Tram.y Vol. xvni., p. ^51. 
roL. xxxii.—NO. 718. k 



IfO 
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where t may be or *- or ±^. AJeo 



-K^f^k^ {.,,}, 



{kry 

where the terms in J } are the same a& in (53). Hence, §o far 
it depends on r«, the mean value of the exprensioti {51} will bt* 

*^^i''ff{{t-«^*-)"-(t-»^'-)'-(f=--^*.)' ^ 

In the same way, if 



d 



(5S 



(56) 



we find that the mean value of (51), so far as it depends on f/^, 
will be 

««f-in('f-'f)'-('t-f)'^('t-f)' 



(S)'-e)'+(-tr-^x:}^«- 



dy 

The expressions under the integral signs in (55) and (57) are the 
sums of the squares of the tangential components of the vectors 
{d^Jdx, d^Jdy, d^Jdz)^ <fcc., as might have been foreseen from the 
geometrical interpretation indicated in § 8. Now, turning to polar 
coordinates, if 0„ be a surface-harmonic of order w, we have 

(58) 



(r>: 
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Hence, summing the expressions (55) and (57), we obtain 

i^c^^'-^'l^^^'^ {' {^^^ <59) 

In the case of incident plane waves, the formulsB (23) and (24) 
sng^st that we should write 

T:==5:.T„==K^^"'-,sin^cosarP:(co8tf), (60) 

n(n4-l) 



t' » — C,, c7„ — — G^ 



- n^ _2m+1 



(iky sin e sin m K (cos 6), (61) 



'n(n + l) 

Since rr{singcosa>PUcosg)}>sin^(g^Ji.; = ^'?^'*"*:^\ (62) 
Jo Jo Jn+l 

the expression (59) now takes the form 

,r;«S(2«+l){|J5:|« + |C;|«}. (63) 

The proper standard of comparison here is the energy propagated 
per unit time across unit ai^a (of the wave-front) in the primary 
waves represented by (18). This is equal to ifik^c. Hence, denoting 
by I the ratio which the energy dissipated by the scattered waves 
bears to the energy -flux in the primary waves, we have 



J=2^S(2« + l){|ij;|'+|C'l'|. 



(64) 



This has exactly the same form as in the corresponding electro- 
magnetic problem.* 

Fixed Rigid Obstacle, 

5. We may first suppose that the internal boundary (r = a) is 
absolutely fixed. The surface-conditions then are 

SK+<)=0, 2(r„ + r;)=0, 2 (tr. + ti;:) = 0. (65) 

If we substitute the values of m,„ r,„ u\, u],, v^^ tcl from (15) and (33), 
we deducet 

^. + (n + l) ^H.i(^a)T.+ (n-hl)/,., (ka) Tl = 0, (66) 

-nWa'^^^, (ka) r,.+ -gr, -nk'a'U, (ka) ^ = 0, (67) 

a 

^., (ka) U.-^fn (ka) U: = 0. (68) 



* Camb, Trant.f Vol. xvin., p. 368. [See also Lorenz, ioc. cit., p, 492. J 
t The proof of these and similar inferences in the sequel is indicated in U(jdvQ 
dynamics, § 307. 

K 2 
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These detei^mine tlie harmouicR SI, T,), Ui iu terms of S^^ T„, 171,, 
which are i^garded as given. 

When there m no esttuneons disturbance, we have S„ =; 0, T^^ Op 
Vt^ = 0. The ivee vibrations involving T^ Kave values of k deter- 

"'"^*''*y /.-.(*«) = 0; (69) 

thuH, for n = 2^ we find ika = — 1, Since? the time-factor ifl e'**^, tkis 
givtjs an *' aperiodic" vibration p^"*"*. The free vibrations involving 
Ul have values of h det-ermined by 

The characteristic of all these free v^b^ations, whether oscillatorj- or 
noL is that the "modal us of decay " is comparable with the time a 
plants wave wonld take to traverse a distance equal t^o the radius of 
the sphere. 

In the case of plane incident waves, we have iS« = ; and, if we 
further suppose that the wave-length is large compared with the 
dimensions of the spherical obstacle, ka will be a small quantity. 
Hence, keeping only the most important terms, we find 

t: = -'^^^t,=-. ^m:::! .r„ (7i) 

p =- f'^^") U =- (^''^'"^' U (72) 

/.(*«) ''" {l.3...(2«-l)}'(2n+l)''" ^ ^ 

The most important part of the scattered waves is that repre- 
sented by T;. Since, from (71) and (25), 

T; = - ka2\ = - ika y , (73) 

T 

the corresponding vibration (ul, v\, w\) at a distance from the origin 
is found by making B\ = —ka in (43). This type of vibration is 
familiar in problems such as we are engaged on, but the amplitude 
is now much greater than usual, viz., in a ratio of the order (fta)"'. 
This is accounted for by the abnormal degree of constraint imposed 
on our medium at a rigid and immovable boundary. In the corre- 
sponding acoustical problem,* where plane waves of sound impinge 
on a fixed sphere, there is complete freedom of lateral motion at the 
surface. 



♦ Lord Rayleigh, Theory of Sonnd, \ZZi.. 



1 900.] Spherical Obatacle in an Mastic Medium. 1 38 

The formula {64s) gives for the dissipation-ratio in the present case 

I=6ira«, (74) 

approximately. 

Rigid Movable Sphere. 

6. Next suppose that a perfectly rigid but movable sphere is em- 
bedded in the medium. The tractions on the surface will reduce to 
a force (X, Y, Z) and a couple (L, 3f, N). When the incident wave- 
system is that given by (18), the components Yof force and N of couple 
will (in the absence of gyrostatic influence) be the only ones which 
do not vanish, and the motion of the sphere will consist of a linear 
oscillation in the axis of y and an angular oscillation about the axis 
of z. It is convenient, however, in the first instance, to treat the 
problem more generally. In any. case it appears that the only parts 
of our general formulae which will contribute anything to the values 
of X, Y, Z, L, My N are those for which » = 1 ; moreover, that the 
linear and angular motions of the sphere are independent, the former 
depending on the harmonics S^, T^, and the latter on U^, For n>l, 
the determination of S],, T^, Ul in terms of /S„ T^, Un will be exactly 
the same as when the sphere was fixed (§ 5). 



We find X=zjj(F,+F,)dS 
Y=^SSiG, + G\)d8 

z^SSi^i+s\)dS^ 

L = SSiy(H,-^Hl)^z{G, + Q\)]dS^ 
M = JS {z(F,+F\)^x(H,+E\)] dS 
N = JS {x(G,-^Q\) ^y{F, 4- FJ)} dS . 



(75) 



(76) 



where the integrations extend over the surface r ^^a. Hence, sub- 
stituting from (28) and (36), we find 

+8»M M J ^'o {kit) £ rT^+fo (ka) ^rT, | , (77) 
L = -^fika* ^ ^l (ka) £rU,+f> (ka £rVl | , (78) 
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with Bimtlar eq^oations. We may tlierefore write 

(79) 

-|ir/iJfca» f ^; (A:a) U, +/! (Jta) l^I} = Li&^Myi'N^. (80) 

Again, if (a, ^, y) and (|^ 17^ be the linear and ang-ulai* displace- 
menta of the aphere, tue kinematical i-elations to be satisfied at the 
fin if ace r = a are 

t*i + «; = a-\-ns-iy, r^^r\ = p + ^Jr^is, Wi^tc] = y + ^--,jaf. (Bl) 

Hence, by (16), tl7)i and (34), (35), 

" (*^i-^f ) +6a{i/.,(fca) Y>/i(fra) r,} = a.*+% + y^, (82) 

^a {^,(fca) i7,+/, (Aa) mi = iut+W+^*^ (SS) 

It follows also from (15) and (33) tliab we must have 

^} -Va* {.^, (ka) T,+f, (ka) T,] = 0, (84) 

since the surface-harmonics of order 2, in the values of te, -|-wl, Vi+rl, 
Wi + ta\ must cancel. 

We have, further, the dynamical equations 

where m denotes the mass of the sphere, and K its moment of 
inertia. There is an obvious convenience in writing 

m = »c. |irpo», K = y. |7rpa» . fa". (87) 

Remembering that the time-factor is e'*'*, and that c = /i//», the 
equations (85), (86) give 

Xx-{'Yy^Zz = -K. ^Tf,k^a^(ax-¥0y+yz), (88) 

Lx-^My-^Nz = - y.^iTfik^a!' ((x-^fiy^-Cz). (89) 

Hence, from (79) and (82), 

(,,^l)S,^(2K-\-l)^^e (k-1) [^, (fca)T,+/,(Aa) TJ] = 0. (90) 
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Combined with (84) this gives 

(« - 1) S, + { (2*+ 1) ^,(fa,) -9^, (fa.) ] T, 

+ {(2<c + l)/,(fco)-9/,(fca)jT;=0, (91) 

where a simplification has been made by means of (6) and (7). 

Similarly, from (80), (83), and (89), we dedaee 

{i'^kailf,ika)'^il,{ika)] U.-^- {iykaf,ikx)+f,(ka)} Ul = 0. (92) 

The free rectilinear vibrations which the sphere can execute in the 
absence of extraneons disturbance are found by putting S^ = 0« 
T, = in (91), whence 

(2IC+ l)/o(fca)-9/, {ka) = 0, (93) 

or (2*c + 1) {ikay + 9 (tka) + 9 = 0. (94) 

If #c > |, the roots of this quadratic in ika are complex, with a real 
negative part, viz., 

t;ka= - 9^^,'3y(8>c--5) ^^^^ 

4ic-|-2 4K-f-2 ^ ^ 

This indicates a periodic oscillation with a gradually diminishing 
amplitude. When the ratio (k) which the mass of the sphere bears 
to that of an equal volume of the medium is a large nuniber, the 
wave-length corresponding to the period will be large compared with 
the radius of the sphere, and a considerable number of oscillations 
will take place in the interval required for the amplitude to diminish 
in the ratio 1/e. When #c < |, the values of ika are real and negative, 
and the vibration is aperiodic. 

Again, the free rotational vibrations of the sphere are found by 
putting I7i = in (92) ; thus 

iykaf, (ka) +/; (ka) = 0, (96) 

or F (ikay -h (v + 5) (ikay H- Uika + 15 = 0. (97) 

When V is large one root of this cubic in ika is — 1— i*', nearly, 
corresponding to an aperiodic motion. The others ar6 given by 

approximately ; and it is to be observed that the modulus of decay 
is, relatively to the period, very much longer than in the case of the 
rectilinear vibrations. 
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In the case of the plane iDcident Bjatem (IS) we have S^ = 0, and 
the values of T\ and U\\n terras of Ty and JTj, respect! vely, are givea^ 
hj (91) and (92). When #t and v have only moderate valnes^ Btmple 
appi*oximate expi^essioni^ are eaBtly fonnd for the case where ka is 
small \ thua 

showing that the angular motion of tlie sphere is of secondary im- 
portance. We must i-emember that T'^ is now of eqnal rank with T]^ 
being given by (71). The most important porta of the disturbance 
at a distance are therefore found hy putting 

W^ = %(K^l)k^a\ B;^-iW, (100) 

in (43) and (47) re&pt;ctively. The dissipation-ratio is 

^=lA(«-l)'+Mj'«»'(M', (101) 

approximately, showing the usual law of dependence upon wave- 
length . 

The expressions (99) vanish, to our present deg^ree of approxima- 
tion, when K = 1, V = 1. For k = 0, v s= they coincide with the 
results obtained below in § 9 for the case of a spherical cavity in the 
medium. 

When, on the other hand, k and v are so large as to be com- 
parable with (JcaY^y the above approximation is insafBcient. It is 
clear however that, except in the neighbourhood of the critical wave- 
lengths referred to in § 11, the results must tend to coincide with 
those obtained in § 5 for a fixed sphere, and in particular the 
dissipation-ratio must tend to the value (74). 

Rigid Shell cmitaining a Vibratory Mechanism. 

7. The investigation of the preceding section may be readily 
extended in various ways, by imagining that the sphere is hollow 
and contains a dynamical system capable of storing potential and 
kinetic energy. Various arrangements of this kind have been 
suggested by Lord Kelvin. As a sufficient example of a system 
devoid of gyrostatic influence, we may take the case of a rigid 
spherical shell containing a central spherical nucleus attached to it 
by springs. 

To calculate first the linear vibration parallel to y, such as will be 
called into play by waves of the type (18), let m denote the mass of 
tAe shell, m^ that ol the nucleus, and let /3, fi^ be the displacements of 
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their centres. If 2ir/<ro be the period of vibration of the nucleufl 
when the shell is held fixed, we have 



^•=-aJ(/3.-/3) 



and 



dt* 



'»S-S+*»»^'=^' 



dt' 



(102) 
(103) 



where T denotes, as before, the effect of the stresses on the outer 
surface. Writing — A:V for d^/d^, and eliminating /3g, we find 



oj— Arc* 



(104) 
(105) 



If we put 

it appears that to adapt the various results of § 6 to the present 
circumstances we have merely to replace k by 






(106) 



The limiting form of the result when the inertia of the nucleus is 
very great is obtained by putting ic^=zco^ o-q = 0, whilst k^oI is 
finite. The shell then behaves as if (in addition to the force Y) 
it were urged to a fixed position by a force varying as the distance. 

Similarly, if the springs resist rotation of the nucleus relatively to 
the containing shell, we have to replace v by 






(107) 



where the constants v, v^, o-^ have analogous meanings, as regards 
rotation, to those adopted for k, icq, o-q in the case of translation. 

It is evident in each case that the approximations we have made 
on the assumption that ka is small will require revision when ka is 
nearly equal to <rQa/c, The further consideration of such questions is, 
however, deferred to § 11. 



Rigid Shell containing a Gyrostat, 

8. To examine the kind of modification that will be introduced 
into our results by gyrostatic influence, we may imagine that the 
sphere of § 6 is replaced by a spherical shell containing a gyrostat in 
rapid rotation. The first part of the investigation proceeda «& b^iiojt^^^ 
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until we come to the dynamical equations of I'ofeation (86), Tliese 
DOW take the forme 




■df 



«^'^^':n-<Q-^ 



dt* dt dt 



^"d^'^t-^f,-" 



The HjTObols P, Q, E here denote the components of angular 
momentnm of the gyrostat when the containing shell is at rest in 
its equilibrium position. 

Special intereBt attaches to the two eases where the axis of the 
gyrofitat ia parallel and perpendicnlar, respectively, to the direction 
of propagation of the plane waves. 

In the former case we have ^ = i? = 0, and the equations (108) 
reduce to 



'^0=^' ^S*'f=^' •'%-^t-''- 



(109) 



The last two are equivalent to 



K^^{n+H)-iPJi{n+ii)=^M^iN\ 



'^^^''"*^)+*^;J ^'-'"^^ = itf-t-^-J 



(110) 



The rotational oscillations about the axis of x call for no special 
treatment. In the remaining types we have f = 0, L = 0, and either 



with 



dt* dt 



(111) 



or 
with 



ly = — 1{, If = — iN] 



In the case of (111) we may write 

rUt = B (y-it), rUl = B' (y-ix). 



(112) 



(113) 
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Hence, from (83) and (80), 

i7 = -{5^,(A«i) + By,(fca)}, (114) 

M = ^^fika* {B^{ {ka)^-B'fy (ha)}. (115) 

If we write K = v .firpa'.fa', P = Kv, (116) 

m being a quantity of the nature of an an^lar velocity, and if we 
assume the time-factor e'*^ in (111), we find 

J ir (A?a- ^) ^1 (ha) +»Ai' Q^a) | B 

+ { i'' (^- ^) /i (J^) +/: (^a) J 5^ = 0, (117) 

which is the altered form of (92). 

In the free oscillations of the type (111) we have 5 = 0, and 

\y(ka^ ^) /, (ka) +/! (ka) = 0, (118) 

or \vika (tifca+1) (iA;a-i^) + (t;ta)«+3t^a + 3 = 0. (119) 

If r is a large number, one root of this is ika = — 1, nearly ; this 
indicates a rapidly decaying vibration. If, further, toro/c be small 
compared with ^/(16/i'), the remaining roots will be 



where 



ika = ikia, —ik^a^ 



c 



(120) 
(121) 



nearly. It may be shown that in the motion corresponding to 
the positive value of k the axis of the gyrostat has a positive 
precessional motion about the axis of a;, whilst the negative root 
gives a negative precessional motion. The period (2w/kiC or 2ir/A:,c) 
is shorter when the direction of the precessional motion agroes 
with that of the rotation of the gyrostat than when it is opposed 
to it. 

If we substitute from (113) in (41), we find that at a distance 
from the sphere 

«,^,^,=f(--i±-',^,j){;:::. (122) 



-tt,(c«-r 
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At points on the axis of j: the Tibratioiis are otrcular ; in the wave 
eon^wponding to k^ they have the same Bense as m, and in the wave 
corresponding' to A^ they have the geose opposite to that of m. 
At points of the plane yz the vibi'ationa are rectilinear, and parallel 

The oonsidei'ation of the system {112) leads to similar ooii- 
closionB. 

To examine the effect of the obstacle on a system of plane waveg 

it is necesi^ary to analyse th^se into right-handed and left-handed 
oii'cular vibrations. Fur a train of rig'ht- handed cii^ular vibrations, 



u = 0, v^ e'"', w = - le'*', 



(123) 



the formulffi (113) will apply, pit>vided B = fAr. The valne of B' h 
then given by (117), and t be scattered waves by 

K r \ r r r I 

which has just been interpreted. The case of a train of left-handed 
vibrations could be treated in a similar manner, but the result will 
evidently be equivalent to reversing the sign of « in (117). 

To investigate the case where the axis of the gyrostat is perpen- 
dicular to the direction of propagation of the plane waves, it will be 
sufficient to take the case where the vibrations in these are recti- 
linear, as expressed by (18), and the axis of the gyrostat is parallel 
to the direction of vibration. If we put P = E = 0, the equations 
(108) reduce to 



So far as the effect of the plane waves is concerned we may suppose 
that i; = 0, ilf = 0. Also, assaming 

rU^=Gz, rUl=A'x+G\ (126) 

we find $z=-A'Mka), 1= -{ai,i{ka)+G%{ka)], (127) 

L=- ^fika*AY, {ka), 2^ = - §»/u ka* { G>f>[ {ka) + CT/l (ka) } . (128) 

Wziting Q = Kv (129) 
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and sabstitnting in (125), we find 

{ivkaf, (ka) +f, {ka) \ A' +itV ^ /, (ka) C = ^ ^iV ^^ U^a) C, (130) 

-¥^^^fi (ka)A'+{iykaf, (ka)-^f{ (ka)] C 

= - {i''A« ^, {ka)^^[ (lea) } C, (131) 



c 
whence 



[{i^ka /•, (ka)+fi (ka)*- [ iv^f, (ka) | *] f 



= _ ,V ^ {^, (ka)f, ika) -/, (ka) ^J (Ara) ] 
c 



JfcV 



(132) 



and 
[{i^W. (*«)+/; (ka)]*- {iv^/, (Aa) I '] I 

—''^^. (*«)/. (*«)]• (133) 

If we snbstitate from (126) in (41), the component displacements 
at a distance &om the origin are given by 

(u\,v\,u,D=l{^y, ^>-=-?'^ -^)e«<-, (134) 

For sufficiently small values of v the value of C will be sensibly the 
same as in the problem of § 6, whilst A^ will be relatively small. 
The chief effect of the terms in -4* will be to introduce a small vibra- 
tion parallel to ^ at points on the axis of z, whilst at points on the 
axis of y the previously rectilinear vibration will become elliptic, the 
elliptic orbits being very elongated, with their major axes parallel 
to the axis of x. 



Spherical Cavity. 

9. By way of contrast with the problem of § 5, we may next con- 
sider the case where the inner boundary r = a is free from stress ; 
in other words, there is a spherical cavity in the msdixmsL. 1^ 



1 4^ Prof. Horace Lamb on the Impact of Waves on a [Mar. S, 
a]>pears fi*om {28) and (36) tbart tbe sorfae^-conditionfi 

will be satisfied, provided 

' A, (fco):S.+ C. (*a) T,+A: (ka) f^, + Ci (fta) T. =s 0, ( 186) 



JJ, (t«) S, + D. (ia) r.+5Ufcrt) ^, +D: C^fl) T. = 0. (137) 

K (ia) ir.+K (fca) rr. = 0. (138) 

Leaving aside tlie " free " vibrations, we have, when ka is small, 



fc»a' 



.4,(*a) = 2(«-l), fl,(fcfl) = ^j, 

^ „ , 2(n*-l) T. /-; \ nfc'g ' 

^-^*''>=i:3f(2;rir)' ^■^'"> = 1.3...(2n+3) 



K (A-a) = :;- 



n-1 



1.3...(2n+l) 



fc'a' 



^•' ^^"^ = ~ 2^1 ' ^' ^**^ " "^ ^"■^^^' 



r rjfea^ - l-3...(2»-3)(n-H) ] 

X>.C*«) -^j^^^ 

F^(ka\- l-3-(2n-l)(n + 2) 



(139) 



(140) 



(141) 



(142) 



approximately. Substituting in (136), (137), (138), we find that 
•when S„ =0, as in the case of incident plane waves, 



t: = 



2(n^-l)(A:a)^' 



{1.3...(2n-3)]n2n-l)(2n* + l) 

(n-l)rA-a)^"*^ 



T 



VI = -, 



/l,3...(2»-l)}'(2« + l)(n+2^ 



v.. 



(143) 
(144) 
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The case n = 1 is exceptional, and demands a closer approxima- 
tion. We find 

A, {ka) = - pV, B, (ka) = J^a*, (145) 

C,(A;a)=-fArV, A (A:a) = t*^fc*a», j^^ (A:a) = - j^^a*, (146) 

A\{ka)=-ih^a\ 5;(fea) = -6, (147) 

0;(;ra) = -£, D;(^.a) = ^, ^;(A:a) = -A, (14«) 

and thence Tlrr-ffeVTi, V\ ^ - -^Va^TJy (149) 

Since, from (143), Ti = %l^a^T^, (150) 

it appears that the most important terms in the expressions for the 
scattered wave are those which arise from T\ and T^, In^the case of 
the wave-system represented by (18), we have 

T; = -iW-2-, !r, = iifcv^; (161) 

T r 

the terms in question are thei'efore obtained by writing 5J = — f /c'a', 
B\ = f A*a*, in (43) and (47). And from (64) the dissipation-ratio 
is fonnd to be 

/ = ^7rA:V-|- If 7rA:V = %\i^c? {Jia)\ (152) 

approximately. This gives the usual law of intensity varying as the 
inverse fourth power of the wave-length. 

Elastic Spherical Obstacle, 

10. In the case of an elastic incompressible sphere of density p^ 
and rigidity fi^ embedded in an incompressible medium of density p 
and rigidity /i, we may write 

cl = fJiJPo, (1.^^3) 

and, since the time-factor (e***^) is everywhere the same, 

^0^0 = ^c, (154) 

whence fx^kl : ph^ = p^, : p. (15:)) 

The formulae appropriate to the interior of the sphere will be of the 
same character as those of § 1, with k^ written for h, and fi^ for ^. 
The typical expressions for the displacements in&vdA t\ift %^\i«t^ ^ssw:^ 
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tUei'efore be taken to be 

(156) 
The coiresponding stresses 2^\ (71\ Hi' on a sphere of radius r will 
be as in (28), with fi^ written for fi, Jc^ for k, and i8;\ 2^\ Ul" for 
8„, T«, 17„, respectively. 

The continuity of displacement and stress at the surface r := a 
I'equires 

t*«+< = t«;.\ Vn+t?! = r« , tr«+wi = w"^, (157) 

These lead in the usual manner to the formulee 

6; + (n + l)i^..,(Aa)r, + (n+l)/„.,(Aa)r; = S;; + (n + l),^,.,(/;,a)n\ 

(159) 



-n^V,^..,(^)r„+ -|^-n^aV„,i(Aa) T; = -n^,aVn.,(M 7;\ 



^n {^) Ti.+fn (^) i^: = ^„(^o*) u:\ 



and 



(160) 
(161) 



SI 



= iHA,{k,a) S': + /io C {k,a) rr, (162) 

= f^,B„{k^a)S:+^L,D.{k,a)r:, (163) 
//^,Ci»; ZT. +;, j:; {ka) U: = (^E^ {k,a) U^, (164) 
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where the functions An (^)t A'^ (^a), <fec.,have the meanings assignee) 
in (29), (30), (31), and (37), (38), (39). 

When the extraneons disturbance consists of plane waves, we 
have Su = 0. If, further, ka and k^a be both small, the values of 
Ti and Ul in terms of T„ and Un respectively may be approximated 
to without much difficulty. Thus, for n = 1, we find, making use of 
the formulae (U5) ... (148), 

2^1-1- ^^T; = isr;-i-2T;\ (les) 



ka 



(166) 



-l^i'a'r.-l/iPa' ^ _ fif TJ = - i/«.^a'SV -|/^^>'!r;\ (167) 
a Ka 

where only the most important part of each coefficient has been 
retained. 

The solution of these is facilitated by the consideration that T] 
must be of the order l^a* compared with T„ as is seen from the re- 
sults of § 9, which deals with a particular case of the present problem. 
Moreover TJ' must be of the same order as Tj. We thence find, from 
(165) and (166), 

iS^r-l-2rr = 2T„ (169) 

^•;/a» = 3/;6»a».r;. (170) 

Then (167) leads to the result 



fx \ p / 

by (155). This agrees with (149) if we put p^ = 0.* 
Similarly, the approximate forms of (161) and (164) are 






(171) 

(172) 
(173) 



* It is to be noticed that the equations (167) and (168) cannot be assumed to be 
sufficiently accurate for the determination of S'l and Ti , owing to the approximate 
cancelling ol ^e second and third terms in ( 168). The main interest lies, however, 
in the determination of T\. 

VOL. xxxii. — NO. 719, 1. 
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leading to Wl = -^/.^a' ( -'^ - 1 ) ^i* (174) 

whic}) alBo may be eorapared witb (149). 

It appears, ou raferenoe to (99), that the values of Ti and Ul ai^, 
to oui' present degree of approximation, the Banie as if the apliei^ 
were absolatelj rigid. Thia miglit have been foreseen, for the tenns 
m Tl' i"epresent, when ^a is small, a mere tratiBlatian of the gpbei% a^ 
a whole, whilst tbose in tTi represent a pure Totation* 

For n > I, I find 



r = ^ _JO^-D(jhrtL- . ll^)"*'' 



2(rt'-l)^+(2»»+I)/i'|l.3..(2i^-3Jj^t2*i-l) 



T., (175) 



rr^- (ti-l)(/^-M) ( M*^^^ rr n76i 

, ! («-l);^+Cn+2);. {1.3,..(2t.-l)p{2n + l)'^*^ ^ '"^^ 

These coincide with (143), (144), if we put ^ == 0. In particular 

r; = - ^rt0^a\ t,, [j; = - ^^^zzJ^j^a'jj,* (177) 

6fs, + 9M 45(fs,-H4/i) * ^ ^ 

The most important part of the disturbance at a distance in the 
scattered waves is therefore obtained by writing 

B\ = l{^P^-i)]fa\ B\ = -^^^]^cf, (178) 

in the formulas (43) and (47), respectively. The approximate value 
of the dissipation-ratio is 



Effect of Synchronism. 

11. In the various problems above considered, general formules 
have been obtained for the disturbance produced in a train of plane 
waves by a spherical obstacle constituted in various ways ; but no 

♦ When (pft— p)/^ and (/mq— m)/m are small, we have 

P M 

If we flubstitate the values of Ti and T^ from (25) and (26), and work out the ex- 
/uvmionB for the component rotations of the medium, in the scattered wave, we 
raprodnce reeulte given by Lord Rayleigh in a paper already cited (p. 120). 
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special examination has been made of cases where there is coincidence, 
or approximate coincidence, between the period of the waves and a 
natnral period of vibration of the sphere. In this respect interest 
attaches chiefly to cases where the free period in question correspond^ 
to a wave-length large in comparison with the circumference of the 
sphere, but our results will not be altogether dependent on this 
supposition. 

The first instance where a free period of this character was met 
with was in the rectilinear vibrations of a rigid but movable sphere 
(§ 6) whose inertia bears a large ratio (c) to that of an equal volume 
of the surrounding medium. If in (91) we put 8^ = 0, the accurate 
formula for the scattered waves of type T\ takes the form 

?1 = - (2^+1) 1^0 ( ^g)- 9^, (^g) ^ _ gjka) ., ^^. 

T, r2\ + l)/o(^a)-9/,(^a) G (ka)-ig (ka)' ^^''''^ 

where 

g(ka) = (2IC-I-1) Mka)^9il;,(ka), G(Jca) = (2ic-hl)^.(^a)-.9^,(ifea). 

(181) 

The modulus of the expression in the last member of (180) is never 
greater than unity ; but it attains the value unity, and the amplitude 
of the scattered waves is therefore a maximum, when 

(ka) = 0. (182) 

If we substitute the values of ^o (^)> *i (^^) f^ni (4), this equation 
reduces to 

tan ;ta = ?^ ka^^, (183) 

9 ka 

The situation of the roots is easily found by a graphical construction, 
and it appears that when k is large there is a small root given (to a 
first approximation) by 

a result which may be compared with (95). When (182) is satisfied 
exactly, we have T = — %T , (185) 

Hence, putting B\ = — i in (64), we have, for the dissipation- ratio, 

I=y = ^X', (186) 

where k is the wave-length. 

l2 
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A iinnlnr argTiinent appUea to tb© rotational ribrations. We find, 

gj^^ g(fa) n87) 

where 

^ (ka) = iK^4^ C^) + *f'; (Affl), a (iU) = irifefl*. (jfett) -l-^;{kal (IBB) 

The wave* length of maximum dissipatioa is determined* a& before/b/ 
G (ka) ^ 0, or 

tania = ^i- «¥V,. {1B9) 

Tlie dtseipation -ratio, when thia ie exactly ^satisfied, is given again 
by (186). 

It is evident that the form of (180) or (187) is quite independent 
of the special hypotheses here made, or of the Tftlne of «. The general 
value of the dismpation-ratio I^ when this is a maximum, if* 

r = ??»±ixn (190) 

where n is the order of the spherical harmonic involved. 

The wave-lengths of maximum scattering are in all cases sharply 
defined. It would be easy to institute calculations showing the effect 
of a flight deviation from a critical period ; but this point has per- 
haps been sufficiently illustrated in the former paper.* 

12. The particular example, just referred to, of a rigid sphere em- 
bedded in the medium is in one respect unfitted for the illustration 
of optical phenomena. In order to obtain a free period large com- 
pared with a/c^ it was necessary to ascribe to the sphere a g^at 
relative inertia. It appears from § 5 that this implies a very con- 
siderable general scattering of incident waves, independently of any 
approximation to the critical wave-length. The dissipation, as given 
by (74), is, in fact, of the order (X/a)* compared with what we know 
to be consistent with the actual degree of transparency of the 
atmosphere.f 

The difficulty may be met, though perhaps rather artificially, if 
we have recourse to the more general suppositions of § 7. Let us 



♦ Proc. Lond, Math. Soc, Vol. xxxii., p. 18. 
f Lord Rayleigh, Phil. Mag., April, 1899. 
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suppose, for simplicity, that we have a rigid maHsless shell enclosing 
a naclens attached to it by springs. Putting ir = in (106), we have 

c=^. (191) 

If we substitute this for k in (94), we obtain the equation to deter- 
mine the free periods, viz., 

(l4.^^,);fe»a«-9tita-9 = 0. (192) 

If the stifhiess of the springs and the mass of the nucleus be so 
adjusted that v^a/c is small, this will be satisfied approximately by 

IV = ^'- (l + |*Lo^?').* (193) 

The wave-length of this free period is large compared with a, inde- 
pendently of the value of jcq. 

To determine the forced oscillations we find from (180), with k 
written for if, and from (193), 

provided the value of ka does not approximate to that given by 
(193). The dissipation-ratio will then be of the usual form 

I=Ca'(ka)\ (195) 

where C is a moderate numerical factor. 

r Again, we might employ the hypothesis of an elastic sphere, con- 
sioered in § 10. To obtain free periods with wave-lengths large 
compared with a, we must suppose the constants so adjusted that c^, 
defined by (153), is small compared .with c ; in other words, we must 
have f^/po small compared with /i/p. Since we are precluded, for the 
reason above given, from assigning any great relative inertia to the 
sphere, the only assumption left to us is to imagine that /i^ is small 
compared with f<. 

With molecules adjusted in this manner we might build up a 
model of a gaseous assemblage freely transparent to radiation 

* This indicatos that the frequency of vibration of the nucleus is less than if the 
oontaioing shell were held fixed, in the ratio ( 1 + ) ^^9^- \ . 
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genei^ily, but with strong absorption for definita wave-lengtlis. It 
IB to be noticed, however, that in reconciling these requirements we 
have made it inipoBeible to get rid of that -confitituent of the general 
scattered light which is dependent on the harmonic Tl and is repre- 
sented by the formuiee (47).* If we sui-vej the various problema of 
this paper, we find that this conBtituent is always important (with an 
amplitude pi-oportional to Pa^/r) except in the ease of § 10, where it 
can be annulled (approximately) by making ^ = ^. This is, how- 
ever/iiiadmisBible for the reason just explaJned^Jt 
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^ For the argument that t^iB constituent is absent from the light scattered by 
Aielj' divided partides, see Lord Rayleigh^ Scimt^ Papers^ Vol. i., p. 107. 
f Added Sept, 1900. 
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The Afhiiii<m'Tkeitrem for the BesKt^I FunHionti. B^ H» >L 
Macdoivali). Read and received April Sfcli, 1900* 

The addition-theorems for Jq(R) and Y^ (R)^ where 
£' = r^ + rj-arr^ COS ^, 

have been jEriveii hj NeiimAnu, the addition- theorem for ' ""jL- hy 

Geprenbauev and Sonine, and that for K^(tR)/R^ by Heine. The 
object of the following paper is the development of a method hj 

which the addition-theorems for "^— ^ and —Ji^^ can he obtained, 

R'* F^ 

In the first section nn integral, which i& ftuggested by the integral 

obtained in a, previous paper (Proceedings^ VoL XXX,, p, 170), for the 

prodnct K,, (a) K^^{b} is discussed. In the second s^ection this 

integral is employed to obtain the addition-theorems. 

1. The Integral ( e*'-f^-'**'^^J J„ (?^)^. 

Writing H = p e*'-!^"'^*^)"^'^ X p) 4.^, 

where the path of integration is subjected to the condition that, if it 
is not closed, the points at which it ends are independent of a and 6, 
it follows that 

3't* . 1 9i 



ca^ « da ^ a / 



= g4«-[(«'*6')/«l 



./b 2ab\ r (ab\, b^ „, labW 

provided, as will subsequently appear, that this integral is conver- 
gent. Now 
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da* CL da ^ (^ ' 



=f:>-'"-"f{(^-''-i+')Mf)-';'«(T)}^ 

• 



that is, 

3a' a da V a^ t \ t / t \t^ 

Now the expression on the right-hand side vanishes, provided that 
the real parts of (a^hy are positive, the real part of n is greater 
than — 1, and ^q, t^ have for values two of the quantities 0, c -f oo «, 
c— 00 1, where c is some real positive quantity ; further, all the 
int^rals involved in the above process are then convergent ; hence, 
denoting by Wj, t*,, «*, the three functions u which coiTespond to the 
three sets of values of t^ and f„ 

^^ = c— oot, f, =c4-ooi, 

^o = c-ooi, ^ = 0, 

^0 = 0, ^j=rc4-Q0i, 

any one of them satisfies the differential equation 

da^ a da \ a* / 
and also, from the symmetry of the expression, the equation 
d^u , 1 dti 



d^u , I dti , /i »'\ n 



Therefore « =/i (6) /„(«)+/, W /.„ (a), 

where, sinoe u satisfies the second differential equation above, 

/,(6)=^7„(fe)4-/?7.„(6), 
and hence 

u = J,(a){^/„(6) + J9/..(6)}4.,7.,(a)(^'/„(fe)-fF/.,(6)}. 

It remains to determine the valaes of the constants -4, B, A\ B" 
belonging to each of the functions t^,, u,, u,. Taking first the integral 



^=\-;y--""i.(^Yi. 



^^^^~m w^^^ 
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it £ippears that 

Rnd tberefore 
Now 

tliat is, 


~ tends to a finite limit hs h tends to zero ; hence fl 

fi = £' = 0, ^H 

tt. = /. (6) [AJ, {a) + A'J., (a) \ . ^M 




and tliBi^fom 
tljat is, /„ 


i«,s=2ir./,(«)V«(P0j ^^ 



This integral can immediately be transformed into the integral given 
by Sonine as follows : — 



1 fe-t-oBt 



fc»)/»i 






^'«AC0..,/«g-jj*.^^. 



whence, changing the order of integration and integrating, 
»/„ (a) J^(o) = =^ I — ^: — • -^ 8in $ dO. 

In the case of u,, suppose that \ a \ < \ b \ ; then -~ tends to a 

finite limit as a tends to zero, for in the neighbourhood of ^ = the 
integrand tends to zero, and at every other point of the path of 
integration to a finite limit ; therefore 

A' = B' = 0; 

and hence u^ = /« (o) [AJ„ {b) + 5/_„ (6) ] . 

Now Lt..o^= Lt,.o \ r .*-i('-^*-^'»') J„ (^) ^; 

that is, Lt..o ^ = ^-,-, r e*' ** " '^^, , 
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a" 2* n (n) sm nir ^ ^ 

but U„.o^= -^~{AJ^(b)-^BJ,.(h)] ; 

therefore t*. = - -r^?^ ( /., (6) -^Jn (h) ] J^ (a). 

sin WIT ^ ^ 

Hence it follows that 

Sin nir "- '^ Jc-«i \ * / t . . 

that is, /, («) iC (it) = - '^"" j° ^ e'-t^--"'*!/. (^) * , 

where \ a \ < \ b \ . Similarly it can be shown that 

m nir ^ ' Jo \ t / t 



smi 



where | a | < | 6 | . The relation given in the Proceedings, Vol. xkx., 
p. 170, and other similar relations, can be obtained in an analogous 
manner. 

2. Tfie Addition'Theorems. 

The addition-theorem for "._ * can be at once dednced from the 
integral relation first established as follows : — 
The function -5^- - is g^ven by the relation 

that is, writing /J* = a' + 6' — 2ab cos 6, 

{ 7(a« -t- 6* - 2ab cos ^) J- " 2^i J .- »c 



r* 



• Ft9eMditig§, Vol. xxix., p. \\^, 



m 



Mr. H. M. Macdonald ttn the 



[April 5(| 



"•(t) 



Kow* et-*^'>«*' = 2^-^ n (w-1) S (n^-h) Ct {cob e) ^ 

or ^:^ii^* = 2"^ n (r*^i)*s" (»+Jt) <r; (cos e) ]\/J . 

4*0 fab\ 

where w is not zero ^nd Ct (oos ^J is the coeffieieiii of 4* tn the ex- 
pansion of (1 — 2/i t50s^+ A')'" in powers of L Hence it follows that 

t-i) ub 2iri Jr.. I \ t f i 

n:^0, that is, Binoe 

1 r*'ei- [(«->n^3 j^^, (^) ^ = j^^^ (a) /„., (6), 
2irc J^_«t \ t / t 

Jn [ v/(a* + fe*-2a6 cos ^)} 
{v/(a«-i-ft*— 2afcco8^)]" 



= 2'*n(n-l) V(w + ik)-^'i^^^ !?!i^*MoJ(co8tf), 
.. ^ "" 6'* 



*=o a' 

n rjfc 0. When n = 0, it can be easily shown that 



"'"-=^o(f)+2;2;A(f)cos... 

and hence, as above, that 

Jo { y/(a*-\'b^-2ab cobO)] = J^(a) J^(b) ■^2%Jt(a) J,{h) coske. 

These res alts agree with those given by Neumann, Gegenbaner, and 
Sonine. 

The addition-theorem for "i;* ^^ isobtained as follows: — From the 
relation 

♦ 6«-2fl6cosi)]/» <*^ 



2i sinnT /i" 2irt J<.-»i 



* Sonine, Math. Ann., Vol. xvi. 
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where the real part of n is greater than —1, it follows that 

!!_ f J.njB) _^„. /, {R) ) 

sin nir ( !?• R" ) 

4-0 a*6* J«.-»i \ t / t 

nv^O; that is, by § 1, 



Bin 



*-o sm (nH-«) IT 






I 6» 



where | a | < | 6 | , or, as it may be written, 

K^{i^/ia* + b*- 2ab cos tf) } 
{y(a«^-6»-2a6costf)}" 

= 2- n (n-1) *2' e* *-> (n + ifc) ^"\*/'^^ ii^li^ c; (cos (9). 

This includes, as a particular case (n = J), Heine's result 
1 K^{i^{a' + b^-2 abcoBe)} 

= v/(a* + 6'-2a6cos^) ~ ^To ' ^^^*^ ~ ^M a*~ ^" '''^'^^' 

and, when n = 0, it takes the form 
^o{*v^(«'+^'-2a6cos^)] 

= K^ (i6) /o (a) 4-2 I e*f*->ir* (i6) /* (a) cos A-^, 

which is equivalent to Neumann's result. Addition-theoi^ms for 
any other solution of Bessel's equation can be obtained in a similar 
way. 




Mn T. J, I' A* Bromwich 07i Weieti^tratiH*)* 



Note on Weierstra^^'s Reductum of a Family of Bilinmr Forms, 
By T. J. FA. Bbomwich, Becm^ed April 2ndp 1900, and 

communicated April 5tb, 1900» 

In Weierstiufts'8 orig:ina] memoir (Btrlitwr BeriMe^ 1866, p, 310; 
Gemvtmelte IFerfee, Vol. lU, p. 19) the method of redaction of tla© 
family (SchtKtf) of forma {rA~B) requires that the determinants [ j4 j, 
I B I should not b© zei^. In case j ^ [ = 0, or | B | ^ while 
I ni— B I ^ 0, WeieratrasH t'eplaces the fundamental forms J, B by 
otlierB, gA + hB^ g'A + h'B, whose detemiinants ai^ not 2:eix>. Stickel- 
berger ICrelh, Yol. lxxxvi, (1878), p. *20] has shown that in dealing 
with the non- in finite rootg of | rjl — S | = the restriction | -.1 | ^ 
IB iinneceesarj ; he haa not, however, considered what modifioation of 
the general pi'ocess in required in order to include the effect of the 
infinite roots. 

In what followfl a method of investigation is given which pmvidea 
a new proof of part of the Weiers trass- Stickelberger investigation, 
aj9 well as indicating the terms which have to be added on acoount 
of the infinite roots of | r^4— B | =0; these terms are (as might be 
anticipated) the same as those given by the zero roots of | AsB \ = 
(cf. a previous paper, Proc. Lond. Math. Soc, p. 78 above, § 3). 

If I u4 I = 0, the coefficient of x^y^ in the reciprocal bilinear form 
(rA—B)~^ will be a fraction in r, the numerator being in general of 
higher degree (or at least not of lower degree) than the denominator. 
Thus, on expanding in powers of (1/r), we can write 

(r^-B)-»=X„r-+...+l.,r + L, + itf,(l/r)4-ilf,(l/r)«+..., 

where m ^ 0, and the coefficients of the powers of r will be various 

bilinear forms. Thus, multiplying by {rA — B), we find that 

E = (rA^B)(L^f^-^...) = (A„r^»+...)(r^-B). 

Now equate coefficients of r, (1/r), and the term independent of r; 
then 

AL^-BL, = = L^A-'L.B, AM.-BM, = = M^A-M.B, 

AM^^BL^ = ^ = M,A-L^B. 

Hence AM^A = A (E-j-L^B) = A'^BL^B, 

AM^A = AM,B = B^BL^B, 
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or A^AM,A-BL,B, B = AM^A-BL^B, 

In these forms for A^ B the t^nns AM^A, AM^A are respectively the 
coefficients of (l/r),(l/r)'in the expansion of A (rA — B)'^A in powei*8 
of (1/r). Now A (rA—B)'^A can be split up into partial fractions 
corresponding to each finite ix>ot of | r^ — B | =0, just as in Weier- 
strass's investigation ;* and each fraction can be expanded in powei*s 
of (1/r). So that Weierstrass's reduced forms for A, B hold even if 

1^1=0, 1^1=0, so far as the finite roots are concerned (cf. 
Stickelberger, Z.c, pp. 34-37). It follows that the infinite roots of 

I M— B I =0 must naturally correspond to the terms —BL^B^ 
—BL^B in A and B, Now BL^By BL^B are respectively the co- 
efficient of r and the term independent of r in the expansion of 
B {rA—E)'^ B in powers of (1/r). It will be proved that these 
terms can also be reduced to forms similar to the Weierstrassian 
types ; we now proceed to the evaluation of these forms. 

We can expand the form B {rA — B)~^B in the way given by 
Weierstrass (Z.c.), Darboux {LiouvUle, Vol. xix., Ser. 2, 1874, p. 347), 
or Stickelberger {I.e.) as a sum of terms of the type 

using Stickelberger's notation. In order to make the results pei*- 
fectly clear, I write out the complete meanings of our symbols : — 



We have 


B{rA-By'B = - 


>F>„ 








ra„-b„, ..,, ra,„-6,., 


v'„ ... 








f<in]—l>Hl, ..., r<lmH — b„ 


»:, ... 


3y. 
, 0, 




where Tr._i = 


«l, "M »». 


0, ... 


y 




«T-', ..., «;-', 


0, ... 


, 0, 






dB dB 


0, ... 


, 0, 





* Weientnus does not introduce the condition \ A \ ^ in breaking up 
A {rA—Bj'^A into partial fractions, so that his process is legitimate here. He 
makes the restriction \ A \ ^0 in showing that A, B will be the coefficients of 
(l/r), {l/r)2 in the expansion of these partial fractions. 



(I^ is the value of W^^i with the hint column replaced by 




F, the ^alae of W^.i with the last row repined by 

«, «MT 0, „,, Oj 

ET. LB the vat Lie of TF.-i when both th^ last t-ow and the last column 
ai-e so replaced. For uniformity iv^^=^ \ rA^B | , and H^^ is W^_, 
without any us or r's. 

The fi*a and r's are arbitrary constants to be det'ermined in the 
step-by-Btep way indicated by Stickelber^r ; of couj-se this has to be 
appK>priately modified hei-e, aw the root of tt*^:^0 in question is 
infinite. The rule will accordingly be as fallows : — Let the index of 
the highest power of r in TK^^ be X, ; then cht>o&e mJ* ...^ ?*1, r[, ..., v^, so 
that the coefficient of the coiTefiponding power of t" in t£?| does not 
vanish ; having- determined these, consider W^ ; let the index of the 
highest power of r in IP^ be X, ; then choose «J, --., w^, i^j, ..,, f^, bo 
that the coefficient of this pf>wer in w^ does not vanish; keeping 
M^ Ufi, i;^, vl the same, let the index of the highest power of r in TF", 
be X, ; then mJ, rj are to be chosen so that the coefficient of this power 
in t(7, is not zero ; and so on until all the constants are determined. 
For uniformity, X^ is the index of the highest power of r in m?^. 

We follow Stickelberger*8 process closely, and it will be sufficient 
to state the main results, pointing out the differences from his in- 
vestigations. Just as proved by him, we shall have that W^ is not 
identically zero, if a<(n + l). Taking the identity [Stickelberger's 
(l),§l,^.c.] 

we note that here the highest power of r on the left is the (X._, -hX.^j)"*, 
and that on the right is at most the (2X.)*^. Hence 

^a-i + ^a*! < 2X,, 

i.e., X. — X^_i ^ X.^i — X„. 

It will be convenient to write c. = l + X.— X.., (the reason for adding 
unity will appear below), and then the inequality is 

Under ordinary circumstances A. = w — a, and then e„ = 0. It is 
eJear that X^ > (n— a), and, if (n-^a) > A., we have (w— -a)— X„ in- 
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finite roots of every a*** minor ; calling this number ft., we now have 
e. = /*«-!— fi.. Suppose that we take the series X«, X„.i, ..., and let 
the first X which does not satisfy the condition \^::^n — a be A,«i ; 
then X^.i < n— (k~1) (as is obvious from definition of X,.,), and 

e. = l-|-X^-X,_, =n— K+l— X^., > 
Hence Ci ^ e, ^ e, ... > e, > 0, e.^, = e.^j = ... = e„ = 0, 
and, further, we have 

A'o > /'i > ^'i ••• > ^*-i > ^' A*. = t^.*\ = ••• = 0- 

It follows that the m's follow the lines of Stickelberger's X's, and the 
ft's behave in the same way as the indices of ordinary (finite) in- 
vari ant-factors ( Elementartheiler) . 



Now, returning to the identity 



u.v. ^ 



we oan write —«?.., w./r**-'"*"** in the form of a series of powers of 
(1/r), starting with a constant term ; and this can be divided into 
the product of two similar series p., q,. 

Now write UJp. = /• [A', + XJr+XJr*+ ...], 

VJq. = r^ [r, + Y,lr+ Y,/r' + ...], 

where A^, X,, ... are linear functions of «„ ..., a?„ ; and Y,, Y„ ... of 
Vii •••» y«» Then we have 



r.F./(ii;..,«g = r' 



_ J^-'^-i) 



[z,+Xj/r+...][r,+r,/r+...] 



= A-» [x,+x./r+ ...][r,+ r,/r+...]. 

The quantities we require are the coefficient of r, and the term in- 
dependent of r in the expansion of 

Thus the parts of BL^B, BL^B from the term — U^VJw^.^w^ will be 

(inBLoB), X,Y. +X,r,.x-h... +X,r, ] 

I (e = e.). 

(in BL,D), X,r,., + Xjr,.i+...-eX.«^Yj 

FflL, XJITJ/f. — NO. 720. M 
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Hence, finally, the parts of A^ B {in their reduced forms) which 
belong to the i^oot r = oo of | rA —B \ will be 

B, -sex, 7. +..,-hXr;), 

the annimationa extending to all the en which difer from aei«o» 

Again, following Stickelberger, it maj be pi'oved without difficwlty 

that A^ h the index of the highest power of r that occurfi in ant/ a*** 

minor of | M— B | ; and thus our problem ib completely solved 

(cf. Stickelberger, §2, Satz, i., IK, iil). 

In concl lift ion it may be poioted out that the reduced paH» bo 

aiTived at are precisely the eame as would be found from the zero 

ax>ots of I sB—A I = U, a fact which may be laeen by inspection of 

our forms for the X*s and Y^b. 

[No^e add^d Hi/t Afoy, 1900."^Siiic6 the above was completed I 
have received from Herr Alfred Loewy an advance copy of his 
valuable paper in Crelle^ Vol. cxxii., p. 63, " Ueber Scbaren reeller 
quadratischer und Hermitescher Formen." Applying our results, 
we obtain the following theorem, deduced from the one in § 1 of 
Loewy *s paper by including the effect of infinite invariant-factors. 

If i4, B are real quadratic forms (whose determinants may or may 
not vanish), and if q denote the characteristic* of B, then the indices 
of the invariant-factors of | r^— B | must satisfy the inequality 

where 2s is the sum of the indices of the invariant-factors corre- 
sponding to complex roots of | r J. — JB | = ; h represents the index 
of any invariant-factor corresponding to a real root (r = excluded, 
but r = CO included, the indices for r = cx) being the e's as found 
above) ; I is the index of any invariant-factor to base r. The 
symbols E (^^), E {\{l — ^)^ denote the greatest integers contained 
in \hy ^ (^—1) respectively. The number of invariant-factors to 
base r is independent of A and equal to the defect* of B ; the 
number corresponding to r = oo is independent of B and equal to 
the defect of A, 



* If a form ^ be brought to the sum of p positive and q negative squares, the 
numbers p^ q are invariants of the form (Sylvester and Jacobi) : Loewy calls the 
smaller of j», q the characterUtic of Sf {p ^• q) the rani', [p — q) the signature , w — (p + ^) 
the defect . 
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An equivalent statement is the following (employing the notation 
above) : — 

Let <r be the absolute value of the signature of B ; then. 

<r <^ (the number of odd fe's) + (the number of even Va), 

Herr Loewy gives two special cases of this, in his theoi*ems (a), (6), 
§2.] 



Thursday, May lOth, 1900. 
Prof. ELLIOTT, P.R.S.. Vice-President, in the Chair. 
Twenty-two members present. 

Special ^tenebal Mbetinq. 
The Chairman, having read the By-laws beanng upon the subject 
of the meeting, announced fchat it was proposed " that By-law iv., 1 
(By-laws, p. xiii.) be amended by substituting the words " half-past 
5 o'clock in the afternoon " for " 8 o'clock in the evening." The 
motion having been seconded by Dr. Larmor, and there being no 
other action taken, the Chairman declared the motion to be carried 

unanimously. 

Ordinary General Meeting. 

Dr. GMaisher communicated " A Congruence Theorem relating to 
Eulerian Numbers and other Coefficients." 

Prof. Lamb spoke briefly " On a Peculiarity of the Wave System 
due to the Free Vibrations of a Nucleus in an Extended Medium." 

Prof. Love gave a description of Mr. Michell's ** Diagrams illus- 
trating Distributions of Stress in Two Dimensions " (a paper com- 
municated at the January meeting).* 

The following papei-s were taken as read : — 

The Differential Equation whose Solution is the Ratio of Two 
Solutions of a Linear Differential Equation : M. W. J. Fry. 

Note on the Quinquisectional Equation : Prof. L. J. Rogers. 

On the Differentiation of Single Theta-Functions : Rev.M. M. U. 
Wilkinson. 

Linear Substitutions Commutative with a Given Substitution : 
Dr. L. E. Dickson. 

• Cf. 8upra^ pp. 5ii-6\. 
H 2 




Lt.-Col, CTitmingbam showed that nurabers which ftj* ejtpre&tsible 
in the two different fonns N '=^ (f/x^-^vy^}fa ^ (fi*/^-\-r}j^)/a jive 
twuaUtf rompontey 'wheu f^c ^ /iV ; and nhowt^ how to i^educe theiu 
to the foniis xV = jT + ^rF* ;= -S'^+^jt^y, the faetoHzation of which 
i& known from Ealer'a rese&rehes. 



The following presents were made ta the Libiuiy : — 

'* Educ^tionftl Timei»/' May, 1000- 

" Indian En^nc^ng," Vol, Jtxni,, Noe, 11-15, MarcJi 1 7- April 14. 1900 
** Queen's CoHege, GiJway, Calaudjir for lfi&9-1900" ; DuMm, 1900. 
** MatemfttiKch-NatuTwidsenwjhaftliehe Mitteilungc^/' Seri« 2, Bd. n., Heft 2 ; 
tuttgart, 1900. 

** Supplemento al P^riodioo di Mat^nntica/* Aniio nt*» FaHc. fi, 7 ; livoncui^ 
190O. 
* * WiadamoBci Mat4?tiiatycziie/ * Tom IV. f Zeezyt 1-3; Wareaw, 1900* 
" AbhiO*! of MathCTnatJofl/* Serici* 2* VoL i., No. :t ; 19O0. 

The following exchanges were receives d : — - 

** Proceedings of the Royal Society," Vol. lxvi.. No. 428 ; 1900. 

** Beiblatter zu den Annalen der Physik and Chemie," Bd. xxiv., St. 4; 
Leipzig, 1900. 

**Ilendiconti del Circolo Matematico di Palermo/* Tomo xiv., Faac. 1, 2; 
**Annuario, 1900." 

** Bulletin de la Societe Mathematique de France," Tomexxvin., Faac. I ; Paris,. 
1900. 

** Bulletin of the American Mathematical Society," Series 2, Vol. vi., No. 7» 
April, 1900 ; New York. 

** Jomal de Sciencias Mathematicas e Astronomicas," Vol. xrv., No. 1 ; Goimbra, 
1900. 

**Atti del R. letituto Veneto," Tomo lvi., Dinp. 8-10; Tomo Lvn., Attl 
(345 pp.); Tomo Lvni., Disp. 1-5; Tomo lix., Disp. 1, 2: Supplemento al 
Tomo Lvn. ; 1897-1900. 

** Monatshefte fiir Mathematik und Physik," Jahrgang xi.. No. 2 ; Wien,. 
1900. 

** Bulletin des Sciences Mathematiques," Tome xxiv,, Fev., 1900 ; Paris. 

** Annali di Matematica," Tomo nr., Fasc. 1,2; Milano, 1900. 

** Archives Neerlandaises," Serie 2, Tome ni., Livr. S, 4 ; La Haye, 1900. 

**Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 1, Vol. ix.,. 
Fasc. 6, 7; Roma, 1900. 

** Berichte iiber die Verhandlungen der Kiinigl. SiichH. Gesellschaft der Wissen- 
' schaften zu Leipzig," No. 1, Bd. lh. ; 1900. 

**Nyt Tidsskrift for Matematik," A. Aargang xi., Nos. 3, 4 ; Copenhagen,. 
1900. 

** Journal of the Institute of Actuaries," Vol. xxxv., Pt. 3 ; April, 1900. 

" Vierteljahrsschrift der Naturforschenden G^esellschaft iu Zurich," Vol. xiiv.,. 
H^efte 3, 4 ; 1900. 



« 
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« Mettiours and ProceedingH of the MancheBter Literary and Philosophical Society," 
VoL XLiv., PtB. 2, 3 ; 1900. 

<* Proceedings of the Royal Irish Academy," Series 3, Vol. v., No. 4 ; Dnblin, 
1900. 



Linear Substitutions Commutative vdth a Oiven Substitution. 
By L. E. Dickson, Ph.D. Received May 8th, 1900. Com- 
municated May 10th, 1900. 

1. The object of this note is to determine the explicit form of all 
m-ary linear homogeneous substitutions T with coefficients in the 
GF\^p**'] which are commutative with a particular one 8. For the 
case n = 1, the number of such substitutions T has been determined 
by M. Jordan,* whose method of pi-oof was, however, limited to the 
consideration of a particular example. By the use of convenient 
notations, we may treat the general case with equal ease and, more- 
over, avoid the separation of the proof into two successive stages. 
Following M. Jordan, I first give to S its canonical formf S,. 

2. Let the chai^acteristic determinant of S be 

where Fk(K), Ft(K), ... are distinct polynomials belonging to, and 
irreducible in, the OF [p"]. We may exhibit the roots of Fk(K) = 
and of Fi(L) = in the following notation : — 

L„ L,^i;f, .... L,., = if"-". 

To simplify the formulae, we suppose that J* and Fi are the only 
irreducible factors of A (K), The method is, however, seen to be 
general. 

Corresponding to each partition of a and j3 into positive integers, 

• Traits des SubstitutiotUf "p^, 128-136. 

t '*Gaiiomcal Form of a Lonear Homogeneous Substitution in a Galois Field,*' 
American Journal of Mathematics^ Vol. xxn., No. 2, April, 1900. The proof of the 
generalization of Jordan's theorem is there made by indoKSdcm.. 
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we obtain a cauonicitl form of an w-aiy fmbstihition in the 0^[p"]» 
Let 

It will be convenient to let denote any one of the integei^ 

and E any one of the remaining integers < a. Let b denote any one 
of the integei-s 1, 61 + 1, ..., 6i+fc, + ,*. -f ft,+ l ; and B any one of the 
remaining integers < P- The general canonical form may now be 
written : 

i»w — K(%s (*■ = 0, 1, ■-, Ar-1 ; j any e) 

ilj = LXij (* = 0,1, ...J— I; jany fc) 

I fl^ = Liiij-^LiC,j-i (i = 0,1, , ,^— 1 ; j any £). 



S,: 



3. An arbitrary linear homogeneous sabstitntion on these indices 
may be exhibited as follows : 

J 77;^ = 2a;.'|77,„ + S/3Ii,C«, (i = 0, ...,A;— 1;^= 1, ...,a) 

^^'^' [Cj^^Vtiv^u-^^^iiU (t = 0,...,Z-l;i=l,...,/3), 

where, as henceforth, the summation indices t, «, v, w run through 
the series 

^ = 0, 1, ..., A;-l; r = 0, 1, ...,Z-1; u = l,...,a; M^ = 1, ..., ^. 

We investigate the conditions under which T, is commutative with 
Si. Equating the functions by which T^S^ and S^T^ replace i|<„ 
we get 

r, IT r, B 

This identity in the variables ?y and i requires 

^or / ^= ?, the first two equations give merely aJi = 0. For t ^fc », 
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Ki^Kt, and the first equation gives aj^_, — 0, e' being any integer > 1 
of the set (e). If e'— 1 is an ^, the second equation gives «JI»_2 = 0; 
in the contrary case, e'—'Z^E—l^ and the same result follows from 
the first equation. Next, according as e' — 2 is or is not an E, the 
second or first equation gives aj ^_3 = 0. Proceeding thus, we find that 
every aj^ = (tz^i, c arbitrary). 

Since iC, ^fc Lp, the third and fourth equations require, for similar 
reasons, that every ^p* = (c arbitrary). 

It follows that r, replaces ly^, by 2a|v)7,v 

Denote by Cj (or by e[) an arbitrary e such that e^ + 1 is an ^, and 
by e, any one of the remaining e*s, so that ^i + 1 is an e. Equating 
the functions by which 1\8^ and S^Ty^ replace i?,,,*!, we get 

t,H e V, w 

Equating the coefficients of the 4^*s, we find, as above, that every 
^*'* =0 (c arbitrary). In the second sum of the second member, 
E extends over every ^ = e,'-|-I and every E' not an e + 1. Hence 

«;j; = 0, a) J, = a::?.Vi, a:i^' = (^'^fce + l), 

a;r' = o (t^i, w^fc^-i), 

Applying the above argument, the last two equations give 

a;r'=0 {ti^i, c = l,...,a). 
Hence Tj affects ?;,, and 17,^^1 as follows : — 

Denote by e, (or by ej) an arbitrary e, such that e, -h 2 is an ^, and 
by «, any one of the remaining e/s so that every 6^ + 2 is an e. 
Equating the functions by which T^S^ and SiT, replace i^.^+a, we get 

f ,N r, fc # «, 
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E(|]iatiiig the coeffidentrS of the Cb^ wg find^ a^ &buve, tliAt 

Eqaating tlie coeffidents of ij,« (#^*J* we End, as formei-ly, that er&ry 
For i = *, we noie tbat 

whei^ E' nins over tlie seriea of J^'b not of the forms ^i + l or s?H-2, 
Bat an ^, + 2 ^((?, + l) ^^l k ftti e + 1, and an #i + 2 i« not an E. 
Hence E* extends over those integera ^ « which are of none of the 
forms e, e, + 1, e,+2, all three of whieh ai-e distinct Hence evmy 

Hence 'A a£Feet§ the indices ^,^, */j*+it '/,.^2 as follows: — 

« 

•'a 
«i *'a 

Proceeding as before, we separate the e^ into the categories e, and 
c,, such that every ej-l-.S is an E and eveiy ^,-1-3 is an e. We find 
that no simplification takes place in »?•?, »?-j^, »/,%,+ 1, nor in iy,>,, i|j«,^i, 
V<«,*2> when e, is an e^. Simplifications arise when e, is an e^, viz. : 

lit, = ^Oie',Vie',y 
•'. 

/ ^ » 'a ♦ I I ■« * 'a 

•• •'» 

/ ^ t r J *' 2 I X * 'a -^ 1 1 V * *« 

1 • «,+2 = •* «• r, »?i •, + -*" i *, »?• f, W + -* a. •, »7i r', ♦ 2t 

*, r.j #', 

/ ^ i*g + S , ^ »#,*2 , ^ i*,-fl , ^ I*, 
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The law of the formation of the ijj^ is now evident, and may be 
verified by simple induction. In particular, T^ replaces each riij by 
a function of the rji„ alone. Similarly, T, replaces each i^f by a 
function of the (i„ only. 

4. Consider, as an example, a substitution Si which involves only 
the indices ij^^, and for which Oj = 3, or, = 3, a, = 2. Then 

e = 1, 4, 7 ; j; = 2, 3, 5, 6, 8 ; 

e, = 1, 4, 7 ; no Ci ; c, = 1, 4 ; ^, = 7 ; no e,. 

The most general substitution T, commutative with Si has the form 





mi 


'Ji* 


ni7 


i?.a 


1?i4 


1?.8 


riiz 


1?i6 


fiU = 


-:i 


i7 
".4 


a. 7 












ViS = 


t8 


i8 

a, 4 


J'* 
a^T 


<7 
Oil 


17 

a. 4 


i7 








i\ 


ii 














Vii = 


a.i 


a<4 














»7i'a = 


i3 


»2 

a. 4 


J2 

a^T 


il 

a,i 


a. 4 








riU = 


<3 
Oil 


i3 

a, 4 


a. 7 


i2 


<2 

a<« 


i2 

a. 7 


1 1 
a.i 


a<4 


riii = 


• 4 

an 


t4 

a. 4 














nU = 


a.i 


i5 

a. 4 


a<7 


i4 

a.i 


t4 

ai4 








lu = 


i6 

a»i 


• 6 

a. 4 


16 

a* 7 


a.i 


a, 4 


<5 

a<7 


a 
a, I 


t'4 

a, 4 



holding for i = 0, 1, ..., A;— 1. By inspection, its determinant equals 



(«.7) 



•7,8 



tl 

an 
a.i 



n 
ni4 



a* 4 



5. The indices i|,i, ..., i;,^ are linear functions of the initial indices 
{„..., £«, having as coefl&cients polynomials in K^. Likewise, fn» --"iitfi 
are linear functions of £„ ..., i^ involving L,. Let us return from 
the indices i/,^, dj to the initial indices {,. By hypothesis. Si becomes 
S, a substitution having its coefficientn in tk^ GF^igTY \iRJv» '^^ 
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become T. Under what conditions will T liave its cnefficienta in the 
Bam© field P Renaembei*ing that 2\ replaces tft y^ Ci by functions of 
the reapeetive forms 

it is evidently neceRsarj and sufficient that «Ii be the same function 
of Ki for 1 = 1, ..., i— 1 that ali is of K^^ and that ^i, be the same 
function of Li for i := 1, .,.^ i— 1 that ^li is of La^ Expressed other- 
wif^e, these conditions ai*e 

Hence I\ is completely determined from the functions by which it 
repiacefi t^Qj (j = Ij .-* ct) and C^j (J = 1, --tJ^)- The final theotiem 

IB as follows :^ — 

To deterniine the most general m-ary linear hmnogeneous gttb^tituiion 
T with coeffietefits in the GF [ j?"] which ift cmnmutaitve mth a particidar 
one Sy we give to S its canonical form S^, which may be expressed as a 
prodtict, 

''>\ = 2/o2/i ••2/*-iVi---^/-i "M 
yiy Zi denoting the respective substitutions — 

yii rii, = KiTji^, »?ij5 = ^. (»?.\K + »?.u-i), 
Zi'. iib = Li(n„ i,B = Lidis-^iiB-O- 
Thett must Tj {T written in the indices rtij^ Zij) be expressible as a product 

where Y^ affects only the indices rjo „, the coefficients being given by the 
law explained at the end of § 3, and where Y, is obtained from Y^ by 
raising its coefficients to the power p*'* ; with similar renuirks for the 
substitutions Zi. 
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A Congruence Theorem relating to Eulerian Numbers and other 
Coefficients. By J. W. L. Glaishbr. Read May lOfch, 1 900. 
Received May 28th, 1900. 

1. In the Oomptes Bendus for 1861* Sylvester gave without proof 
the theorem that, if (i> — l)l>* is a factor of ,2n, then, if p is a prime 
of the form 4fc+l, p**^ will be a factor of E^, and, if p is of the form 
AJe-l, y will be a factor of ( — 1)""^ 2 + £?„, where JE'„ is the n^ 
Enlerian number. 

The principal object of this paper is to prove two general theorems, 
from either of which Sylvester's results in the case i = may be 
deduced, as well as corresponding results relating to the J-numbers 
and other coefficients. 

In the latter portion of the paper (§§ 39-65) these general theorems 
are applied to obtain the residues, modjp, of various systems of series 
containing ^ (p— 3) terms. 

1. Bendues of the BemoulUan Functions with Uneven Suffixes, and 

Applications (§§ 2-38). 

2. Let p be any uneven prime, and let Ar denote the sum of the 
products of the numbera 1, 2, ...,j9 — 1 taken r together. Then we 
have evidently 

ip'->+-4iaj''-'+^,aj'-»-h...+^.2a; + ^-i = (aj + l)(aj+2)... (aj+jp-1). 

In a recent paper in the Quarterly Journal^ it has been shown that, 
if r is even and <p—\,Ar is divisible by j), and that, if r is uneven 
and > 1, Ar is divisible by p', and that the residues of the quotients 
are 

^''^(-l)'|',modp(.<£ri), 

A 



[^= (_iy^i(2H-_lLB«, mod^ (t>0). 
p 4r 



• Vol. iJi.,j). 163. 

t <«0n the Kesiduee of the Sums of Products of the first p—\ Numbers and 
their Products to Modulus p« or p>," Vol. xxxi., pp. 321-353. The formulw 
quoted occur on pp. 326, 327. 
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It WAS also bIiowh that 

- ^- ^ /, mod Pi 
P 

where Bt U the t^ Beraoullmn Qnmber and 

/=^l + (-l)*'^*'Jfl,,,.,, + i-. 

The Talae of A^ is ^p(p— 1)> so that it is dirisible by jj only. 



3- Multiplying the equation in §2 by <t and dividing byjj, we 
therefore find 

p 2 4 p—3 p 

^ x(»-Hl...(.+p-l) ^^ 

Now th« Bei-nonlUun fanctioa B, (»), n being uaeven, i» defined b^ 
the equation 



4! 



and therefore 



... + (-!)'<-" B„..„«, 



Substituting in the preceding congruence, we find 
Now 



(-1)«"-"B„,.„ 



^^-. 



= (_!)»(.-.) B,„.„+/_-L, modp, 

= (-l)»"-'B,„.„-l + (-l)*<''*"B,,,.„, mod;,. 
= — 1, modp; 
so that the congruence becomes 

P 
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4. When a? is a positive integer prime to p, one of the p consecu- 
tive nnmbers a;, a; + l, ...,a'+p— 1 must be divisible by j), and the 
other j9—l numbers must have residues 1, 2, 3, ...,p—l with respect 
to^. 

If therefore x= kp'\-t,t being <p, the formula gives 

Bp (x)—x = — (fc + l), modpf 
and in particular, if x be any number <p, 

Bp (x) ^ a;— 1, mod p. 

5. These formulaa can be readily verified, for, when a; is a positive 
integer, ^^^^^ ^ 1^-1^2"-^ + 3^"^ + ... + (3^-1)"-^ 

and therefore, since r''"'= 1, mod p, unless r is a multiple of p, 
we have, if x <p, 

Bp (a*) = a;— 1, mod p, 
and, if x =^kpi-t, 

Bp (x) ^ ar — 1 — A-, mod p, 

since the k terms p"', (2p)''"\ ..., {kpY'^ are = 0, not 1, mod p. 

6. Now let aj = — , where r is a positive integer prime to p. 

T 

The general formula 

P 
then becomes 

\ r / p 

whence ^-3,(1) ^l^^I±}^^l^S^ {(p-D^+l] ^ ^^^^ 

7. Since r is pnme to p, the numbers r, 2r, ..., (p— 1) r have to 
mod p the system of i-esidues 1,2, ...,p— 1; and therefore the 
numbers r+1, 2r-f 1, ..., (p— l)r-hl have the system of residues 
2, 3, ..., p— 1, p ; that is to say, one of the numbers r-\- 1, 2r-\- 1, ..., 
(p— l)r + l is divisible by p, and the other-numbers give the resi- 
dues 2, 3, ...,p— 1. 

To determine which is the factor divisible by p^ we notice t\\a»t»^\t 
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Xr+l ia this factor^ we must have \/*+l — ^p, where q<r and 
^ ^- , mod r. The product of tbe factora 2, 3, ,,.jp— 1 = — 1^ modp, 
and therefore we have the formula 



.1 



r*'B^ ^-' J ^ 1—^, modp, 



where q is the least positive i^sidne of — , mod r. 

I* 

8. We mfty conveiuentiy expi-ess the Jettst positive residue of any 
qnaatity a^ mod r, by [a]^. 

Uaing thi^ notatiotk, the insult just obtaioed may be written 



'^■«'(7)-^-[i]!- "^•"^^- 



9. This formula enables us to asfiipfn the residue of r^B^ f — }, 
mod jp, for all values of ;■ and all {prime) valees oi p. 

In general, if jp = kr+tf, where s<r and is necessarily prime to r, 
since p is prime, 

[7].= [t]; 

Thus the number of residues of r^B,, I — j is equal to the number of 

admissible values of s, that is, to the number of numbers less than r 
and prime to it. 

r 



10. The residue of r^'B^ ( — J may be expressed in an exactly 



similar manner ; for, putting x = - in § 6, / being prime to r, we 
have 



r^B, 



•'(7)- 



Ir^'^-^ 



l(r-\-l)(2r + l)... {(;,_l)r + Z} 



P 



, modp, 



_ l(r + l)(2r + l)...{(p-l)r + l] 

= Z -f > '- , mod p. 

P 

'Sow, of the p numbers l,r-\-l, 2r + Z, ... [ (2^— 1) r + Z] , one, say Xr + Z, 

is divisible by p, and the others =2, 3, ...,p— 1, mod |?, so that 

we find 

T^Bp( — j =1"% mod p, 
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where qi is the least root of the congruence px = Z, mod r ; or, using 
the notation of § 8, 

11. It is known that 

B^ = 5«-jk(p-i) («), mod p,f 

and therefore r*^^' *^*^B* (^_,)^^ (x) = r^B^ («), mod p. 

Putting « = — , and replacing k by X;— 1 in this formula, we have 
r 

/"-""B.^..,. (f ) - r-B, (f) ^ J- [±], modp. 

It has thus been shown that, if p be an uneven prime, and p — 1 be a 
divisor of '2w, then, if l<p-^r, 

If l^p+r, the formula requires modification in the manner in- 
dicated in the not« to the last section. 

12. As special values of r*"*'Bj«+, ( ), we have^ 

3*"'B^.,(i) = (-ir'/., 

* ThiB oongmenoe holds good so long as /<>9 + r, but for g^reater values of / it 
requires modification, qi not being then, necesisarily , the least root of the oon- 
gmenoe px = /, mod r. In general it can be ^own Uiat, if I ^ kp + t, where 
t>0 and <Pf then / / \ 

where ^^ is not a:j, the least root of the congruence px = l, mod r, but x, + wr, mr 
being such a multiple of r as will bring Xi + mr within the range of numbers Ar + 1, 
A: + 2, ..., X: + r, t.^., y/ is that root of the cong^enoe px = /, mod r, which lien 
between A; + 1 and ^ + r both inclusive. The value of q^ may be expressed in terms 

of A and < by *+["--"] . 

In most of the applications of the theorem / is, or can be so chosen as to be, 
<p + r; the principal exceptions in this paper occur in §§ 33-38 and 60-65. 
[The residue of .^l^'^OC^^^O - {(/^-D >-^0^ ^^^^ ^^ i^^ ^^ ^^^^ ^f ^^^ 

f onus the subject of the flrat part of a paper * * Residue of the Product of p Numbers 
in Arithmetical Progression, mod/7^ and/?' '* {Messenger of Mathematics ^ Vol. xxx., 
pp- 71-92), which has been written since this paper was communicated to the 



pp. 7 1-92 J 
Society.] 



t Proc, Zand. Math, Soe,, Vol. xxxi., p. 206. 

I Quarterly Jourttal, Vol. xxix., pp. 31, 35, 44, or MeMmqey\ VqV. txt^,^'^. W^. 
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where E,, is the n^ Ealerian number, and J, and /„ are the n^mbera 
BO denoted in VoL xxxi;, pp. 216, 228 of the Proceedinyj^, viz,» J5>, J„ 
J,^ are tlie coefBcieiLtfi in tbe expanalons 

— = ^.+ fl »*+ f *•+ ff '' + AC-' 
cosiP 21 4! t>l 

2co8ii^ + i (21 4! o! J 



2 cos jy 



= ^{.^,+ ^Vr'+;^f-'+^^ + 4«.} 



13. It is convenient to call the admifisible values of jo tbe Stau^ 

factors for w, i.e.» the Standi factors for n are tbo^e yalnefi of p for 
which p — I is a diviwor of 2n. Thus a number/? is a Standi ^tor 
for «, if (i.) jJ iM prime, (il*) j?— 1 is a divisor of 2fi»* 

14. Using the formula 

and taking the case r = 4, we have 

I - I = [1]4 =1, if p is of the form 4fc + l, 

and = [J], = 3, „ „ 4A; + 3. 

Thus, p being any uneven Standi factor for ?i, 

^ = or (-1)"2, modjp, 
according as^ is of the form 4^* + l or 4A-I-3. 

This is the case z = of Sylvester's theorem referred to in § 1. 

15. For r = 3, we have 

f-^ 1 = [l]j = 1' ^^P is of the form 3A-+ 1, 

LpJ^ 

and =[i]5 = 2, „ „ 3^ + 2, 



♦ In previous papers {MettengeVy Vol. xxix., pp. 49, 129; Quarterly Journal^ 
Vol. XXXI., p. 261) I have called values of p which satisfy these conditions Staudt 

faetnrs of Bh. As the connexion is solely between the niunbers p and ;i, it seems 
unnecessary to introduce B„. The Staudt factors for n are the prime factors whose 

product forms the denominator of J^n. 
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80 that, p being any uneven Staudt factor for n, 

J„ = or ( — 1)", modp, 
aooording as i? is of the form 3A;H- 1 or 3fe+ 2. 

16. The quantities 7m formed the subject of a paper in the last 
volume of the Proceedings* That paper contains a table of the first 
thirteen Ps, by means of which I have verified the theorem up to 
n=13. 

The numbers 2 and 3 are Staudt factors for all values of n. The 
number 2 is excluded, as the modulus is always supposed to be an 
uneven prime. The number 3 is excluded in this case, as r = 3 and 
r must be prime to p. The residues given by the theorem with re- 
spect to the other Staudt factors are as follows : — 

/g ^ 1, mod 5, 
Ij = 0, mod 7, 
J4 = 1, mod 5, 
/j = — 1, mod 11, 
Jg = 0, mods 7, 13, = 1, mod 5, 
Ij (no admissible Staudt factor), 
Jg = 1, mods 5, 17, 
I9 = 0, mods 7, 19, 
J,,j= 1, mods 5, 11, 
J„ = - 1, mod 23, 
J,j= 0, mods 7, 13, =1, mod 5, 
Jjj (no admissible Staudt factor). 
These- residues agree with those obtained from the table of J„. 

17. For r = 6 we have 

[A] = [1],, = 1, if p is of the form 6A;+1, 

and =[^], = 5, „ „ 6^+5; 



• ** On a Set of Coefficients analogous to the Eulerian Numbers," Vol. xxxi,^ 
pp. 216-235. 

VOL, XIXIL — NO, 721. N 
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so that J^^Oqt (— 1)**4, modj;, 

according as j? Ih of the form 6fc + 1 or 6^ + 5. 

This result may be derived from § 15 by manna of the formula 

for, wheii|j— 1 ia a divisor of 2fi, 2^ = 1, mod j>, and therefore 

./^ = 4/«, mod p. 

18. The Bemoullian hinction Al (oj), when n ia uneven, may be 
defined by the equation 

TliiiB we derive from § 6 

r-A'.{^= ('•+i)(2'-+i)--i(y-i)'-+U 



_ (2r+l)( 4r+I).,. {2(p-l)r + l] 

and therefore ?*^-4^, ( — J = q'^q, mod p, 

where g, q are the least residues given by the congruences 

pr = 1, mod r, 

px = 1, mod 2r, 
respectively. 

This result may be expressed by the formula 



, mod p, 



-'(7)<}].-[i],.»-^ 



19. More generally we have in the same manner 

w / M - ' (r + l)i2r+l) ... { (p-l) r + l} 



-''{^)- 



Z(2r+Z)(4r + ... {2(p-l)r+l] 



, mod^ ; 



whence we find r^Ap (-j = |— — — , mod p.f 



• The expreeaion for An {z) in powers of x was given in Froc, Land. Math. Soc.^ 
Vol. XXXI., p. 203. 

t In this formula / most be <p + r; otherwise a modification is requisite of the 
same kind ae fihat stated in the note to \ 10. 
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20. It is not necessary that I should be prime to 2r, but, if I be 
even, = 2?, then 

Z(2r+0(4r-h0... {2(j? ~l) r-hZ} 
P 

80 that in this case the formula may be written 



21. The expression [—1 -[— 1 



can only have the values zero and r ; for the expression is a— /3, 
where a is the least root of the congruence 

px = I, mod 2r, 

and /d is the least root of the congruence 

px = I, mod r. 

Now, if a <r, it is clear that /3 must = a, and, if a>r, we must 
have fi = a—r. Thus a— /3 has the value or r according as the 
least root of the congruence px ^ Z, mod 2r, is < or > r.f 



* This reasoning is g^eral and shows that, if / = m^, then 

LP^mr LPJr 

We may easily prove this formula directly, for — is the least value of x 

LP Jmr 

given by the congruenoe px = /, mod mr^ and, if / == mf , the congraence becomes 
/» — = f , mod r, from which the least value of j: is m — 

"» LP At 

t If the least root of the congruence px = /, mod 2r, is « r, we must have 
pr = If mod 2r, and therefore / must be an uneven multiple of r, =» mr say, »« being 
uneven, in which case 



'—^^l-l^.-'iil-'lyl-'- 



^1 
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22. The result obtained in § 19 therefore shows that 

r^A'f, [ — ] = or r, mod p, 

according m the least root of the oongruenes 

jm = I, mod 2f-, 
ia< r or > r* The residue is zero if the root ia eqnal to r. 



23. If we put (1) =['^]-H. 

\^/,^ LjoJtr LpJr 

then the symbol [ — ) denotes if the least root of the congruence 

^p Ji,' 

JKO = /» mod 2r, 

is < r or = r, and denotes r if the least root > r. We may therefore 
express the result of § 19 in the convenient form 



24. Since 



Al (x) = X-*(,>.ih mod p* 



we can, by proceeding as in § 11, apply the results obtained in §§ 19 
and 22 to show that, if p is any uneven prime, and i?— 1 is a divisor 
of 2n (that is. Up is an uneven Staudt factor for n), then 



= ( — ) , mod p. 



P l-Lr 

the expression on the right-hand side being zero or r according aR 

ril < or >r. 

\.pA'u- 

If I is not <p-|-r, the formula requires modification in the manner 
indicated in the note to § 19. 



♦ Froc, Lond. Math. Soe., Vol. xxxi., p. 204. 
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25. As special values of r'"*'ili,*i I — ). we have* 

2*'*>^i.„(i) = (-l)"S„ 
4?"*'^;.,,(i) = (-l)"2P„ 

where P« and H^^ are defined as coefficients in the expansions 
COS 2a; 2! ^I 6! 



2 cos 



L_^ = t{ff,+ |a^+fx*+f«^+&c.} 



26. We thus have, p being any uneven Standt factor for n, 
^. = (-!)» (A), modp, 

V p /u 



3^-'-H3 ^ = 



27. If ;) = 4A;+1, (-i) =0, 

for the least root of a; = 1, mod 4, is a; = 1, which < 2, and, if 
p = 4A:H-3, 

for the least root of 3aj = 1, mod 4, is oj = 3, which > 2. 

The first congruence in §26 therefore gives ^„ = or (— 1)"2, 
mod p, according as ;r) is of the form 4fc+l or 4A;+3 (§ 14). 



• Quarterly Journal, Vol. xxrx., p. 107 ; and ifMsenger^yoV. xk<ii.^^. W^ . 
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28. Tfikiug now the last of tlia four LHingruetices m § 26, we haye 

f— ) =0, if B=12jfc+1 or 12Jt + 5, 

\p /it 

and =6, if p^l2k^l or 12k^U, 

for the least roots of the oongmenoea 

x^l, 5^ = 1, 7x = l, U^=l, mod 12, 

are 1, 5, 7, 11 respectively, of which the first two < 6, and the last 
two > 6. 

Thus the iight-hand aide of the eoBgineace Is or (— 1)*6 aooord- 
ingr as B is of the form 4Jfc+ 1 or 4Jt+S. 

This result agrees with 1 14, for, if j) is a Standt factor for n, 
2 — ^ -5- = ^^ mod p. 

29. The third congruence of § 26 gives 

H„ = or (~1)"3, modp, 
according as p is of the form 6A; + 1 or 6A: -f 5. 
This result agrees with § 16, for 

H„=(2'-"*^-l)/„; 
so that, p being any uneven Staudt factor for n, 
H„ = 37,,, mod p. 

30. Considering now the second congruence in § 26, we have 

nj =0, if p = 8ik + l or 8ik+3, 

and =4, if 2? = 8Ar-f 5 or 8^• + 7, 

for the least roots of the congruences 

x^l, 3aj = 1, 5a; ^1, 7a; = 1, mod 8, 
are respectively 1, 3, 5, 7. 
Thus we find that 

P.. = or (-1)"2, modp, 

according as p is of the forms 8A;+1 and 8A;-|-3, or of the forms 
Sy^-^d and 8^+7. 
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31. Since 3 is a Standi factor for all values of n, this theorem 
shows that all the P's must be divisible by 3. With respect to the 
other Staudt factors, it shows that 

P, s 2, mod 5, 

P, = - 2, mod 7, 

P4 = 2, mod 5, 

P5 = 0, mod 11, 

P« = 2, mods 5, 7, 13. 

These results I have verified. The values of the first five P*s were 
given in the Quarterly Journal^ Vol. xxix., p. 63.* The value of P^ 
(viz., P^ = 7828053417) was calculated for the purpose of this 
verification. 



32. The principal formulae which have been established in this 
paper ai^e 

(i.) r'B,(-l) =Z-[i-], mod,, (§10), 
(ii.) ,-.4;(l)s(i.)^, modp (§23). 

These results combined with those obtained in a previous paper have 

enabled us to assign the residues of r^**P»,*i f — 1 and r^*M2n4i ( — 1 

for any uneven Staudt factor for n as modulus (§§ 11, 24). 

The principal particular cases of the formulaB (i.) and (ii.) are 

(1) JE;4(p_,jS0 or -2, modp, 
according as p is of the form 4>k-\-l or 4fe-f 3 (§ 14). 

(2) Ij(,.„=Oor (-1)*"-", modp, 
according as ^ is of the form 3& + 1 or 3&-f2 (§ 15). 

(3) P4,,_„^0 or (-l)*^''-^^2, modp, 

according as p is of the forms 8fe + l and 8A;-f-3, or of the forms 
8A:+5and8A;+7 (§30). 

♦ They are Pj = 3. P, = 57, P, = 2763, P^= ^SQTSI, P^- ^'^.y^Wi'^. 
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33. I uow proceed to consider the expand ions in wliich tlie quanti- 

ties a^*^Bi«*j (^) and a****-^tptj ( — J are the coefficients, in oi'der 

to determine the mosi general expansions in which the refiidnefi of 
the coefficients can be assigned by the formulae (i.) and (ii*). We 
know that 

2 sin cm; 2 ' \ a / 2! " W / 4! 

Putting 26— fi = c^ so that ^ = § (c-f «.), we have 

Similarly, we have 

2 COS oiT V a / \ tt / 21 \ a / 4! 



giving 



a COB ex 



2 'V 2a / 2! ^ ' \ 2a / 4! 



2 cos oo; 
We thus find, a and c being unrestricted, 



2 sin ax- 2 ' 2! 

a_ cosc r _ Ji^ _ q (2a^) ' 
2 cosac 2 



e, 



4! 



where 



Since 
and 



we have also 



2! '4! 

A,. -a i^.^.,,^-^j, 

0..= «'"*'^i«*i(''2a^)- 



<&c., 



• IVotf. Xonrf. Math, Soc^ Vol. xxxi., p. 207. 
f Id., p. 206. 
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34. If a and c are both even integers or both uneven integers, so 
that i(a+c) is an integer, the residues of A^p.^ and Okp-d are given 
directly by (i.) and (ii.), viz., 

but, if a and c are one even and one uneven, we have to use the 
mules (i.) and (ii.) in a slightly modified form. 

35. To obtain this modified form, put r = ma^ Z = 6 in (i.) and (ii.) 
of § 32. We thus find 

m^'a^B^ i—\ = 6- [—1 , mod c, 
'^ \ma/ LpJn^a 

m'a'^;(-^) = (L) , modp, 
\ma/ \p/iu.a 

whence (i') «'^' (i) -"^ {^"KL} ' ""d^' 



(ii.)aM;(A)=±(l) , mod p. 

36. Applying these formulae to the case when a and c are one even 
and one uneven, we have 



\ p / u 



These formulae also include the case of a -»- c even (§ 34), for, if h is 
divisible by any number m, = m/3 say, then, by §§ 19 and 23, 

m Lp Jma Lp Ja 

1(A) =[i.]. 
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37. In general, therefore, if jo be any imeven Staadt factor for m 

wlietKer a -he he even or uneven. If a + c is even, we may replace 
38 « Sisiilarly, if p be an^r uneven Staudt Ifiictor fur ti, 

T^^betber a-\-c he even or nneveo. If a-^c is even, tbe oongmj ence 
may be written 

Thus the residue of 0,„ mod p, can only have the values and a ; 
and it has the former or latter of these values according as 

\^f\ = or > 2a* 



II. Residues of certain Series co7itaining ^ (jp — 3) terms (§§ 39-65). 

39. In Vol. XXXI., p. 214, of the Proceedings, a general congruence 
theorem was given connecting the first i(jp— 1) coefficients in a 
general expansion formula ; and the two following formulaa were 
given as particular cases : — 

(i.) i?.--E?, + i?,-...+(-l)»"'-"i?,„.„ =0, moip, 

(ii.) 7,-7, +!,_... +(-l)»('-'>|j,,^,„^0, mod p. 

the last term in the second series having the coefficient f . The 
values to be assigned to Eq and I^ are respectively 1 and i- 

Since JS^^,^,.,) = or — 2, mod p, according as p is of the form 4^ + 1 
or 4A;-f3 (§ 14) and T^ip.\) = or (— 1)*^'"^\ mod p, according as p is 



* The formulae for the residues of the A's and 0*s require modification, if 
^ ^r—a (see notes to §( IP, 19). 
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of the form 3A:+1 or 3^ + 2 (§ 15), these formulsB show that 

(i.) JS?,-J&,+^,-... + (-l)»^''-»^JS?j(^.3, = or -2, modi?, 
according as j? is of the form 4A; + 1 or 4A; + 3, and 

(ii.) J,-J, + I,-...+(-l)»(i>-»)J^(^.3,^0 or -f, mod|>, 
aocording as i? is of the form 3fc H- 1 or 3A; + 2. 

40. These results maj he generalised bj means of the formnlsB (i.) 
and (ii.) of § 32, so that we may obtain the residues of similar ex- 
pressions in which the coefficients of the expansion are multiplied bj 
successive even powers of any number m; e.g,^ we may assign the 
residue, mod p, of 

^o-m«^, +m*^,- ... + ( - 1 )*^-'>m'-*^4,,.,., 

41. To obtain these general results we start with the formula 

= ,*£, (i) +(p-l),(ne)V-'B,., (I) 

+ (p-l)«(ra;)S'-*B,.. ( ^) +<fec., 

where (p—1), denotes the number of combinations of j>—l things 
taken t together.* 

Since (j»— 1), = 1, modp, we fiod, by transposing to the left-hand 
side the first term on the right-hand side, and writing the terms on 
the right-hand side in the reverse order, 

ii''«'(^)-"''(-"';-)}-'«'(f) 

= {rxy-'rB, ( J-) +(«r)''-VB, ( J ) + ... +(rx)»r'-'5,., (1), modp 



* ThiB formula may be derived from the first formula on p. 155 of Vol. 
the Quarterly Journal by putting n = p, using- the relation 

to replace Ps by J^'s, and dividing throughout by p. 



of 
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Putting rx ^= — , and notieltig tliat 'rttt'^ = 1, mod j^f we obtatn tBe 

Tfl 

formula 

rB,(l)+«VB.(i)+«VB.(-!.) + ...+»'-.^'B,..(i) 

42. Now, by § 32, the right^mnd eide 

and we thus obtain the formnla 

rB. (1 ) +mVB, ( 1) +mVB. (i ) + ... H-m'- V-»B,., (i) 

Thus the residue of the series depends upon r and m and upon the 
residue of p, mod rm. 

43. Since 22»*'J5,„„ (i) = 0, the left-hand side is zero when r = 2 ; 
and it is easy to see that the right-hand side also is equal to zero. 

44. Since 4^*»B,„,, (i) = (-1)-'^,., (§12), 
we find, by putting r = 4, 

2m \L p Jim L p JimJ I p J4 

which gives the residue of 

^o-m«^i + m*^,-...-f(-l)*^-^)m^-^^i(,.„ 
/or a]] Integra,} values of m. 
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45. For m = 1 the right-hand side of the congruence 

--»{[fi-[|].i-[}]. 

=^-*^[i].-[}]J-[i]. 

Lp Is LjpJi' 

Now — always = 1, and — = 1 or 3, according as jp is of the 

form 4/: -1-1 or 4k+'S. Therefore 

JS7o--E?i+J^,-... + (-1)*^-'^jE74(p 5, =0 or -2, modjp, 

according as p is of the form 4A;-hl or isk-hS. This formula was 
given in § 39. 

46. Putting m = 2 in § 44, we have 
^o-2«JS7,.f2*JE7,-... + (-l)*^''-'^2''-»^4(^,3) 

■^-»{[|].-[|].i-[f].— 

The residue — = 1 or 3, according as p is of the form 4A:+ 1 or 

4A(+8. The other residues are given for the different forms of p by 
the following congruences : — 

if jp = 8A-fl, X = 3, mod 8, giving x^ = 3,* 

u i» JB = /, „ „ ajj = 7 ; 

if jp = 8fe + 3, 3a; = 3, mod 8, giving a»i = 1, 

»» j» «^ ~ ' » « »» ^1 ^^ ^ » 

if jp = 8fe + 5, 5a; = 3, mod 8, giving x^ = 7, 

„ „ bx = 7, „ „ a*, = 3 ; 

if p = 8A; + 7, 7a; = ;^, mod 8, giving a:, = 5, 

„ ,, 7x — 7, „ „ iCj =: 1. 

• j^i will always be uaed to denote the least root of the congruence in queatLon.. 
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The residue of the series is therefore, in the four caaes, 

2 + iC3-7)-l=0, 

2+i(l-5)-3=-2, 

2+i(7-3)-l = 2, 

2 + i(5-l)-3 = 0, 
respectively. Thei«f«irB 

B,-2'B,+ 2«J5,-... + (-l)»"-«3'-'Btr*.„ = 0, -2, 2, 0, modp,' 
according as ;> ^ 1, 3, 5, 7, mod 8. 

47. Putting m = 3, wo hare 

S, -3*S,+3«l!?,-... + (-l)«"-»>y*Bn,.„ 

■»-i{4>l-[f].l-[i].-°^- 

The congruences giving the first two residues are 

if p = 12A:-f 1, aj = 1, mod 3, giving a?! = 1, 

„ „ aj = 5, mod 6, „ «i = 5 ; 

if ^ = 12Aj4-5, bx = 1, mod 3, giving a?, = 2, 

„ „ bx = 5, mod 6, „ a^ = 1 ; 

if jp = l2k-^7, 7x = 1, mod 3, giving ar, = 1, 

„ n 7a; = 5, mod 6, „ a^ = 5 ; 

if /> = 12^4-11, llaj = 1, mod 3, giving aj^ = 2, 

« „ 11a; = 5, mod 6, „ x^ = 1. 

Thus in the four cases the residue of the series = 0, 2, —2, 0, re- 
spectively ; and therefore 

J7,-3>^, + 3%-... + (-l)*^''-'^3''-^^j^.s) = 0, 2, -2, 0, modp, 

according as p = 1, 5, 7, 11, mod 12. 

48. Similarly, putting m = 4, 
^o-4»-^i+4%-...f(-l)»^-'>4^-^^4(,.3, 

--»{[|L-[f]J-[U--^- 
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Bj considering as in the two preceding sections the values of the 
residues according to the different forms of p, we find that 

j;-4'£;-i-4*j;-...+(-i)*^''-'^4^-'^4(p-3) 

= 0, -2, 0, -2, 2, 0, 2, 0, modjp, 
according as p = 1, 3, 5, 7, 9, 11, 13, 15, mod 16. 

49. Putting now r = 3 in the general congruence of § 42, and 
using the formula 

3-*'S^u (§) = (-!)"/. (§12), 
we find 

50. By putting m = 1, 2, 3, 4, and determining the separate 
residues exactly as in the case of r = 4, we obtain the following 
results : — 

(i.) 7o-7j + I,-...4-(-l)*^'-'^J4Cp-3,^0 or -f, modjp, 

according as p is of the form 3Aj + 1 or 3A;+2. This formula has been 
already given in § 39. 

(ii.) I,-2'/, + 2'/,-... + (-l)«"-»*2'-'7„,.„=0, modjp, 
for all values of p, 

(iii.) 7,-3'/,+-3*7,-... + (-l)«"-«3'-'7.(,.„ 

= 0,-1,0,0,1,0, modp, 
according as jp = 1, 2, 4, 5, 7, 8, mod 9. 

(iv.) I,-4«/, + 4%-... + (-l)*(''-»^4''-»I,e,.3, 

-0» -|, 1,0, modp, 
according as jp = 1, 5, 7, 11, mod 12. 

51. It may be remarked that in general, if jp is of the form Jcrm-j- 1, 
rB.(l)+mVB.(l)+mV5.(-i)+... 

...+»i'-V-»B,_j(i) =0, modp; 
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for in thiH case the value of the Hght- hand side of the formula in § 42 



2 2m 



52. The ^4'-formula eori^a|K>ndiii^ ta the B-formiLla of § 41 ia 

= («r)'-'r^: (1) +(ne)'-V.4j(i) +...+(nr)'C-M;., (i-). modp. 
whence, putting r j; = ^ — ^ 

' i 1 ..;(=±!)^.^;((rrll^l) } -^.; (i), -od,. 

53. By § 35 the right-hand side 

2m C ^ p I irm \ p / 2rm ) \ p ' fr* 

and therefore we find that 

rAi (I) + mh^A; (1) +mV^; (1) + ... -fm-^^-^;., (i) 



2m 



6\ modp. 



where -4 = or rm according as the least root of px = m + 1, 
mod 2rm, is ^ or > rm; B = or rm, according as the least root of 
px = (r —1) m + l, mod 2rw, is ;^ or > rm ; and c = or r, according 
as the least root of pa; = 1, mod 2r, is ^ or > r. 

54. Since 2'-UL., (i) = (-!)» -£•„ (§ 25), 

the formula becomes, by putting r = 2, 

Ji-m'^,+m*.£i-... +(-!)« "-"m''-'B,„.„ = ^ -C, mod;>, 

m 
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where A = or 2m accordiDg as j^?^ < or > 2m, 

= or 2 „ „ f— 1 < or > 2. 

Thus = or 2, according as p is of the form 4ft f 1 or 4ft 4- 3. 

55. When m = l, -4=f — ) =0, and therefore the series = or 
—2, modp, according as jp is of the form 4ft -|-1 or 4ft -f 3. 

When m = 2, -4 = ( — ) , which = 0, 0, 4, 4, according as jp = 1, 3, 
^ p /« 

5, 7, mod 8. Therefore the series = 0, —2, 2, 0, mod p, according as 

p = 1, 3, 5, 7, mod 8. 

When w = 3, -4=( — j =0or6, according as jp is of the form 
\p /u 

3ft +1 or 3ft -f 2. Therefore the semes = 0, 2, —2, 0, mod p, according 

as jp = 1, 5, 7, 11, mod 12. 

When m=i4, A = (—] , which = if o = 1, 3, 5, 7, mod 16, and 
\p h^ 

= 8 if jp = 9, 11, 13, 15, mod 16. Therefore the series = 0, -2, 0, 

-2, 2, 0, 2, 0, mod p, according as ;? = 1, 3, 5, 7, 9, 11, 13, 15, 

mod 16. 

These results agree with those already obtained in §§ 45-48. It 

will be seen that the second formula (§ 53) is simpler than the 

first* (§44). 



* Comparing the two formulee of §} 44 and 53, we find that they lead to the 
equation 

L P Jim LP Jim LP Jim 

This relation may be proved independently ; for, ii p ^ ikm -^-h, h being < 4m and 
prime to it, and if a^, bx^e^yye the least roots of the respective congruences 

Ax = m+1, Aar = 3m+1, Ax = 2m+2, mod 4iii, 

then A(rti + *,— fj) = 2m + A.4»i, 

whence a, + *i — Cj « - 2/n «■ ir . 2w, 

h 

M being an uneven integer. Now it is obvious that y cannot be > 1, for a^, bi, q 
Are all ^ 4fn, so that a^-^-bi— c^ cannot exceed 8m, and therefore we must have y » 1 . 

VOL. XXXIL — NO. 722. 
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56. Since 4="'Ji.„ (i) = (- 1)''2J', (§ 25), 
we find, by putting r ^ 4, 

where ^ = or 4wi, accoixling as ^^^— < op > 4ni, 
P = or 4m, „ ,1 — — ~ < or > *nt^ 

C = or i ,, ,, F— 1 < or > 4. 

As partictilar cases we find 

(i.) Po-P, + P,-... + (-l)*(''-^^Pi,p.3)^0, 1,-2,-1, modjp, 
according as 2? = 1, 3, 5, 7, mod 8. 

(ii.) P,-2^Pi-|.2*P3-... + (-l)*^-«J2'-'P^,p_,, 

= 0, 1, -1,-2,2, 1,-1,0, mod 17, 
according as jp = 1, 3, 5, 7, 9, 11, 13, 15, mod 16. 

(iii.) Po-3'P, + 3*P3-... + (-l)*^^-^^3''-^P4,,.3) 

= 0,-1,-1,2,-2,1,1,0, modi>, 
according as 2? = 1, 5, 7, 11, 13, 17, 19, 23, mod 24. 

57. For r = 3 the formula of § 55 gives 
J3,-m^ifi + m*H,-...+(-l)*^''-^^7^^^-^^4,._3)t 

2m L\ p /6»i \ p /«»' j \ jp /fl' 
from which we obtain the particular cases : 

(i.) J,-if, + H,-...+(-l)*<"-»'H„,.3, = or -I, modp, 
according as p is of the form 3A; -f 1 or 3A: + 2. 



♦ The value of Pq is 1 (§ 25) 
- - -26] 

/>vr. Z(w^. Math. Soc, Vol. xxxi., p. 229 



t The value of JSTq iw J (} 26). The values of Bn up to w =» 13 were given in 
th. Soc, Vol. ; 
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(ii.) J3o-2«J?i-f2^JJ,-... + (-l)*^''-'^2'-»JJ4,,.„ 

= 0,-3,3,0, modp, 
according eis p = I, b,7,ll, mod 12. 

(iii.) F,-3*ff,+3*ff,-... + (-l)Hp-3)3p.sjy^^_^^ 

= 0,-3,f,-f, 3,0, modp, 
according as p = 1, 5, 7, 11, 13, 17, mod 18. 

58. If jp is of the form 2krm -h 1, the right-hand member of the 
general formula is zero, for in this case each of the quantities -4, B, 
C (§ 53) is zero, so that we have 

r^l(i)+mV^j(i)-r-mVJj(i) + ...+m''-M;.,(i)=0, modp. 

The corresponding jB-formula was given in § 51. 

69. I have verified numerically all the formulae involving jE"8, 
Ts, P% and JJ's in §§45-50 and §§55-57 for the values 5, 7, 11, 
13 of p. 

60. If in §§ 41 and 52 we put rx = ml instead of — ), we obtain 

similar series, but in which the coefficients are descending powers of 
m*, viz., m'''\ 7/1*"^ wi''"*, ..., m^ Since m'"* = 1, modjp, we may also 

write these coefficients 1, -i, — r, ..., — —:. 



We thus find 



mr m* 



rA-, (i) + J,^^ (i) + i-y^i (i) + ... + -]-,,,-'a;.. (1) 

\ r / m^ \r f mr \ r / m''** \ r / 

2 
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whence, by §32| 

-i-*i["^],-m.}-[U'--'- 

•M(^).-r-^).}-(7l-"-- 

61, It will be Been that in the formul® (i.) and (ii-) the classifica- 
tion of p Ir much simpler than in the cori*esj>ondinpp foi-mula? of 
I §^2 and f>3, viz., the different cases depend upon the residue nf y, 
iTLQti r or mod 2r, instead of upon the I'eaidne of p^ mod mr or 
mod 2mr. Thus the number of cases is only ^ (r) or ^ (2r) instead 
of (inr) or (2mr), where <p (n) denotes the number of numbers less 
than n and prime to it. Not only therefore is the number of cases 
smaller, but the cases themselves are independent of m ; so that for 
any given values of ^^ andm the residue of the series, mod p, depends 
only upon the residues of p and m, mod r or mod 2r. 

62. Putting r = 4 in (i.), we have 

Denoting the right-hand side by 2?, we find, by putting successively 
m = 1, 2, 3, 4, that, if 2? = 4^•-|-l, then 

-R = 0, 2, 2, 0, according as m = 1, 2, 3, 4, mod 4, 

and that, if jp = 4A;-|- 3, then 

i^ = — 2, —2, 0, 0, according as m = 1, 2, 3, 4, mod 4. 

Thus the residue of 
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is given by the following table : — 





m = 1 


m= 2 


m = 3 1 m = 4 


p = l 


2 


2 





p-1 


-2 


-2 









n which the headings of the columns are the residues of m, mod 4, 
and the arguments of the lines are the residues of p, mod 4. 

Thus, for example, since 7 = 3, mod 4, the table shows that 

^.-^^.+ ^^.---t-(-l)'"-"7ir,-Ei„.,.= 2 orO, mod p. 
according as |7 is of the form 4fc-|-l or 4/: + 3. 

63. It is to be noticed that p must not be equal to m, and that the 
formula and the results given by the table require modification if 
p<m. For in § 10 it was necessary that I should be < p-hr, which 
in this case gives m + 3 < p-|-4, that is, p > m— 1. 

64. Putting r = 2, the fonnula (ii.) of § 60 gives 

from which we may derive, and in a simpler manner, the results 
given in § 62.* 

I have verified these results numerically for the values 1, 2, 3, 4, 
5, 6, 7 of m, and the values 5, 7, 11, 13 oi p, 

* Comparing the two formulse, we obtain the relation 

which may be proved independently by the same reasoning as that employed to 
prore the similar theorem in the note to § 55. 
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65. Pntting r ^ 3 in (i.) of § 60, we have 




From this formula we ohtain the followmg t^hle giving the residue 
of the Benea according to the residu.ee of m and p^ mod 3 ; — 





MSI 


■• = 8 


msS 


J^-l 





1 





p^2 


-i 









Thus, for example, for m = 5, which = 2, mod 3, we have 



1 



1 



^0- -5F^i+^ /,-•.. +(-l)»^''-^\^^^/»(p-3)^f or 0, mod^, 

according as ^ is of the form 3A; + 1 or 3A;-f 2. 

T have verified the table for m = 1, 2, 3, 4, 5 and p = b, 7, 11, 13. 
The results require modification if ^ < m. 

66. In this paper I have restricted myself to the consideration of 
the BemouUian functions B„ (a;) and A'n{x), when the suffix n is 
uneven. I have obtained also the residues of these functions in the 
case when n is even, but the results are more complicated, and I 
reserve their consideration for a separate paper. 



1900.] On the Quinquisectional Equation, 199 



Note on the Quinquisectional Equation. By L. J. BoasBS. 
Received and communicated May lOth, 1900. 

It has been shown by Gauss and Lebesgue that the tri- and qnadri- 
sectional equations for a prime p can be made to depend upon the 
resolution of jp into certain quadratic forms, the former depending 
on an identity 4p = Af + 27-A7', and the latter on an identity 

It is proposed here to establish a similar method for the derivation 
of the quinquisectional equation for primes of the form 5X + 1. 

In Vol. xviii., p. 215, Prof. Lloyd Tanner adopts the following 
notation : — 

where the X's are the roots of the quinquisectional equation and m 
is a fifth root of unity. Thus Fta = (w^, r) of Bachmann's KreU- 
theilungslehre. 
Moreover, qto denotes Fu>^/(Fi»fy, whence, by the general theorem 

of Jacobi*s, 

qta . qto* = p. 

Thus, putting g« = go + ?i <^ + 3s <»>* + 9s <^* + 3X» 

we have (see Vol. xviii., p. 217) 

Mi-+-9i9i+9898+3»24 + 542o = -^ 
Mf+?i9s + 9j94+9«(Zo + 9*9i = — ^ 

These give 

I6p = (4gro-gfi-58-gs-94)* + 5 (qi-qt—qi+q^Y 

+ 10(9i-gJ* + 10fe-9,)' 
and (4go-9i— g,-98-g4)(9i-9«-?8 + g4) 

= - (5i-74)'-4 (e,-94)(9s-es) -Hfe-gs)' 
i.e., 16p = a' + 56» + 10 (c^ + d«) ] 



(1) 



h. (2) 

where oft = — c*— 4c(i + <^ J 
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ipj a = ^^^qi — ?i — ^i~ ?i = &5« + ^1 

Equations (2), however, are not a unique repi-esentation of p in thi* 
form, siuce the cyclic symmetry in tbe ^*8 8how» that similar ex- 
pi-essions may be obtftined by rotatinpf the sut!ix@9, so that a might 
= 5?i + l, fc = 7,— 51—^4+ for &c. Moreover, if we were to treat the 
trisectional complexes in a similar way» we should only obtain the 
representation of ^in the form m^^Sn\ which is not definite enough 
to establish the trisectional equation. 

Passing on to p. 221 in YoL xviii., we find a modification of th© 
above results, depending on the fact that 

where the a's are all integera. 

The connexion between the a's and the g's is shown on p. 222, viz., 
5ao=-2 +3go-4X, 
5ai = 25rj-f q^'-4f\, 

2</4+ qt—^K 



5aj = 
5aj = 



5a^ = 

which gives 9i— ^j— ^8 + 74 = 5 {«! — a,— a^-i-cij = 5Z, say, 
2 (qi-qj - (q-.-qti) = 5 (ai-aj = 5m, say, 

(qx -q*) + 2 (5,-95) = 5 (a, - a,) = 5n, say. 

Hence equation (2) becomes 

16p = a^ + 125Z* + 50 (m' + n') ] 
aZ = m* — 4m»— n' J 



(3) 



We see then that every prime of the form 5\ -{- 1 can be expressed as 
the sixteenth of the sum of such multiples of four squares, which are 
connected by a single further relation. 

It remains only to show that such a relation is unique, and that, if 
it has once been obtained, by trial or otherwise, then the quinqui- 
eectionad equation can be derived from it without ambiguity. When 
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p is not large, (3) can be found by inspection, but, in most cases, this 
paper does not profess to offer an essentially simpler method than 
those established by Prof. Lloyd Tanner. 

To show that the representation is unique, we may observe that, if 

16p= {a + 5y.5/-|-2>/5(a,»-oi')m-f2y5(«-i.»*)n} 
x{a-f 5^5^-2 v^5(a;«-w»)m-2y5(«-w*)n} 
= a« + 125Z> + 50(m« + n«)4-10V'5(aZ-w«+4wn-i*«). 

Moreover, if a, )8, y, ^ be any integers, we have identically 

{o+5v'5Z+2^/5(«^-«»)m4-2v^5(«-w*)n} 

X [a+5V5\--J^/5(w«-a>»)/x-2V5 («-«.,*) v} 

= (aa-fl25ZA + 50mf«+50nv) 

+ 5 V5 (aX + aZ — 2m/x + 4fwii' 4- 4Ai V 4- 2»v) 

+ 2y5(w»-w»){-a/x + am + 5Z(/ii-2v)-5\(m-2n)} 

+2V5(w-w*){-a»'-foM-5Z(2/i + v)-f5X(2m+»)] 

= ^ + 5v'5.J&4-2V5(u,«-«^)M-f2v'5(«-«*)i^, say. (4) 

If, then, also, 16p = a' -f 125\« + 50 (/i« + »'•), 

where aX := /*'— 4fii' — v*, 

we see that, by interchanging italic and Greek letters in the left- 
hand side of (4) and multiplying the four factors together, we have 

256p«= {a« + 125Z«+50(7n,*+n^)] {a^^l2b\' + bO(fA^W)] 

= ^«-|-125X«+50 (iT+iV^), 

where AL = M^-LMN-N^. 

Again, if we change w into a/*, we get 

16p= {a-5y5Z-2^/5(u,-ui*)m + 2^/o(ia»-«u»)n} 

X {a-5%/5Z-f2y5(w-w*)m+2-v/5(«'-w»)n}. 

Now, if instead of w = e*'*, we suppose that 

w*-f w*+«'-f-w + l = 0, modp, 

and V'S = w-l-w* — w* — w*, 

it is clear that one of the factors in each of the products representing 
16p must = 0. 
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Without losg of generality, v^o may assume 

a- 5 v^& I = 2 yS (« - wO «i-2 v^5 (w*- w») n, 
and, similarly, 

a + 5 V'S X ^ 2 ^/5 (w'^-w*) ft + 2 V'S («-w*) V, 
ti-5V5X= 2 -/5 (ii^-6,*) M-2V5 («*-«») »-. 

Fi^m these four congraeuces, we see that 

is., aa. + 125iX + 50 {m/* + ?tv) ^ 0, 

while (o+5^/5Z)(a+5V5X)^(a-5v^5 0(«-5y5i) 

+ 20 [(o;«-«»)«-(«„-w*)»} (m/A-nK) 

= — 40^/5 (mi'4-/xn)+20v/5(m/i— nv), 

i.e., aX + aZ-}-4 (mi'4-A«n)4-2?u/i— 2nv = 0. 

Thus ^ = and L = 0, 

and, since, in consequence, 

W-\'IP = i) and W-AMN-N^ = 0, 

we see that 3/ = 0, i^ = 0. 

Let ^=Z7j?, L-Xp, M=Tp, N=Zp, 

so that 25V =P^ (IP-\-l2bX'-\-bOY^-\-b02P), 

256= Cr» +125X2 + 50 Y2 + 50Z*, 

where UX = Y^-^YZ^Z". 

The only possible solution for these equations is 

U=16, X = Y = Z = 0, 

so that aa + l25ZX + 50(m/Lt + ni') = 16p, (5) 

while L = M=N = 0. 

These last three equations give the ratios of a, X, /x, y uniquely in 
terms of a, Z, m, n, and, by inspection, we see 

a = fca, X = ikZ, /u = A:7?i, v = kn. 
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Bnt this redaces (5) to 

k (a« + 125Z« + 50m' + 50n«) = 16p ; 
therefore k = 1, 

Hence we see that the representation of 16p is uniqae. 

2. We may now obtain the quinquisectional equation in terms of 
a, Z, m, n. On p. 227, Vol. xviii., it is given in the form 

r*— l()p.Y»-5pS9wr»-f5p(p-2ga)g«»)r-jp23wgtoi5'«' = 0, (1) 
where Fhas for roots 5X^+1, 5Xi4-l, <fcc. 

Since g« qw* = p, 

we may put qto = -x/p e**', qw^ = V'l?— e"*»', 

and, similarly, gw' = Vp e^*, qw^ = Vp e"**', 

where we may suppose Vp to be the positive square root. Then 
2gw = 2 y/p (cos ^1 -I- cos 6f) 
l,q(aqw^ = 4p cos ^i cos ^, 

2g«g'«5«'= 2p/p (cos (2^i+^,) +cos (^i-2^,)} r • (2) 

= 2p y/p { (2 cos di cos ^,— 1) (cos ^1 + cos 0^) 
— 2 sin ^1 sin ^, (cos ^i — cos 0^) ] , 
Moreover, if Fw = Vp e*'*, Fw* = y/pe'*'\ 

then equations (8) and (9) on p. 217 are equivalent to 

201 = ^1 + ^,, 

2^, = ^,—01, 
whence 0i = i (2^i + ^,) , 

while r, = bj-''Fi»» + ia-''Fia^ + ut-^Fu/^-hu»-*''Fuf^ 



= 2 v^p I cos ^0,- y^r j +C0S (0,- y r) j , 



(3) 



where r = 0, 1, 2, 3, 4. 

This shows that any equation of form (1), whether quinquisectional 
or not, whose coefficients depend on (2), can be solved tri^OT\<S\Skftfec\si- 
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ally by tlie quinqukeotion of an angle 2^|4-tf, or 2^j — ^| dependin)^ 
on the coeffiuienta. 



Now 
whence 






^p sin ^, = (f , - qj Bin - - {q, - q^) ein ^ ; 

therefore p^mB^ Bm$^ — ^J" {c^-td-^) [ik § 1 (2)] 

4 

4 
By these relations the equation (1) reduces to 

-;>(|-(a«-6250-a;?-^^^^n| =0. (4) 

We may now return to our supposition that numerical solutions 
for a, Z, ??i, n have been found in the equations § 1 (3). In applying 
them to (4), it will readily be seen that a certain ambiguity arises as 
to the pi'oper sign to be taken for a and Vmn. The choice, however, 
can be easily determined from the following considerations. Since 

a = Sg'o + l = 1, mod 5, 

there is no ambiguity in its value ; and, if (Z, m, n) is a correct 
solution of § 1 (3), the only other sets of solutions are (Z, — m, — n), 
( — Z; n, — m), and (— Z, — «, m), all of which yield the same product 
Imriy so that (4) is not altered by these alternative choices. 

For instance, 16x331 = 6P + 125. P + 50 (5» + 2'), 

where 61 = 5*+4 . 10—4, 

so that a = 61 = 1, mod 5. 

Let then Z = 1, m = 5, n = — 2, 

fto that Imn = — 10 ; 
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we see by the above reasoning that all other possible choices of 
values for I, m, n would have given the same value for the product. 

3. It may be noticed that the representation of 16p in § 1 (3) 
depends upon the fact that p, a rational quantity, is found to be the 
product of two irrational factors qu> . gw*, which in general, for un- 
restricted values of the q's, would involve terms containing the square 
root of 5. 

The result may be generalized by supposing a case in which some 
rational quantity can be expressed as the product of two linear func- 
tions of a quadrisectional equation. 

Let n be any prime of the form 4/p-fl whose quadrisectional 
roots are 

^, = r^ + r^' + 7^%..., 
where r = <»^-"**^*, 

and g is a primitive root of n ; and let us suppose that 

and the **s are rational. 

Let i7o + '7i*'" + '72*^'" + '»»'^"' ^e vvritten i^i"*, where 
m = 0,l, 2, 3, mod 4 ; 
so that Fl = — 1, 

and 4»7, = - 1 -r Fi-^Fi'' -H Fi", 

4i,i = -l-iFi-i''r-hFi'», 
4i7, = -1- Fz-^Fl'-Fi^, 
4i7. =^ - 1 -i-tTi- Ft'- Fl\ 

Moreover, if «o-f-^,i"'-h«j*^"*+»8*^*^ ^® wiitten «i*, where 

m = 0, 1, 2, 3, mod 4, 
we have 

16/' = 16 (»o'7o-^-«i^i + »s'?j-fr"«ti78)K'^3 + *i'78+*8^oH-*8'/, ^ 

= (-8l'^sPFl'\'Si^F%'-^siFi^)(-8l-ti^Fi-^n'tr-''siFi^f 
= ('-sl-\-»i^Fv)^''(si^Fi'\-8iFt^)K 
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t is the (w*''*"^\ ^7) of WuchmHnuiiKreisihmluwj^hhre^ p, 84, imd 
Fi' = ''^H-iJi — %~% = v>, 

•e a*+fe'— ^, 

nee 16P = (^sl+8?^py- («'')' (a + W) Vp-(»i)» {a- hi) y^p 

<qaating rational and irratioual t«miBt we have 
16P = (^^+5^^,,+*J»+« (^^_,^+^_j|^i 

while 

These equations may be wntten m the form I 

AB = a(D'-a')-2bGD J 

Two cases of these relations obviously present themselves. 
Firstly, we may take the product 

(x — r) (x — r**) (x — r**) . . . 
x(a'-/)(a;-/)(a;-rO..., 
which can be written in the form 

while (x—r^^)(x — r'^) ... 

X(x— /)(aj-rO ... 
becomes ^o Vt + '^i ^78 + ^-2 % + ^'s ^71 » 

where 5^, ^1, 53, s^ are rational integral functions of x. 
16{x"—l)/{x — l) can be written as in (1). For instance, 

I6(ar"-l)/(a;-l) = (4.i:« + 2.r'^-5.r*-2.(''-.5.t-+2.r-f 4)- 

13 = 3H2^ 



(1) 
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16(ar»^-l)/(aj-l) = (4B» + 2a;7+10a^-3.c» + 8aj*-3aj» + 10aj* + 2a;H-4)« 

-34{(a^+aj»-2x*-ha!'-ha-)« + (a^ + 2a*-2aj* + 2iB'+«)*}, 
while 17 = V-\-4?. 

Secondly, we may apply (1) to the theory of n-sectional equations 
in general, where n = 4A;H-1 and is prime, and more especially when 
w = 5, mod 8. The results will have a close analogy to the theorems 
contained in chapter xx. of Bachmann's Kreistheilungslehre^ though 
it is not easy to see how far the result of p. 290 et seq, can be 
generalized. 

For instance, when w^5, mod 8, and P is a prime of form fen + 1, 
we shall obtain a relation similar to (19), p. 287, viz., 

where AB = a{D^''C')-'2hGD, 

and it is probable that in all cases the numbers A, B, Gy B contain as 
a common factor some power of P, reducing the identity to one 
analogous to (24) on p. 290, the representation being unique. 

Again, in what we may call the two-square representation of 
primes or their powers treated of in this portion of Bachmann's 
work, the primes of form 4A;-hl are omitted as leading to forms 
which are ambiguous in consequence of the Pellian equation 

1 = or' — ny*. 

In the present four-square representation, we can include some such 
primes unambiguously, viz., those which ^ 5, mod 8, but shall 
probably meet with a new Pellian ambiguity when the prime = 1, 
mod 8, depending on possible integral solutions of 

l = ^*-fnP2-2n((7' + D*), 

where AB = a {D*-C)-2bGD. 

It would be interesting to know how far the integral solution of 
these equations is possible, both when n = a^-\'b^ is prime and when 
it is composite, and whether any algorithm similar to continued 
fractions can be employed to determine such a solution. 
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Oti a Pmuliariiy of the Wave-SyBf-em due to ihs Free Vibration* 
of m Nucleus in an Extended Medium, By Prof, Horace 
Lamb, F.R,S, Read May 10th, 1900. Eaceived September 
21st, 1900, 

In a liuinber of physical pixiblems we have to do with a central 
body, or nucleus (asually taken to be spherical for mathematiGal 
mraplicity) ^ surronoded by vl niedmm capable of trn nam it ting energy 
in the form of wave.s. If an ag^itation be csonvmunicat^d to the 
nucleus in any way, waves will be started in the medium, and, owing 
to the energy which these carry off, the vibrations of the nucleus, if 
this be left to itself ^ will gi-adtially subside. As instances, we may 
cite the electrical oscillations on a spherical conductor,* or in a 
dielectric sphere of great inductive capacity,t and the vibrations of a 
pendulum or of a deformable sphere in a gaseousj or an elastic-solid§ 
medium. The point to be here considered arises in the interpretation 
of the analytical expression for the waves thus generated. Thongh 
simple, it appears to have occasioned some perplexity, and it has 
been suggested that a brief elucidation of the matter might be 
Acceptable. 

In all problems of the above kind the usual method of procedure 
is to assume a time-factor e'**"', c being the wave- velocity, and conse- 
quently 2irlk the wave-length (when k is real). The solution of the 
differential equations which hold throughout the medium then indi- 
cates that the amplitude of the disturbance at a distance r from the 
nucleus, great in comparison with the dimensions of the latter, is 
given by one or more terms of the type 

-e"<"-"iS., (1) 

r 

where S,^ involves the direction (only) of the radius vector r. The 
combination ct-^-r would of course be equally admissible in the index, 



♦ J. J. Thomson, Proc. Lond. Math, Sot., Vol. xv., p. 197 (1884); Jieeent Me- 
searches, \ 308. 

+ Camb. Trans., Vol. xvni., p. 348. 
^ Proc, Lond. Math. Soc, Vol. x\xii., p. 11. 
/ Zft^., Vol. xxxir., p. 120. 
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but is rejected for our present purpose as representing a system of 
waves travelling inwards. The admissible values of k are determined 
in each case by means of the special conditions to be satisfied at the 
boundaiy of the nucleus. It is found that k is either pure imaginary, 
or else complex with the imaginary part positive. In the latter 
case, writing 

fc = K •+• im, (2) 

and substituting in (1), we obtain, on taking the real part, an ex- 
pression of the form 

-^ e-»(*'--) cos K (ct-r + a) 8^. (3) 

r 

The circular function represents a train of simple harmonic waves 
of length 2ir/fc. travelling outwards with velocity c ; the factor 8n 
represents the variation of intensity with direction ; and the factor 
1/r represents the attenuation due to sphencal divergence. The 
factor e""^ exhibits the decay of the vibration at any place as the 
original energy of the nucleus is gradually spent in the generation of 
waves. The difficulty which has been felt relates to the factor e"", 
VI being positive. It is tiTie thatm is usually small compared with «, 
but, however small it may be, the exponential indicates unlimited 
inci*ease with r^ which will ultimately outbalance altogether the 
weakening due to spherical divergence. For this reason it has been 
doubted whether a solution such as (3) really corresponds to any 
physical reality at all. 

The explanation is tliat owing to the finite velocity of wave- 
propagation there is at any instant, in our unlimited medium, a 
region not yet reached by the waves, viz., that beyond a spherical 
surface of radius ct, where t is the time elapsed since the primitive 
disturbance of the nucleus. Up to the confines of this region the 
law of amplitude indicated by (3) is strictly applicable ; but beyond 
them everything is as yet quiescent. And within the i-eg^on occupied 
by the waves the amplitude at any point P will (except for spherical 
divergence) be less than that at a point Q further from the centre 
on the same i;'adius vector in the ratio e""'-^^, for the reason that it 
represents a disturbance which started later by an interval PQ/c, 
during which the vibration of the nucleus has been decaying accoi'd- 
ing to the law e"^"*. It is clear in fact that the two parts of the 
exponential in (3) iftre necessary concomitants. 

VOL. xxxij. — ifo. 72^6. P 
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Whea k h pare imagiaaryj the solution (1) tak^fi the form 



i»(p*-r> 



(*) 



The oolj novelty is that the vibration which is aooner or later started 
at any point is ** aperiodic/' 

To reduce the qnestion to its simplest form, we may take a one- 
dimensiQual analogy. Let us suppose th»t we have an infinitely 
long tense string of uniform density p, to which a mass M is attg<^hed 
at the origin {x = 0) ; and let us further suppose that any latei-al 
displacement of M is i-esisted not only by the tension (T) of the 
string, but also by springe fastened to fixed supports ; and let 2ir/cr 
be the period in which M would ost-illate if the sti*ing were absent. 
Everything being at rest to begin with^ let us truce the effect of a 
sudden blow pven to M at time f = 0. The equation of motion of 
the string will be of the form 



it' dx'' 



where c* = T/p, and that of M 



(5) 



(6) 



where the limit of dy/d,v, when x approaches from the positive side 
of the origin, is to be ijnderstood. For x>0, the appropriate solution 
of (5) is of the form 

y=f(ct-x). \ (7) 



If we put M = 2p6, the equation (6) gives 

/"(«)+ y /'(«)+ -J/ («) = 0, 

to be satisfied for positive values of u. Since when t 
y = for all values of x, it appears that for all negati 
we must have / (m) = 0. The solution of (8) is 



(8) 

= we have 
ve values of u 



/(u) = Ce-^'^^cosKCu-f-a), j (9) 

the constants C and a being (so far) arbitrary. J^djoBting a so as to 
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make / (0) = 0, since M starts from its equilibrium position, we have 

for x<ct, y = Ge-^''-'^'^ sin Kict—x)] 

and for x > ct, y = J 

The formulae relate to the positive side of the origin. The circum- 
stances are, of course, symmetrical on the two sides. The figure is 
intended as a rough illustration, the amplitude being of course 
greatly exaggerated. 




We have assumed that o- > c/26. In the opposite event, the 
solution of (8) is 

f(u) = ^e-"»"-hBe-^", (12) 

where ^i j = - 1 ± /(I - ^\ (13) 

Adjusting the constants, we have 

for x<ct, y = ^(e-'"'t'*-J-e—«(''-'M 
and for x> ct, y =^0 J 



Thursday, June Uth, 1900. 
Lord KELVIN, G.C.V.O., F.R.S., President, in the Chair. 

Twenty-one ordinary members, three honorary members, and a 
visitor present. 

At the request of the President communications were made by 
Prof. Klein (" On the Continuation of the Edition of Gauss's Collected 
Works ") ; by Prof. Darboux (" Sur diS^reuta YyoW^xxi^^ t^'^M^^ ^x«^ 

p2 
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TrBTiBformntioDs de TEapace et aax Defonuations finis de la Mati^re et 

Bur leuv mpports avec la Theone des Syet^raes tHplee orthoj^oeaux) ; 
and l>y Prof. Poincai-e ('* Sarquelques Thtkji^ines relatifs a TATialysia 
Sitiig et surles proprietea des Poly^dres daiiH TEspace k plus de titJis 
dimenaionp''), ProfesRora Darboux and Poincan* were admitted by 
acclaniatioiit and thanks were voted t^l all tliree gentlemen for their 
CO m nm □ 1 ca Ho n 9 . 

Thanks Avei^e also voted t*^ Prof. Sirioj^haBi, of California, for his 
remarks ou ** A Proof by uou- Euclidean Geometry of the Focus and 
Dircctnx Pi\iperty of Plane Sections of a Cone." 

Pi-of. Elliott communicated some notes on '' Concomitants of 
Binary Quanties," 

Lord Kelvin communicated the following papers by leading out 
their titles v — 

Some Jlultiform Solutions of the Pai'tial Differential Equatioue 

of Physical Mathematics and their Applications, Part ii,, 

by H. S. Carslaw. 
Some Quadrature Formulae, by W. F. Sheppard. 
Extensions of the Riemann-Roch Theorem in Plane Geometry, 

by Dr. F. S. Macaulay. 
On the Invariants of a certain Differential Expression connected 

with the Theory of Geodesies, by J. E. Campbell. 
On the Transitive Groups of degree m and class w— 1, by Prof. 

W. Bumside. 
The Invariant Syzygies of Lowest Order for any Number of 

Quartics, by A. Young. 
Canonical Reduction of Bilinear Forms, by T. J. I*A. Bromwich. 
The Energy Function of a Continuous Medium, by H. M. Mac- 

donald. 
Note on the Representation of a Circle by a Linear Equation, by 

J. Griffiths. 
The Stress in an ^olotropic Elastic Solid with an Infinite Plane 

Boundary, by J. H. Michell. 

The following presents were made to the Libraiy : — 
** Educational Times,'* June, 1900. 

** Indian Engineering," Vol. xxvri., Nos. 16-20, April 21 -May 19, 1900. 
** Mittheilungen der Matheraatischen Gesellschaft,'* Bd. iii., Heft 10 ; Hamburg,. 
1900. 
'* Proceedings oi the American Philosophical Society," Vol. xxxvin.. No. 160,. 
December, 1897; Philadelphia. 
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** Mathematical Gazette," Vol. i., No. 21 ; May, 1900. 
**Periodico di Matematioa,** Serie 2, Vol. u., Faac. 6 ; Livomo, 1900. 
'*Traii8actioiiB of the American Mathematical Society," Vol. i., No. 2; New- 
York, 1900. 

The following exchanges were received : — 

** Proceedings of the Royal Society," Vol. lxvi., No. 429 ; 1900. 

*' Rendiconti del Circolo Matematico di Palermo," Tomo xiv., Fasc. 3, 4 ; 1900. 

** Bulletin of the American Mathematical Society," Series 2, Vol. vi., No. 8, 
May, 1900; New York. 

^'Rendiconto dell* Aocademia delle Scienze Fisiche e Matematiche," Sorie 3, 
Vol. VI., Fasc. 3, 4 ; Napoli, 1900. 

*' Journal fur diereine und angewandte Mathematik," Band ozxn., Hefte 1, 2 ; 
BerUn, 1900. 

** Archives Neerlandaises," Serie 2, Tome ni., Liv. 5 ; La Haye, 1900. 

'*Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 1, Vol. ix., 
Fasc. 8, 9, 10 ; Roma, 1900. 

'* Nyt Tidsskrift for Matematik," B. Aargang n., Nr. 2 ; Copenhagen, 1900. 

** Proceedings of the Physical Society," Vol. xvii., Pt. I ; April, 1900. 

** Sitzimgsberichte der Konigl. Preuss. Akademie der Wissenschaftenzu Berlin," 
1-22 ; 1900. 

** Proceedings of the Camhridge Philosophical Society," Vol. x., Pt. 6 (Lent 
Term) ; 1900. 

*' Nachrichten von der Konigl. G^esellschaft der Wissenschaften zu Gottingen," 
Heft 3, Math.-Physikalische Klasse ; 1899. 



Notes on Concomitants of Binary Quantics, By E. B. Elliott. 
Read and received June 14th, 1900. Received, in recast 
form, July 30th, 1900. 

1. Too little attention has, perhaps, been devoted by expositors of 
the English method to any concomitants of binary quantics except co- 
variants and invariants ; the fact that the connexion between cogredi- 
ency and contragrediency in the case of pairs of variables is of a very 
simple nature, and that, for instance, any homogeneous contravariant 
is made a covariant by a mei'e substitution for the variables, having 
been regarded as making the consideration of other concomitants 
than covariants a matter of secondary interest and importance. Thus, 
while in respect to a ternary quantic it has been made a fundamental 
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consideration that the eyatera of leading" coefficients in concomitant-s 
pnre and mixed is the system of invariants of an auxiliary binary 
ByRteniT ^^^1 that the system of leading cxjefEcients in co variants in 
particular is to be extracted from that system of invariants by means 
of an additional fact of annihilation by a differential operator, it has 
not, as it seems to me, beon adequately enforced that the answer to 
the inqnirj : What gradientB in the coefficients lead conix>mitants pui*e 
and mixed of a binary quantic ? is : ^1^^ gradients. The elucidation 
and examination of this fact occupy Section I. of my notes. 

Again^ it has, perhaps, when noticed, been genei^Uy regarded as a 
mere coincidence that the whole number of semin variants (including' 
in variants J of au}^ degree i of a binary ^-ic is also the number of 
terms in the most genei-al gradient of degi-ee / and of weight equal to 
whichever in integral of ^ip &nd ^{ip — l) i the fact being that the 
most general gradient in qneation, with arbitrary coefficients, may be 
sepai^ated into parts which are coefficients in the covanants led by all 
those Beminvanants, and so have a one-to-one correspondence with 
them. Facts like this occupy my Sections II. and III. The separa- 
tion into critical parts of general gradients is effected in Section II. 
by means of repeated differential operations ; and, from any gradient 
with its full number of arbitraries, an analytical formula is exhibited 
for that same full number of covariants in which parts of the gi*adient 
are coefficients. In Section III. an almost purely algebraical method 
of effecting the separation is exhibited. The investigations may be 
regarded as coraplementaiy to a theorem of separability given and 
applied by Hilbert (Mathematische Annalen, Vol. xxx., pp. 15, &c.). 

A good deal of preliminary exposition of known theory has been un- 
avoidable. The so-called " English," or non-symbolic, method has 
been followed throughout; the aim of the paper distinctly being to 
call attention to some neglected lessons of that method and to pursue 
its development. 

I. 

2.* Let $, rj be contragredient with x, y. Take K a rational 
integral function of jj, y ; ^, 17 ; a,,, aj, a,, ..., a^, which is a con- 
comitant of 

u = (ao, a„ a^, ..., a^)(x, y)". 



^ At the suggestion of a referee much of this article has been rewritten, so as to 
base what follows entirely on the infinitesimal transformation. At his request I 
JiMve Also elightlf altered the prefatory article. 
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The essential properties of K can be written down by expreesing its 
invariancy, but for a factor, when we apply any infinitesimal — and 
therefore when we apply any — linear transformation. If 1 + X, ft 
and X', 1+/*', where X, /i, X', fi are infinitesimal, be the coefficients of 
the new variables X, Y in the equations of transformation, we 
express this invariancy by saying that, when we substitute in K 

(1— X) aj-/iy, — X'a:-f (1 -/i') y for «, y, 

(H-X)f-hX'i,, ^(-^(l + fjt')r, for f,i7, 

and arH-/ira^-i + X'(p— r) a^^i-h{X(|>— r)+fir}ar for a^ 

(r= 0,1,2, ...,p), 

we reproduce K multiplied by a factor which is, to the first order, of 
the form 1-f 6X-|-6'X'-hcfiH-cV» where 6, b\ c, c are numerical. The 
necessary and sufficient conditions which follow, the infinitesimals 
being independent, are, from the coefficients of /a, X', X, // respect- 
ively, that 






a . . a a ..a 






{- 



a +2a.l-+...+pa,A-j,|-+,|.}ji: = cir, 



a 

^ I — *-j ^ I • • • I i"^p ^ jr ^ ' '' ^ 

coj do, da^ oy 017 



where, in Sylvester's notation which I have used elsewhere, 

a 



O = ao^-f2ai---h. 



O^pa,— -h(p-l)a, - + ... + a,^ . 

oa^ ooi dOp.i 

The first two conditions can only be satisfied by taking c = 0, 
6' = 0, as the terms of highest weight in K (regarding x : y and 17 : ( 
as of weight 1) cannot occur in the left-hand side of the first, or the 
terms of lowest weight in f in the left-hand side of the second. Thus 



0+4 -y I- 

Oq OX 



(1) 
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annihilate A". Hence also their alternant 



-(°^-|)("^^^'|)- 



i.e., the operator 



I va^ dflj Uf^p ^ 



H4r4)-('IA'^' <»> 



atimhilatcs K. But this ie the diftuifjuce of tlie two operatoii* whose 
effects on K as above are to multiply it by h and c respectively. 
Hence c' = 6 ; and the factor in the expression of invariancy for the 
infinitesimal transformation is 1-f 6 {\-\-fi), i.e., is a power of the 
modulus 1 -f X + /x'. As the product of the determinants of a 
succession of linear substitutions is the determinant of the resultant 
substitution, the factor is still the &th power of the modulus in the 
expression of invariancy tor any finite linear transformation. 

Thus the necessary and sufficient conditions that AT be a con- 
comitant are that it be annihilated by (1) and (2), and therefore by 
(3) — a group of three operators of infinitesimal transformation — 
and that 

C 



a,— -f2a3— +. 



Ottp Oy Cr) 



(4) 



have the effect on it of a numei-ical multiplier h. 



Let Cr,^ be the coefficient of <:c''t/$^rj'' in K. The annihilation by (3) 
tells us that the degree i and weight tv of every term in Crg^, are con- 
nected with the indices by the relation 



and the fact as to (4) tells us that 

w-\-a-—s = 6 = const. 



(5) 
(6) 
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In particular if, as we shall see must be the case, there is a part of 
K free from y and ly, then, for every term Ci^x^i^ of such part, 

tc; = 6 

= ip — w-^m'—m 

= ^{ip + v,'-m). (7) 

This constant is, we have seen, the index of the power of the modulus 
which occurs in the general expression of invariancy of K. 

We now introduce appropriate conventions in supplement to the 
above necessities. Denote by degree, order, and class respectively 
dimensions in a^, a^.a^y ... a^, in a:, y, and in f, 17. Linear transform- 
ation leaves degree, order, and class unaltered. If K contains parts 
of different degrees, orders, and classes, the transformed parts have 
in each case their old degree, order, and class. The property of 
invariancy possessed by K must be possessed by all those parts sepa- 
rately. Though, then, the only limitation on freedom of degree, 
order, and class which must perforce hold throughout K is 

p times degree -f class — order = const., (8) 

which is obtained from (5) and (6) by elimination of ti7, we introduce 
no real incompleteness of systems of concomitants by conventionally 
preferring to speak only of concomitants which are of one degree, one 
order, and one class throughout as simple concomitants, regarding 
more complex concomitants with the same constant in (8) as linear 
functions of simple concomitants with the same power of the modulus 
required in their expressions of invariancy. Henceforward by con- 
comitant we mean, as a rule, " simple " concomitant. 

3. Take then a concomitant 

K= Cx' $''+... = (C, ...)(x, y)^ ((, ,)•', (9) 

which is of one degree t, order w, and class vr* throughout. 

The leading coefficient C cannot be wanting. For the annihilation 
of iTby (1) tells us among other things that the terms of highest 
degree in ( are free from iy, and the annihilation by (*2) tells us that 

these terms are annihilated by 0— ar — , so that the part of them 

Cy 
which is of highest dimensions in x is free from y. Thus G #^0. 



218 Prof, E. B. Elliott an [June 14, 

Morecwei% tlio K led by Csc^i^ ie unH[ue. Other wise there wotild 
be a oi^nc'omitiint K^ - /l, with no j.'^£^ term. 

ig of one weight throughout by (7), *knd thiis weight is given in 
terms of the other ohftrftcteriitics of J^ by 

w = I (ip + cr'-- «r) . (W) 

We shall presently see that there ifl no other I'ostnction OD the 
giTidient C. 

Given C and the order and class, all tlie othtn* eaefficient« in K ean 
he derived. In fact, the whole concomitaat may he written in either 
of the forma 

K = ^^^if^^^^^^f^^ r'«^^^^" e, (U) 

= l-'u-CilXfl- If */S*)a.*e* '^ C. (12) 

These expressions are affoi-ded by aa anftlysiB of the annihilatTOii rtf 
A^ by (1) iiikI (^}. TJie former expresses K aw tliH covariant of u 
and ix-\-r)y which has for leading coefficient a seminvariant of t* and 
(x-\-riy derived from 0, and the latter has the correlative con- 
struction. Other forms to which (11) and (12) respectively reduce 
by Taylor's theorem are 

j^^^tr-w'^^^^^^^w'^v'xO^-nx,(fx+>»y)nO, (18) 

two expressions which are known (see my Algebra of Quaniics^ §99) 
to be equal when C is any gradient for which (10) holds. 

Here, by (10), m — m' = ip—2ii\ Let tor, m' be ip—%c-\-k^ w^k 
respectively, where k is zero or a positive or negative integer. Then 
I have elsewhere shown {Algebra of Quantics, he. cit.) that the equi- 
valent forms (13), (14) have for another equivalent 

K= (ix-\-r,ij,''C(A,, .4., J„ ..., A,), (15) 

where {A^,A^,..,,A^)(x\yy = (a^, a,, ..., ap)(.rx-r]y\yx-\-iyy\ (16) 

and G{A^yA^. ..., Ap) is the same function of Aq, <fcc., as C is of a^, <kc. 
[Here k can be negative only when C(A^, A^, ...yA^) is divisible by a 
power of (x-^-rfy.] Thus K can be at once written fi'om Gx^ ^' 
either by differential operation or by substitution. 

So much when C, w, w' are given. 

When an appropriate G alone is given — we defer till the next 
article a proof that all gradients G of one degree and one weight 
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throughout are appropriate — m and ttr' are, of course, not arbitrary 
positive integers. Neither are they detenninate, as (10) only gives 
their difference m—m'^ip — 2w. TBere are smallest admissible 
positive or zero values of m,n/ ; but these smallest values may be 
increased by any, the same, number, and a concomitant K obtained as 
above. 

By (11) or (13) tar' must be at least equal to the index of the 

highest power of O which does not annihilate C. For, if O* '*'*0 ^ 
but 0^'+*^**"^ = 0, where k>0, (13) would contain a part which is a 
numerical multiple of 

i.e., a part of negative degree in (x-hvy, against which no other part 
could cancel so as to leave the whole integral. In like manner or 
must be at least equal to the index of the highest power of which 
does not annihilate G. These lowest admissible values of or', tar are 
cei-tainly not greater than w and ip—w respectively ; but for par- 
ticular O's they are less. If, for a given appropriate (7, w— A/ is the 
smallest value of v/ which, with the corresponding 

m = tp'^2w-\-v' = ip—w—k^ 

suffices to make K integral, then ip—w — kf is the smallest value of m 
which, with the corresponding v/^m— (ip—2to) = w^k\ suffices. 
Moreover, in this case neither O"'"*' nor Qv-'*-*' can annihilate C, 
Otherwise, to take the first supposition, (13) would tell us that K has 
the factor (x+riy, which could be removed, and leave a concomitant 
K-^ {$x-\-riy) led by G and of lower class than the lowest possible; 
and, in like manner, as to the second supposition. We have then 

Q-*'0:5fcO, ft"'-*'*^a = 0, 
ffP-^'k'Q^ 0, O*"— *'*'C = 0. 

4. We have now to see that every gradient is appropriate for 
some value of tar— tr' or other; in other words, that every rational 
integral function of the coefficients a^y 0^^ a^y ...^ Gp which is of one 
degree i and one weight w throughout leads a concomitant. This 
will be proved by showing that the A^ A^, A^ ..., .4^ of (16) are con- 
comitants, and have for their leading coefficients a„, o^, a,, ..., o, re- 
spectively. This will establish that every homogeneous isobaric 
function of 00^01,0^^ ..., a^ leads a concomitant which is that same 
function of A^ A^, ^, ..., A,,, 
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Ft'om (16), we have 

and, for r — 1, 2, ...,^1 

- ^ _1 U 3 _ d_Y 

the leadinj^ term in winch is a,, a■''~''f^ 

Now these ai-e all ooucomihints of u, the power of the motlultlB , 

in tho expi*efision of invarinncy of A, being If^- For the poIari»itt|^1 

8 3 

operator i ^ -- is an invai-iant operator of modulus M, In fact, 

from ^^ ^^ 

a- = IX+mY, y = VX+ in.' 7, 

S = i^ f l\ H ^ mf -f mVy, 
it follows at once that 

We may also form the same series of concomitants backwards, start- 
ing from the last, the contravariant 

A^ = (a,, a^.i, ..., a^)($, —qY, (19) 

and producing, for r = 1, 2, ..., p, 

a 



A,.r^ 



pip- 



1 / d cy, 

-~_ ^ ty--x — ] A^. 
■I) ... (p — r+i) \ c$ Orj' 



(20) 



Hence, if we take any homogeneous rational integral function, of 
sum of suffixes w and of degree i, of A^, J^, ..., Ap, we obtain a con- 
comitant whose leading term is the same function, of weight w^ of 
a^, a^j ..., a,, multiplied by x*'"'"'$"', and for which the power of the 
modulus in the expression of invariancy is M'\ 

In particular, by way of example, the cubic 

aJ-\-3hx'y + Scxy'-]'dy^ 

has, besides itself, the concomitants 

(hx^ + 2cxy -\-dy^)i- (ax^ + 2kvy + cy*) rj, 

(ex f dy) $^ — 2 {hx + cy) (rj f (ax-\-b7j) »/^ 
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i.e., it has, including itself, concomitants with the leading terms 

oa^, bx^$, cxe, de, 

which may be rationally and integrally compounded so as to produce 
a concomitant with any homogeneous isobaric function of a, 6, c, d for 
its leading coefficient. 

There are then as many linearly independent concomitants of 
degree i, weight of leading coefficient w, order ip—w, and class w, as 
there are products of weight w of t of the letters a^, Oj, a,, ..., a^. 
This number is, as usual, written (w ; i, p). 

The number of degree t, weight of leader w, order and class m, m'^ 
where w = ip — w-^-k, m' =w-\-k, for a positive k, is the same. We 
have simply to multiply each by (ix-hvy)^- The set of (u? ; t, p) thus 
obtained is certainly complete ; for the leading coefficients are all 
linearly independent and as numerous as possible, and no two con- 

comitants have the same leader Cx ( . 

Linear functions C of the products of weight w can, as we well 
know, be so fonned that powers of the universal concomitant (x-\-Tiy 
occur as factors in the dei'ived concomitants of order and class 
ip^w, w. These factors may be removed, and concomitants of order 
and class 

m = ip — w^k', m' =z w—k! 

result. In particular, if ip—w>iu the covariants of order ip — 2w, if 
ip—w<w the contravariants of class 2w—ip, and if ip—w = w the 
invariants, are thus obtained. 

All concomitants of coui'se, except invariants, become either co- 
variants or zero when in them we replace f, i? by y,—x. The funda- 
mental ^-ic concomitants Jq, A^, -4„ ..., ^^ all of them thus become u 
itself, but for numencal factor's. Those concomitants which become 
zero on the substitution have $x -h rjy for a factor. 

5. We have still to consider what are the concomitants of 
lowest orders and classes which have leading coefficients of weight 
and degree w, i ; in other words, to consider what are the concomi- 
tants, with such leaders, that cannot be rationally and integrally 
expressed in terms of other concomitants and the universal con- 
comitant ix-^tfy^ or in terms of which and ix-^-qy all concomitants, 
with such leaders, can be rationally and integi^ally expressed. 

Take any covariant 

(0^, G..,„ ..., a,.^)(«, y)*'-^-, (21> 
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in whiub suffixes indicate weight, and in which the degree iB u We 
will asfiuro ournelvea tliat the coefficients of weijfht it? in such co- 
variants ai-e tho leading coefficients of the couoomltanta in quesiloa, 

Tho fueffit-^ients in the co variant before us lead oonc*>niitiiiits for all 
of which ip—'Iw' m the sum w+w' of order and class. Ln fiiut, the 
invariant operator 

1 (^d _ dy 

Cr = l,2 ip-gw-) (23) 

deiivea fmni (21) a seines of concomitants, with this sum of order 
and class, whose leading terms are 



of which the last is tlie contravariant derived from the covariant 
(21) itself by putting i, —rj for y, x, since the concomitant led by 
Ci,,.„.i*'"'^'^ must be unique. The general leading term may be 
Avritten 

C.^.ra^""""'*"''' f^ (r = 0, 1, 2, ..., ip-2w'). (23) 

If C„. is the most general semin variant of its type (w\ i), these 
concomitants all involve the same number of arbitraries as does 
C„*. For C.p_„,. does, as C^, can be denved ivom it by repeated 
operations with O, and so do all the intermediaries in consequence or 
in like manner. 

Now alter the notation by putting w for iv-\-r. We see that, if C^ 
is a coefficient in a covariant whose leading coefficient is C„.r, then 

C^x'^--"^'e (24) 

leads a concomitant. This cannot be divisible by ^x-\-riy, for the 
substitution in it of y for $ and —x for t) produces not zero, but the 
covariant led by G„.r' Moreover, no linear function of coefficients 
C^ in covariants led by different seminvariants G,c-n for the same r, 
can be equal to a linear function of coefficients G^ in covariants led by 
seminvariants with smaller r's : for operation with O*" would annihi- 
late the right-hand side of any such supposed quantity, but not the 
leh. Thus there ai'e at least as many concomitants (24?), with 
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linearly independent leading coefficients of type (tr, z), and such that 
no linear function of those of them of the same order and class, or, 
therefore, of all of them, is divisible by ix-\-riy, as there are linearly 
independent semin variants of degree i and of all weights w—r 
between and ti; or and ip — 7v inclusive, according as 2w is not or 
is greater than tp. For every one m — w' =z ip— 2w;,and, for those with 
any admissible r, tir-ftir'=ip — 2(M7— r). Multiplied each by the corre- 
sponding zero or positive power {ix+rfy)^"'' of the universal con- 
comitant, they produce at least as many linearly independent 
concomitants for which nf—m'=^ip — 2io, m-^xir' = ip as there are 
linearly independent seminvariants such as described. 

First, suppose that u? ^ ^ip, so that vr—m' is not negative. We 
take it as established, by the usual consideration of the annihilation 
by 0, that the number of semin vanants of degree i and weight w—r 
(r = 0, 1, 2, ..., w) is not less than 

(w—r; i,p) — (w-r—l; i,p). 

In this case, then, the number of the linearly independent concomi- 
tants is not less than a number which is itself not less than 

rmw 

2 {{w—r\ i,p) — (w-r-l\ i,p)}, 

where (0 ; t, jp) = 1, ( — 1 ; t, p) = 0, i.e., than a number not less than 

{w\ i,p). 

But it certainly cannot exceed this number, which is the full number 
of arbitraries in the most general gradient of the type (w, i) of the 
gi-adients G„, Hence we draw all the following conclusions — for our 

present case of ip ^ 2w. 

(a) Every concomitant whose leading coefficient is of weight w and 
degree i has for that leading coefficient either a coefficient C„ in a 
covariant whose leader is a seminvariant C„.r of weight between 
and w inclusive, or a sum of such a coefficient G„ and coefficients of 
weight to in other covariants led by seminvariants of weight greater 
than w; — r but not grater than w. The coefficients C^, themselves 
lead a complete system of concomitants of degree and weight of 
leader t, w, and the order and class of the concomitant led by a C,r 
derived from a seminvariant 0„_r, when that concomitant has no 
factor (x-^-tfy^ are ip — 2w-^r and r respectively. The concomitant 
whose leader is the most general gradient of type (u;, i) consists of 
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the snm of arbitrary multiples of these ooncamitantft girea by co- 
efficients C«.. each multiplied by (^^^jftj)^*^ fur the cyjiresponding 
value of r assigi^ed by €'».,, ^^^ the whole multiplied by an ai*bitrary 
power of $x-\~T}ij. 

{P) The number of gradientg C^ which &re leading coefficienta iu 
ooncomitfints for wliich w = ip — 2w^r^ and consequeutly V = r, and 
Tio linear function of which has $x -j- >^y for a factor — or, as is the same 
thing, the nnmher of afiyzygetio uoefHcionis of ^*^'^*^^* iu co van ants 
of order ip—2 («?— r) — is exactly 

(«j— r; i,p) — (w—r-l\ i,p). 

Hera r lies between and -w incluaiv^en 

(y) The number of se mi n variants of type {w\ i) [w* ^w and ao 
^ ^ip] is exactly, and not merely not less than, 

We have further to consider cases when w>\ip^ so that «f — •r' is 
negative, and tliere are contra variants but not covariants led by 
particular orradients of the type of C„. In such cases Cu,.rt the 
seminvariant leader of a oovariant iu which a C„ is a coefficient, 
must be of weight between and ip — w inclusive. Thus r lies 
between 2iv — ip and w inclusive, and the number of linearly inde- 
pendent concomitants with leaders C„ is not less than a number of 
seminvariants not less than 



2 [(w — r; i\ p) — (ir 

r - 2m' - ip 



■i;»-p)}. 



i.e., than (ip — w; h p)j 

i.e. J than (w ; i, p), 

as in the previously considered cases. This number it also cannot 
exceed, for reasons as before. The number is then exact ; and we 
draw the conclusions : 

(8) The statement (a) holds equally when w > \ip, except that the 
seminvai-iant leaders G„.r^ mentioned in the opening sentence and 
later, are of weights between and ip—w inclusive, instead of be- 
tween and w. 

(c) When w>\ip the statement (j8) is replaced by: — The 
nzimber of gradients (\ which are leading coefficients in concomitants 
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for which w' = r, and coosequently w = r— (2ii;— tp), and of which no 
linearfunctionhas$B-f lyy fora factor, or, which is the same thing, the 
number of asyzygetic coeflBicients of x"'^^*"*^^ y"" in co variants of order 
ip—2(tv—r)^ is exactly 

(w-r; t, j9)_(M?-r— 1; t,p). 

Here r lies between 2w^ip and w inclasive. 

6. The above has all been stated in terms applicable to con- 
comitants of a single binary quantic u only. But the results for a 
system of binary quantics 

t*i = (ao, a,, ..., a,^)(x,yy% 

<&c., <fec., 

are exactly akin to those detailed. We have only to write in the 
analytical formulsB SO, 20, 2 (ip) for 1), 0, tp respectively. The 
convention inti-oduced to supplement necessities, corresponding to 
that introduced before (8) above, is that the only concomitants 
regarded as simple are those which, as well as being of one order and 
one class throughout, are of one degree ij throughout in a^, a,, ..., ttp^, 
the coefficients in the first quantic ; one degree i, in h^y 6„ . . . , 6^, those 
in the second quantic ; and so on. More complex concomitants ai*e 
linear functions with numerical coefficients of simple concomitants of 
different orders, classes, and partial degrees, for which 

2(ip)-i-w'— «^, 

which is double the index of the power of the modulus in the ex- 
pression of invariancy, has the same value. 

As in § 4, every coefficient in every one of the quantics leads a 
concomitant, for which «r' is the weight of the coefficient in question, 
and w -f- w' is the order of the quantic in which it occurs. Also thero 
are as many linearly independent concomitants of partial degrees 
tj, i„ ..., weight of leading coefficient w, order 2('p)— u?, and class 
Wy as there are products of weight w of tj out of a^, Oj, ..., a^,, t, out 
of boy 6i, ..., bp^y Ac. Moreover, as in § 5, every coefficient of weight 
w in every covariant of degree t leads a concomitant of order -h class 
= order of covarianty which concomitant cannot be reduced to one of 
lower order -\- class by division by (x-^rjij ; and these concomitants 
are a complete system for the type (Wy i) of leaders, in terms of w\vv5.\s. 

VOL. XXXII. -NO. 724. Q 
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Rnd£a* + ifj^, the moat genei'al coucomitant with the leader of type 
(w, I) cRii be nationally and integmlly expressed. To supply the 
uaceasary moditicftiion of wordings in cotLclnsions (a) to (e) ii »o 
dirdct that ii new f?tatemeiit ih ujiDeceeaary. 

n. 

7, We have now befot^e ua an intei-estini^ aspect of the fact that 
the number of asyy.ygetic seminvariaBtrS (inclndmg invaiiants if 
ip = 2w) Ljf degree * in the coefficienta of a binary p-ic, and of wpight 
not ex needing- the smaller of m? and {p^ti\ namely 

is also the niioiber of terms with arbitmry multipliers in th# moat 
general g-i-adientof type w^ i ; and in particular that the whole number 
of somiuvftnuntH of degree i (including invariants if there be any), 
namely 

according as ip is even or odd, is equal to the number of terms in the 

most general gradient of type f-^, i\ or r^T" , i\, according to 

this evenness or oddness. The explanation has been seen to be that 
every seminvariant of degree i leads a covariant, that every coeflBicient 
G„ of weight w which occurs in any such covariant leads a con- 
comitant of a fundamental character, that all these coeflBicients (7^, 
for the same w^ are linearly independent, and that there are as many 
of them as there are terms in the most general gradient of degree i 

and weight w, namely {w ; t, p). Now, if ip ^ 2tc7, the seminvariants 
which lead covariants involving coefficients of weight w are those 
whose weight does not exceed w. [If, on the other hand, ip < 2tr, 
they are those whose weight does not exceed ip—w, and they are 
(ip — w ; I, p), or still correctly (w ; i, p), in number.] We will con- 
fine attention for the present to cases of ip ^ 2w. 

A problem which presents itself for solution is the separation of 
the general gradient of degree i and weight w (^iip), containing 
(w ; t, p) arbitraries, into its parts containing respectively 
(w; z,jp) — (w— 1; i,p), 
(w;— 1; i,^) — (u; — 2; i,p), 
&c., (fee, 
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arbitraries which are leaders, second coefficients, <fec., in covariants, 
i.e., which are semin variants leading covariints of order ip—Hw, 
leaders of concomitants of order tp — 2w-hl and class 1, those of con- 
comitants of order ip - 2m; -I- 2 and class 2, &c. 

A method is afforded by Clebsch's process {Binare Formen^ § 7) 
for the expansion of a fonn, in two pairs of variables, in powers of the 
determinant of those pairs, with coefficients in the form of polars of 
forms in one of the two paii-s which are themselves polars. Thus by 
one of (11) to (15) write down the concomitant Z", of order ip^w 
and class u», which is led by the most general gradient of degree i 
and weight w. This by Clebsch's method can be expanded in the 
form 

:i>.<^.w)-(,|-.|)-"(.i-,|)-(4.^j-x 

The leading coefficients of the concomitants which are here multiplied 
by the various powers (i«H->7y)"*, for m=0, 1, 2, ..., w^ are the 
linearly independent parts required of the general gradient which 
leads K. 

But ^hat we seek is to separate the general gradient of given 
type into its critical parts by means of differential operations with 
regard to Cq, o^, a,, ..., a^^ and to construct the covariants in which 
the parts are coefficients. 

8. Take G the general gradient of degree i and weight w {'S. i*p)» 
a sum of [w ; i, p) arbitrary multiples of coefficients. It is known 
(c/. Algebra of Quantics, § 128) that, because tp- 2tr > — 2, CIG, Cl*G, 
..., iVG are all general gradients of their types, and so contain re- 
spectively (to—l; iyp), (w;— 2; i, p), ..., (0; i, p) = 1, arbitraries. 
There are then numbers 

(w; i,p) — (m7— 1; i,j)), 

(w-l; i,^) — («;— 2; I, p), 



(1; i,^)-l = 0, 
1, 

of arbitrary multipliers in parts together constituting O, which parts 
are respectively annihilated by O, by O* but not by O, ..., by O* but 
not by 0*"\ and by O***^ but not by O"; i.e., 6? is tb^ ^vitql ^1 NiXi^v^ 

q2 
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above nambefs of arbitrarj' multiples of sets of terms, and so alto- 
gether of {w I i^ p) BetiB of terms, whicb when operated on repeatedly 
by Q give eventuaUj sam in variants (each at the stage before the one 
which effcct.s annihilaiion). The whole nimibei' of eein is the 
jmmbei' of terms in G. 



Now {Algebra »/ Quaniiet^ §§180^ 181) tbe operator 



, _ no 00*0 



r.2*.3 



r.+- 



(2S) 



actings on G pmduces a sura of arbitmry nfiultiplefi of all the semin* 
variants of tlegree t and weight w; the same opei-at^r on ilG^ the 
most genemi gradient of type («? — 1, i"), produces a sum of arbitrary 
multiples of all the aemiu variants of degree i aud weight ta - 1; the 
same ou QV? those of degree t and weight to— 2, and so on. The 
orders of corarianta led by sero invariants of the types of G, QG^ Q*G^ ... 
are zp -2«7, I/? — 2;f + 2, rp — 2ir f 4. ..., respffctivelj. Thus, if A^, X,^ 
X„ ... be any (assigned or arbitrary) numerical quantities, 

(26) 

is a sum of arbitrary multiples of the leading terms of all those co- 
variants (including invariants, if tp = 2iv) of degree i in which there 
are coefficients of weight ic. 

Again, e"'^ operating on a leading term produces the whole co- 
variant led. Thus 

(27) 

is, whatever assigned numbers \q, X„ X„ ... be, a sum of arbitrary 
numerical multiples of all the (iv; i\ p) co variants described. 

Once more, the term whose coefficient is of weight t^ in a covariant 
where iS is a seminvariant of weight iv—r, is 



Thus 






G 



(28) 
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is, for any assigned numerical A^, A.,, ..., X^, a general gradient of 
type (w;, t) expi^essed as a sum of w parts of which the (r-i-l)tli is 
the coefficient of weight it; which occurs in the most general covariant 
of degree t and order i);— 2t(;-f 2r. 

G and (28) are both general gradients of the same type (w?, i). It 
occui*s as desirable so to assign the values of A^, Xj, ..., A^ that they 
may be identical. In order so to assign them we notice that, if 

where if^ (r = 0, 1, 2, ..., %v) is the coefficient of degree i and weight 
u; in a covariant of order ip—'lw + 2r led by 6V, then 

Sj» I O*"// 

" (i> -2w + 2r;(t^— 2M; + 2r-l) ... (ip--2u; + r-|-l) ""^ 

and that the operator (25) acting on SV reproduces it exactly. Also 

and n'-(JEr,.»-|-if..2+...-HHJ 

is annihilated by (25), because it is of the form OF (cf. Algebra 
of Quanttcs, loc. cit.). Thus we secure what is desired by taking, 
after A^ = 1, 

^ ^ 1 ^ {ip-2w-hr)l 

" (ip -2w -h 2r) .. . {ip - 2M» + r+ 1) (ip - 2w-\'2ry. ' 

Accordingly, 

r1:or\{ip-2w + 2r)l \ V ^ V,2' -} "^ ^ ) 

is what exhibits G as separated into the derived sum of coefficients 
in covariants. 

Perhaps, however, it is best so to choose the X's that G may be 
split up into a sum 

G = Go + G.-h^.-^G^, 

in such a way that Gr multiplied by . its appropriate binomial co- 
efficient \^."" — ; 4^ is the coefficient of weight w, i.e., the 

r!(ip— 2u;-hr)! ® 

multiplier of a?''"***^'y'', in the general covariant of order ip—2w-\'2r 
occurring in the sum (27). The partial G\ are thus C^'s of § 5. In 
this notation 

r! 




F^o that we Kay© u> take A, = -^ ; 

rl 

thu. obtain = r jjjl^ (l- I? + "^ - • ) "'<'• f 301 

AS the sepaitLtioii ol G into partR as req aired, 

Tbe Bum of the covarifttits witli tbe multiples of parts 

for coefEcientg of weif^ht iv in them m thus from (27) 

The sum of the covaiiants with the actnat parts of G for coeffioiente 
of weiglit w in them is in like manner written down from (27) by 
fitibstitntine' , . „ „ , . 

^ = T^^ — o . M . for r = 0, 1, 2, ..., «;. 



9. The consideration of the extreme case when w is whichever is 
integral of ^tp and^(ip— 1) is of special interest. It in fact gives 
us all CO variants (including invariants) of degi'ee i in one formula. 

Firet, if ijp is even, so that there may be invariants. There are 

altogether ( -^ ; h p\ co variants and invariants of degree i in the 
coefl&cients. Take G the most general gradient of degree % and 
weight ^. It involves just that same number (■^; hV) of arbi- 
traries. The sum 



,v.o(i_oa^^_ yj^^.„.^^ 



(32) 



contains, for any chosen non- vanishing numerical values of the Vs, 
that same number of arbitraries, and is the sum of arbitrary multiples 
of all the covariants and invariants. In particular, by taking 



K = 



(2rj! 



(r = 0, 1,2, ...,ii;), 



we thus write down from G the general sum of the covariants and 
invariants in such a way that G is actually separated into the sum of 
the coeSBcients of weight ^ip^ i.e., of the middle coefficients in the 
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separate corariants, &c., composing the sam ; the separation of 
in (question being 

"»*' - /- on , no'o 






(33) 



And again by taking A^ = — -- the separation of O is into the middle 

coefficients of the separate covariants of the sum, each divided by the 

(2r) I 
binomial coefficient ^ , which is appropriate to its position in its 
(r!) 

own CO variant ; i.e., into 






(34) 



In precisely the same way if ip is odd, so that there are no in- 
variants of degree i, but only covariants of the first and higher odd 
orders, the full system of covariants of degree i is 



pVi'O 



('-T^^-)'i:^--'-°'< 



(36) 



for any assigned non- vanishing values of the X's ; and the system of 
coefficients of «''*'y^ in such covariants, ?'.e., of coefficients of weight 

-^-— — in covariants of degree t, is 



r-4(»P-l) 



r-0 r! \ 1* / 



(36) 



The general gradient G of type r-2- — , ^ j is exhibited as the sum of 
parts which are the actual coefficients in question if we take each 

^ (2r-hl)2r... (r-h2)' 

and as the sum of parts equal to the actual coefficients each divided 
by its appropriate binomial factor if we take each 



10. We have so far in this section confined ourselves to weights to 
which do not exceed ^p. When, on the other hand, tp<2t(;, the 
reasoning in § 8 has only to be so slightly modified that repetition is 
hardly necessary. The general gradient G of weight w and degree t 
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cm J J* till be sep moated int'O pai-ts, eontammg itt tlio a^giiegate ihe sama 
no in her of arbitranea as does Q^ which mv cotifiicnents In linearjj 
independent tja variant led bj a em in valiants of degn^e i. These i 
BeminvanantB, instead of i-anging in weight from to w inclusive as'^ 
before, now range from U> ip—w; and the oi'dem of the ooyarianta, 
consequently, instead of ranging from i'p k> %p-^'2w indufiive, range 
fix>ni ip to ip—2{ip—w\ ue., 2tv^ip. In (2C) and {27} we have to 
omit the terttiH in 

which pi-ecede A^.^jr"*"'^'^*n*-^*''; 

in (31) to nmit the con'esponding terms ; Rnd in (28), (29) and (30) 
to replace the i-ange of aommation by 

S . 



With these modificationB the conclusions are as before. 

11. The reasoning and results of this section apply equally to co- 
variants and invariants of a set of binaiy quantics u^, fi,, n^, ... of 
orders p,, p^, jp„ .... We have merely to write 2fi, 20 and 
hPi-^hPi'^hPi'^ '" ^or n, and tp, whei-e i,, i\, i\, ... are partial 
deg^es in the coefficients of the quantics separately. We thus find, 
for instance, as in § 9, from the most general gradient of partial 
degrees t\, i,, t„ . . . , and of weight ^2 ip, in cases where this is 
integral, an expression for the sum of arbitraiy multiples of all the 
covariants, including invariants, whose partial degrees are i„ ?2» hy •••, 
and effect the separation of the general gradient, of the given partial 
degi*ees and whole weight, into parts which are the general invariants, 
and the middle coefficients of the general covariants, of these partial 
degrees and of the different possible orders from to %ip inclusive. 

III. 

12. We have exhibited compact analytical expressions for the 
separate parts of the general gi*adient of weight w and degree i of a 
binary ^-ic which are coefficients in the general covariants of degree i 
and the various different orders. A desideratum which still presents 
itself is the algebraic performance of the separation without often- 

repeated application of the opera to i*s O, 0. We shall see that one 
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operation with each, followed by the solution of algebraic equations, 
suffices. 

The fact which suffices to effect the separation is that, if i^ is a co- 
efficient in a covariant, OQF is a numerical multiple of F. We shall 
see, in fact, that if, for a numerical or vanishing Ic, such an equation as 

OQF=kF (37) 

has gradient solutions, then any such solution Fis & coefficient in a 
covariant, and conversely that all coefficients in covariants are given 
and can be discriminated by means of equations of the form (37). 

Suppose that F is a gradient (rational, integral, homogeneous, 
isobaric function) of degree i and weight w which satisfies an equation 
(37). We will first see that for this to be possible k most be either a 
positive integer or zeix). Wnte, as does Sylvester, i; for tp—2w, which 
is zero or integral, but is now allowed to be either positive or 
negative. 

It is a known fact (Algebra of Quantics, § 126) that, F being any 
gradient for which tp—2io = 77, and r being a positive integer, 

(ytrF= OQ(On-1.^2)(On-2.^"3) ... (On— r=^.^Tr)2'\ 

If then F satisfies (37), where k is numerical, it follows that 

0'^Q'^F= ^•(it-1.77 + 2)(A;-2.^T3) ... (it -7^^ .11"+^) F, (38) 

But for some value of ?*, and all greater values, 0''i^, and therefore 
O'iYF^ vanishes. This must at any rate be the case for r = m?H-1. 
One at least of the numerical factors on the right must then vanish 
when r = u7-fl. Let the first which vanishes be the (^ + l)th, 

where lo^t^O. Then 

k = t(ri-\-t-\-l), (39) 

a product of two integers, of which the first may be zero, but the 
second, as we shall see, cannot be. To be sure that k (if not zero) is 
positive we must assure ourselves that 1/4-^ + 1 is positive even when 
17 is not. 

To establish this, notice that O^F = kF together with the known 
identity 

{QO-(Xi)F=iriF 

necessitates ^OF = (ly -h A;) F, 
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Tims there is a companion identitj to (38) above ; viz., 

.-(iJ + A— r-l.r^)l\ (40) 

and it is necessitated ae above that tliei-e h a po&itiTe or %BVO f, 

Huch that , . . ., ,v /Jl^ 

^ + Ar=/'(-»j + y'+l). (41) 

From this and (Z9) we obtain, b}^ elimination of kt 

Heri.* r'4 / + 1 is not zera. Consequently 

which Ir not negative. Accordingly i^-h/ + l is a positive intejfer ; 
RTid therefore by (39) so is fc, unless t = 0, in which case k = 0, 

Having thus limited the possible valne8 of k in (S7)^ we have now 
to see that any gradient solution of the equation, with a proper A;, is 
a coeflBcient in a covariant of our binary quantic. 

First suppose that rj is positive or zero. We have 

Now, for 0'«'*^F, ip — 2w' is r/H-2 (/-|-1) -2X, which is positive if 
X< t-\-\. Hence, since cannot annihilate any gradient for which 



ip — 2w' 


> 0, it follows in succession from 




O'''n'*'F=0, 


i.e.. 


o.an*' F = o, 


that 


O'Q'*'F = 0, o'-^n'*^F = o, 



0'^ F=0, 

of which facts the last tells us that il'F is a seminvariant. It is not 
zero, for O'ft'F is not. The covariant which it leads is of order 

tp-2(w-t) = r)-\-2t. 

Also, since k—(s—l)(rj-^s) = t (rj-^t-^l)-(s-l)(-q-^s) 

we have from (38), by taking .<? = 1, 2, 3, ..., f, 

(yn*F=t{t-l){t-2)...l(rf^-t-}-l)(n-\-f'^2)..,0t-^2t)F, 

j^-0' n'F 

tl (ri-^t-\-i)...{ri-\-2t) 
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so that F is the coefficient of x"'*^y* in the covariant whose leading 

tenn is 

a;"*". (42) 



Q'F 



(i7-|-*-l-l)...(i7-l-20 

If t is zei*o, this does not apply verhally, hut F is then annihilated by 
n, i.e., is a seminvariant, or first coefficient in a covariant led by Faf. 
We have still to consider cases of 17 negative. It is best then to 
reason from (40). We have 

where t* =: rj-i-t. 

Now for i^'(y*^F, with X' < ^'4- 1, we have 

tp-2w' = 17-2 (^' + 1-X') < 17 < 0. 

Hence, by reasoning as before, 

(r^'F=0, 

I.e., (y'F is an antiseminvariant, the last coefficient in a covariant 
whose order is —17+2^', i.e., fi-\-2t\ and we obtain 

i| + fc-(*-l)(*-i|) = <'(-i7-h^'+l)-(*-l)(*-i7) 

= (^'-*-T)(-i7-h<' + 5), 

(fF 



and 



2^=?;' 



t'\ (-, + t' + l)...(-,,+20' 
so that F\B the coefficient of afy'"*'', i.e., as before of x'* y', in a co- 
variant whose last term is 

U^Wt'+i) :.:( - V r if) •""'""' ^*^^ 

where the order —17 + 2^' = 17-1-2^ as before. 
We notice that the two factors 

t and 17 + ^ + 1, 
as the product of which k is exhibited, have for their sum 

i7^-2f-|-l, 
t.e., one more than the order m of the covariant in which F, deter- 
mined by OilF^kF, 

is a coefficient, and for thedr difference 

17 + 1 or — 17-I, 
according as 17 is not or is negative. 



I 
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13. Having now found tlie forms ol k for some or all of which the 
eqimtimi OQF = kF f37) 

lia.si fifradieiit solutions, and having fjhown that all solutions which 
exist are coeffieientB in covariants of deterjiiinateorderSi we atill have 
to see that every coefficient in every co variant is thus given. This 
will be eBt4ibUsbod by showing that e'VQrj an eh coefficient satis6e8 an 
equation (37). 



If &'+... +P!r' 

be any ^vai4^t, P^ Q may be ^vritt<?Il as 



-'*^y-^ + r^3»"V+-^^5V 



(*-* + !)! (m^t)[ 



r.S\ 



no that 




nQ = (w-/+i)p, 


and also as 






so that 




OP = ^Q. 


Therefore 




OnQ=/(or-/ + l)Q, 


where 




< + (Br-< + l) = tir + l, 


and t '^ (or- 


-<+i) 


= tir + l~2/ 

= ip—'2w'+ 1 ~ 2/, where w' refers to S, 

= 1 ~ (2it — ip), where w refers to Q. 



This difference is >;+ 1 or — t; — 1 according as iy = ip — 2w is not or is 
negative ; which is in full accordance with the last article. 

The method used does not apply to first coefl&cients 8, i.e., to 
seminvariants. But, as OQS = 0, there is, with ^ = 0, still accoi*d- 
ance as before. 



14. We are in position, then, to find all coefficients in all covariants. 
We seek those of which the degree is i and the weight w, a number 
which for any gradient lies between and ip inclusive. Write down 
the most general gradient F of weight w and degree t. It involves 
(w ; I, p) arbitraries X. Seek to identify 

OQF with kF. 
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The identification requires the satisfaction of (to ; t, p) linear homo- 
geneous equations in the (w ; i, p) A's, k being involved to the first 
degree in one coefficient in each. To make them consistent we have 
to choose X; so as to satisfy an equation of degree (w ; t\ p) which 
presents itself in the characteristic determinant form 

' Oil— ^» ««» c4j, ... =0. (44) 

o,i» Ojj-A;, 0,8, 

The solution of this equation of, it may be, high degree is facilitated 
by our knowledge, from theory adduced above, that its roots must be 
all real and not fractional or negative. In fact, we know numbers to 
one or other of which every root must be equal. Thus, if i;, i.e., 
ip— 2m?, is positive (or zero), the roots must consist of 

(w ; i, p) —(w—1 ; i, p) which are zero, equal to (17 + 1) say, 
(w — 1; t, p) — (w — 2; t,p) which are equal to l(i|-f2), 
(10-2; i,p)-(w^3; t,p) „ „ 2 (i, + 3), 

(fee., &c. ; and, lastly, 

(0 ; h p), i'C.f one, which is equal to w; (i7-fu; + l). 

If on the other hand 17 is negative (or zero), they consist of 
(w ; t, p) — (w-\-l; t, p) which are equal to — 17 . 1, 
(u; + l; t,p)~(«;-h2; t,^) „ „ (!-»?) 2, 

(fee, (fee. ; and, lastly, 

(ip; ijp), I.e., one, which is equal to (tp—u;— i|)(ip— ti?-}-l), 

i.e., to t(7 (ii + to + l). 

Some of these numbers of roots of particular values may well be zero. 

Take any root of the solved equation for k, say one which occurs 
r times. Substitute it in the equations for the X's which it makes 
consistent. These then suffice to determine all the X's in terms of r 
of them ; and these, on substitution in the gradient F, determine the 
gradient of greatest generality of the type (w, i) which is a coefficient 
in a covariant of the order related to the root k. If 17 is positive (or 
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zero), and the root in question iRH*l + ^ + J-)iBO that 

tliis order ra- is i? + 2^, i.e., i« less by one than the sum of tlie two 
factoi-*i of k. If on the other hand irj is negative, and tlie root in 
q uesti on is ( ^ ' — ij) (( ' + 1) , so that 

ike order is 2f — 7, ij„ ia Btill less bj one than th« sum of the two 

factors of fr. 

15. A8 uii u sample I Let us diseriminate all corariant^ (and in- 
vaiiantfi) of degree 1 ^^ 3 of the quaii^io, p = 4, by sepatiiting from 
one anoiiier the dre g^r^dients, included In 

\tire + ^bcd + ro^r + pit's + o-d", 
which are their middle coefficients. 
Identification of OOF with kF gives 
10\-|-ft+6v+_6p__ 16A + 28/1 -h 24k + 24ft -f24o-_8X + 2/x-Hl2y 



( 



_ 8X-h2/^-hl2p ^ 9^4-180; __ ^ 



Hence comes the equation for k. 



3-fc 


1 


6 


6 


16 


28-k 


24 


24 


8 


2 


12 -A; 


. 


8 


2 

9 


• 


12- 



= 0, 



24 



18-k 
whose roots must occur among 

0, 1.2, 2.3, 3.4, 4.5, 5.6, 6.7, 
t.e., 0, 2, 6, 12, 20, 30, 42, 

and prove to be 0, 6, 12, 20, 42 

each once. 
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These values of k in turn inserted give the ratios \ : ijl w : p \ tr for 

(1) an invariant (covariant of order i; = 0) 

ace -h 2hcd — ad* — 6'e — c*, 

(2) the mid-coeflficient in a covariant of order 2-1-3—1 = 4, 

(3) „ „ „ 3-^4-1=6, 

(4) „ „ „ 4-h5-l=8, 

(5) „ „ „ 6-1-7-1 = 12; 
the last covanant (5) being the cube of the quartic itself. 

16. The other aspect of what is effected, in accordance with 
Section I. of these notes, by the determination of gradient solutions 
of equations OOu = hu, needs only brief mention. To have deter- 
mined all the {w ; i, p) linearly independent gradients of degree t 
and weight w which are coefficients in covariants, is to have deter- 
mined the leading coefficients of the {w ; i, p) concomitants of lowest 
order + class which have leading coefficients of the type. Thus a 
found coefficient C„ for which k = ^(17 4-^ -hi), as well as being the 
coefficient of aj'^'y' in a covariant of order rj-i'2t, is the leading co- 
efficient in a reduced concomitant of order and class v, v\ where 



w + tr' = fi-^2t, 
related to the covariant as a polar in the way exhibited in § 5. 

The general concomitant whose leader is the general gradient of 
type {wy i) is the sum of arbitrary multiples of the concomitants thus 
obtained, each multiplied by a power of (x+tiy sufficient to raise it 
to the order ip—w and class w, i.e., (tjp— ur) — 17, and the whole 
multiplied by an arbitrary power of fa -f- lyy. 
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On Transitive Qrottps nftUgres n and elase tt— L By W. BtJRN- 

SIDE. Received June litis, VJOO^ and conitnuuicftted June 
Uth, 1900, 

A transitive group of dej^^e n and class n— 1 contains just t»— 1 
aubBtitutions which displace all the n symbols. This property is 
characteristic I for, if the elaaa be less than n — 1, the number of sub- 
stitutions which displace all the n symbols is greater than »— 1. It 
is iiatuml to seek to determine whether for such a gi-ioup the n — 1 
Kubstitutions which are i^galar in the n symbols, wnth the identical 
substitution, constitute a sub-gi'oiip. No general answer to this 
question has yet been given, M. E. Mai I let, in his thesis, RScherahei 
stir ks Suh^titutiotis (1892), and in subsequent memoirs in the Bulletin 
of the French Mathematical Society^ has obtained in tbis connexion a 
number of interesting results ; and, from quite a different point of 
view, I have obtained (Theory of Groups, pp. 141-144) limitations on 
the order of the group when the degree is given. In the present com- 
munication I show that, unless n is greater than the square of the 
least odd number which is the order of a simple group, a transitive 
group of degree n and class n — 1 necessarily contains a transitive 
self -con jugate sub-group of order and degree «, consisting of the 
n substitutions in question. The problem is thus directly connected 
with another, at present unsolved, question in the theory of groups, 
viz., that of the possible existence of a simple group of odd order. 
No detailed investigation of a lower limit for the possible order of a 
simple group, if odd, has hitherto been undertaken ; but I have 
shown (loc. cit., p. 371) that such a limit must exceed 2835, and it is 
easy to verify that it certainly cannot be less than 9000. Hence, 
unless n exceeds 81,000,000, a transitive group of degree n and class 
n—1 is here shown to have a self -conjugate sub-gix)up of order and 
degree n. 

1. Let 6r be a transitive substitution group of degree n and 
order N, such that the n sub-groups of G each of which leaves one 
symbol unchanged are all distinct. Let Gq be the sub-group of G 
which leaves the symbol a^ unchanged, and let 

^011 ^1 ""> ^o«» 
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be a set of the symbols which are interchanged transitively by 0,^. 
Any substitution of G which changes a^ into a^ must change the set 

aoi» «(»» •••> ^om, or A^ 
into the set a,^, 0^,, ..., a,.m, or Ar, 

this latter set being one, the symbols of which are interchanged 
transitively by the operations of the sub-group Gr which leaves a,, 
unchanged. Every substitution of G which changes a^ into a^ must 
change the set J^ into the set A^ ; for otherwise Ar could not be a set 
of symbols which are interchanged transitively by Gr. Suppose now, 
further, that a linear function of the symbols of the set A^ exists, 
other than their sum, which is changed into a multiple of itself by 
every operation of G^. The necessary and sufficient conditions for 
this are that G^, so far as it affects the symbols of the set A^, shall be 
im primitive in such a way that the imprimitive systems are merely 
interchanged cyclically by Gg. When these conditions are satisfied, 
the linear function of Oq,, ag,, ..., a^ can, by taking the symbols in 
a suitable sequence, be written in the form 

001 + ^008+ ••• + <*"'^aom or a„, 
where e is an mth root of unity, not necessarily a primitive root. If 

€»•' = 1, 

where m' is equal to or is a factor of m, then aj*' is invariant for ail 
the substitutions of G^. If 

where again the symbols are taken in a suitable sequence, then every 
substitution of G which changes a^ into a,, must change oj*' into 0^', 
and a^ into cVj where c' is some integral power of e. 
Let the N operations T, (s=zl,2, .,., N) oi G he 

K = \ (^ = 0, I, ..., n— I), 

where 0„ I„ ..., (n— I), are 0, I, ..., (n — I), in some new sequence. 
The effect of these substitutions on the as is to give N linear substi- 
tutions T; (8 = 1, 2, ..., N) 

<=^,«r. (r = 0,l, ...,n-I). 

These linear substitutions constitute a group G' which is simply 
isomorphic with G, so that T, and T', are correspondiii^ Q^T^^f^ss^aw. 
VOL, XXXIL — }I0. 725. K 



242 Prof. W- Buriii^ide o/i [Juue 14, 

The qimntities r,, , are m'th 1*00 ts of aiiity, and some of tlietn n.re 
certainly *liat.iitet from unity* 

Let 7\ be an operation of G wiiose order is relatively pritue to m'» 
If it perm nt US the Hyml>ols cyclic^ally in sets of lUy, m^, ,, , Mr^* its 
multiplier eij nation will be 

wheiie »H,, «ij, ..♦, mt aro relatively prime to m'. The multiplier 
equation of T', will be 

(X"'-e.)(X'''-r,) ... (X"--.,) =0, 

whei^e €i» r^i ,.., e^ represent pm ducts oF the » quantities e,..^ in setn 
of m^, 7Ji,, .... VI f. Hence, ris Tl is of the same oi^er as T,, c,, r-, ..,, t, 
mast all be unity, and therefoi*e 

n r,,, = L 

The product of two operations of (?' for which this last equation 
holds is obviously another operation of 6r' for which it holds. Now 
the totality of the operations of G, whose oixlers are relatively prime 
to in generate a self-conjugate sub-group, and, unless the equation 

r - « - 1 

n e,,. = 1 

r-0 

holds for all the opei^tions of G\ this sub-group cannot coincide with 

rmn- 1 

G itself. Hence, unless the product H e,.^, is unity for all the 

r-O 

operations of G\ the group G is composite and has a self-conjugate 
sub-group constituted of the totality of the operations for which this 
product is unity.* 

2. The result thus obtained is now to be applied to transitive 
groups of degree w and class n— 1. The order of such a group is nv. 
where f is a factor of n — 1, and a sub-group of order y which leaves 

one symbol unchanged permutes the remainder regularly in 



♦ [Sept, Uhy 1900. — This result is immediately obvious by considering the effect 

rmH-l 

of the substitutions of G^' on the product oaai ...an-\. Unless n «r,« — 1 for 

H-O 

each substitution, a cyclical group thus arises with which G' and G are multipl}^ 
isomorphic] 
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transitive sets of v each. Hence, if G^ is not a perfect group, the con- 
ditions are satisfied for the existence of a linear invariant a^ of 0^, 
With the notation of § 1 m' is a factor of v ; and the order of an 
operation 8* of ff^ which changes a^ in ea^, must be some multiple 
nip of rn. If S is the corresponding operation of 0, then 8 must 
leave o^ unchanged and permute the remaining n— 1 symbols cycli- 
cally in sets of nip each. Let 

be a cycle of 8. Then 

«i = *!««» flj = «ja», ...» al',, = *«.'|i«i 
is the con'esponding part of 8' ; and, since m*p is the order of 8\ 

r-M-l 

Hence, for 8\ H €^, , = c, 

r-O 

and therefoi^ G has a self -con jugate sub-group which does not con- 
tain 8. The order of any operation of G which displaces all the 
symbols is prime relatively to v, and therefore to m\ Hence the 
self -con jugate sub-group for which 

rmn~l 

n €,.. = ! 

r-0 

contains all the operations of G which displace all the symbols. 
This self-conjugate sub-group then appears as a transitive group of 
degree n, class »— 1, and order nv\ where v = y/m'. If the sub- 
groups of degree v are not perfect, the same process may be repeated. 
Hence, finally, if the sub-group of order y is soluble, the n — 1 
operations which displace all the symbols form, with the identical 
operation, a self -con jugate sub-group. 

If V is even, I have shown (loc. cit.) that this self -conjugate sub- 
gi'oup always exists, and that it is then Abelian. It is also proved in 
the same place that, if v is not less than \/7», the degree n must be the 
power of a prime, so that again, in this case, the self -conjugate sub- 
gix)up of order and degree n necessarily exists. If I is the smallest 
odd number which is the order of a simple group, every group of 
odd order less than I is necessarily soluble. Hence, finally, unless n 
is gi^eater than Z', a transitive group of degree n and class n— 1 
necessarily contains a self -con jugate sub-group of order and degree n. 

K 2 
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3. It has bean showD in the preceding section that^ if the snb^groupd 
of order v of a transitive group G of degree », order nv^ and class 
rt— 1 H,re aoluble^ then {? has a transitive self -con jugate eab-group of 
order n. I proceed now to prove tliat, if G has such a self -con jugate 
sub-group, then the sub-groups of order f are soluble, with a single 
possible exception. 

Let H be the transitive self -con jugate snb-group of order n of G 
now asNuined to exist j and, p*' being the highest power of a prime p 
which divides n, let K be a smh-gronp of H of order |r\ There roii^^^t 
be a siib-gtMup K of G of order f each of whose operations ti^nsforms 
P' into itself; as otherwise O wonld contain more snb-groups of order 
^ than H containa. Hence [P\ K) is a group of order p^¥ which 
contains P' self -con jngately- Let P, of order p", be that character- 
istic sub-group of P' which consists of all the self-conjugate 
operations of F whose orders are p. Then every operation of K 
ti-ansforms P into itself, and therefore {P, K] is a group of order 
p*v which contains P 8elf*c(>njugat€l3^ Hoi'eover* no operation of K 
is permutable with any operation of P. Hence K can be repre- 
sented as a group of isomorphisms of P ; and no one of these iso- 
morphisms leaves any operation of P, except identity, unchanged. 

Let q be any prime factor of y, and suppose, if possible, that K 
contains two permutable operations of order q which are not powers 
of each other. These will generate a group of isomorphisms of P of 
order g*. If 

Tr,. (r=l,2 q; « = 1,2, ...,9) 

be a set of g' operations of P which are interchanged transitively by 
this group of isomorphisms, the two generating operations of the 
group (so far as it affects this set of symbols) may be taken to be 

and (T,.,T,,i...T,.0 ... (T^.^T^,, ... T,„), 

and from these the remaining operations may be at once written 
down. The product of the T*s contained in any one cycle of any of 
these isomorphisms is an operation of P which is changed into itself. 
It must therefore be the identical operation. Nowintheg + 1 pro- 
ducts thus formed which contain T,, i each of the other T*b occurs 
just once. Hence 

rr;,'r,,, ... 2',„=i. 

Jf^t TmT,., ... T,., = l, 
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since the left-hand side is the product of the T*b in the q cycles of 
any one isomorphism. Hence 

27.1 = 1, 

which is not true. The supposition that K contains two permutable 
operations of order q which are not powers of each other therefore 
leads to a contradiction. Hence, if q^ be the highest power of a 
prime q which divides v^ a sub-group of K of order q^ has only one 
sub-group of order q. It follows immediately* that, if . 9f is odd, the 
sub-groups of K of order q^ are cyclical ; while, if g is 2, they are 
either cyclical or of the type 

A group of oi'der p'q^ -' in which the sub-groups of order />', q^, ,,. 
are cyclical, is always soluble ;t and a group of order 2rq^,,., in 
which the sub-groups of order 2* are of the above type, while those 
of order 5^, ... are cyclical, is certainly soluble,^ unless the order is 
divisible by 3. Hence in a transitive group of degree n, class n— 1, 
and order ny, the sub-groups of order v are, with a single possible 
exception, soluble if the group has a sub-group of order n. 

4. The main results obtained in this note may be stated, apart from 
the phraseology of substitution groups, as follows : — 

If a group of order nnij where n and m are relatively prime, con- 
tains n conjugate sub-groups of order m which have no common 
operations except identity, and if these sub-groups are soluble, then 
the group has a self-conjugate sub-group of order n. 

If these conditions are satisfied, and m is the power of an odd prime 
(in which case the sub-groups of order m are necessarily soluble), 
then these sub-groups are cyclical. 

If a group admits a group of isomorphisms whose order is a power 
of an odd prime, no one of which leaves any operation of the group 
except identity unchanged, the group of isomorphisms is cyclical. 

If a group admits a group of isomorphisms whose order is a power 
of 2, no one of which leaves any operation of the group unchanged 
except identity, the group of isomorphisms is either cyclical or of the 
type defined above. 



♦ Thsory of Groups, pp. 72-76. 
t IHd,, p. 352. 
t llnd., p. 364. 



246 On Transitive GronpM of degree n and etasH n — 1* [June 14, 

[Noti, July 10/ /i, 1900,— An odd number certainly cazutoi be the 

order of a simple gixjup unless it Ixa^ more tlian five prime factors. 
Moreover, it must not be of the forms jj*» y/'g, p*q^^ p'*fn *,-, r% where* 
in the last form, each index is either 1 or 2. These i^anlts are proved 
in the laat chapter of my Theortf of Groupie. 

Now the only odd numbers lees than 9000 which satisfy thea© con- 
ditionfi are ^ — 

(i) 3\5.7, (ii) 3*,5,7, (iU) 3*. 5. 11, (iv) 3\bAB. 

(v) 3* . 5 , 17, (vi) 3* . 5 , 19, (mi) 3' . 7 . 11, (viii) 3* . 7 , 13, 

(ix) 3', 5\ (x) 3* . 5» . 7, {%{) 8« . 5" , 11, (xit) 3'. 5^ 13, 

(xiii) 3*. 5. 7', (liv) 3*. 5*. 7. 

Groaps of orders (i), »,,, (tU) may be shown immediaU^ly to hav« 
a fielf-con jugate flub-gi'onp whose ortier is a power of 3. A group of 
order (viii), if simple, could be i^ presented as a substitution group 
of degree 27, and the sub-group of order 13.7.3, which keeps one 
symbol unchanged, could be expressed as a group of degree 13 ; it is 
known that no such group exists. A g^oup of order (ix) must have 
a self -con jugate sub-group of order 5*. A group of order (x) must 
have a self -conjugate sub-g^up whose order is a power of 5. A 
group of order (xi), if simple, could be expressed as a substitution 
group of degree 11 ; it is known that no such group exists. A group 
of order (xii) must have a self -con jugate sub-group whose order is a 
power of 5. A group of order (xiii), if simple, could be expressed as 
a substitution group of degree 15 ; no such group exists. A group of 
order (xiv) must have a self -con jugate sub-group whose order is a 
power of 5. No group whose order is odd and less than 9000 then can 
be simple ; and every such group is, therefore, soluble. The state- 
ment in the introduction is thus justified.] 
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The Stress in an JEolotropie Elastic Solid with an Infinite Plane 
Boundary. By J. H. Michbll. Received June 7th, 1900. 
Communicated June 14th, 1900. 

lu view of the recognized eeolotropy of so many materials of con- 
stiniction, it seems to be advisable to extend, as far as possible, to 
aeolotropic solids the general solutions which have been obtained for 
isotropic solids. The solids considered in the present paper have an 
axis of elastic symmetry, and are elastically equivalent to crystals of 
the hexagonal system. 

The method employed is similar to that used in a pi^vioiis paper* 
on the corresponding solutions for isotropic solids. After putting the 
general equations into forms suitable for the deduction of potential 
Kolutions, the problem of given surface-tractions on an infinite plane 
boundary which is normal to the axis of symmetry is treated in 
detail. 

The solutions of the other problems treated in the previous paper 
are obtained in a similar manner, and it has not been thought 
necessary to reproduce them here. 

The older results refe;rred to in the present paper are all given in 
Todhunter and Pearson's History of Elasticity, Vol. ii., §§ 1486-1519. 

The Volume- Equations. 

1. The solid being homogeneous and elastically symmetrical around 
lines parallel to the axis of z, the energy of defonnation W is given 
byt 

and therefore the elements of stress by 

P = Ae-\-(F-A)g--2Nf, 
(i^Ae-\-(F-A)g-2Ne, 
R = F6-\-(G-F)g, 



» Proe. Lond. Math, Soc„ Vol. xxxi., p. 183. 
t A. E. H. Love, Elattieity, i., \ 38. 
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B = la, 

U = Nc, 
where $ ~ eH-/+y, 

The equations of motion 

become 1^,+ (F-Ayg.-'ZNf^'^Nc^^Lh, = p'i^-X, (1) 

.1 e, + (F^A) g,-2K\ i-Nc^^La, = p^6- Y, (2) 

FB,^ (0 ^F) g^^LiK+a,) = fiir^E. (3) 

S'ow 6, + Op == ( H, + tO, + (tr, + tv), 

therefore (3) becomes 

(F-\-L) e,-\-{C-F'-2L) uK,-\-LVhv = pii?-Z. (4) 

Differentiating (1), (2) with respect to .r, y, respectively, and adding, 
we get, remembering the identical strain-relation 

where A = X,-\-Y,-^Z,. 

Differentiating (1), (2) with respect to y, x, respectively, and sub- 
tracting, we get 

(L--N) t!r,, + A'V*tsr =ptB'-0, (6) 

2vT = v^—n^,, 

2Q =y,-Av 

O — 2ey = (t-^ — My), = 2or,, 

Tr/ — 2/r = - ( Vx - tl,j) u = - 2tB'y, 

a^ — by =2 or, 
have been used. 

Equations (4), (6), (6) are the volume-equations to be employed. 



whei'e 

and the identities 
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Boundary-Conditions, 

2. (a) If the stresses B\ S\ T' are given over « = 0, the boundary- 
conditions are 



La = iS; 

Lb = r. 

From (8), (9), we get 2Lv, = 8'^-T'^, 
where (x\ y') is a point ou 2; = 0. 

Further, L (6, -h a,) = T; -h S^, 

which, on substitution from (3), becomes 



(7) 

(8) 

(9) 

(10) 



(11) 



Equations (7), (10), (11) are the surface-conditions corresponding to 
the volume-equations (4), (5), (6). 

(&) If the surface-displacements are given, the conditions are 

u = u, 



w =w , 



and from these we derive 




(12) 



which are the appropriate surface-conditions in this case. 

Symmetrical Form of Volume-Equations of Equilibrium, 

3. Suppose now that there are no volume-forces. The equations 
(4), (6) in the case of equilibrium become 

(F+L) ^.-|-(0-F-2X) w„-\-L^hv = 0, 

{L-A) e„'j'AV^0-(F^2L-^A) ti7.„-|-(F-hX-il) V«u;. = 0. 

Differentiate the former with respect to s, multiply by a cou&tA^i^'^^ 
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and add to the latter. We tbofi get 
Kt' [ J^+ (F-h h-A +pL) «?,] 

+ ^^[{L-j+ji(i?'+L)}(?+(p(r-F-2C)-(p+2ii-4)]ii?.]=a 

Now rhooae |J bo tbat 
The equation becomes 



whei'e 



-1 = L—A^p{F^L ) 



y = 



//-hp(/^'-hL) 



The equation for ^ is 

The roots are real and unequal if 

(J^-'AG) {iF^2Ly-AG} > 0. 

Since for the stability of the material F^ — AG must be negative, the 
condition becomes 

{F->t2Ly<AC. 

There is no obvious reason why this condition should be satisfied, but 
this is of no importance, as the method employed is equally applicable 
to the case of imaginary roots. The case of equal roots is most 
simply treated as a limiting case of unequal roots, and the solution 
may, as such, be derived without difficulty from the general solution. 
For definiteness, the roots will be supposed real and unequal in what 
follows, and, distinguishing them by suffixes, we have the two 
equations 



|v'+(y,-l)£,|(0 + g.«,.)=O 



(13) 



1900.] Elastic Solid with an Infinite Plane Boundary. 
where 



261 



{L+MF+L)]{L+p,iF+L)] 



and 



_^ 

^ C 
A 

_ 2JD«-{(jP4-i^)'+L*~ilC} 

y, + y, - ^_- 

_AC'-F^-2FL 
AL 



Now AG>{F-\'2Ly for real roots, and ^(7 > jP* always ; therefore 
2 {AC-I''^-'2FL) or ilC-^+^0-(F+2L)«-f 4X« is positive. 

The roots y„ y, are therefore positive, if real. 

If there are volume-forces, the equations (13) become 



4{v'+(r,-l)£,}(^+?,«;.)=-A+(l-p,)Z.' 
^{v'+(y.-l);g|(<?+3,«'.) = -A+(l-ft)Z. 



(14) 



Solution of Equations, 

4. We now proceed to find the solution for the case of given 
stresses on an infinite plane boundary. The solid is supposed to 
occupy the region in which z is positive and to be fixed at infinity. 
The boundary-conditions 

Fe+{C'-F)w, =ir, 



may be written 



Fe,+{c-F)w„ = - r;-iS;. 



a^^{0 + q,w,)+p^{e + q,u^,) = - T^S'^, 
where a-{-p = F, 

80 that a (g, —7,) = 0— F— g, F, 
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Thus, putting ^+5,w, = Fi, 

' we hftve, to find F^, F^, the volame-equationB 
Kid the bouodai^-oonditions 

aF.+jsr.-B-. 

At infinity F",, T", vanisli. Let 

r;=(a;-x')' + (y-y')'+«'/y.. 
1^^= (x-xy + iy-y'y-i-^/y,. 

The equations can be satisfied by putting 

27rF, = hA[ ^dxdy'^K, £ jf-^ dxdy\ 
where fi, v are functions of x', y\ to be determined. These give, at 

2 = 0, 

where 7^= (a;—x')^+ (!/-"!/')*• 
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Hence we must put 



aK, ,m,_ 



Ti 



7j 



0, 



that 



V yj — V yi 



yi yj >/yj- -/yi 



R\ 



The required solution for F„ F, is therefore 



2iraF, = 



V yt — v^yi J J »'f 

v/yj-v/y, dzj] r, 
Integrating by parts, these may be written 

' dx dy dz 

y ^d^^d^^d^Y 
* dx dy dz ^ 

and ^„ ^„ X, are obtained by interchanging the suffixes 1, 2, and 
writing /3 for a. 



(15) 
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So lying ef]uations (15) for 6 and t0„ we bave 

<-'->»=..(f+^'+f)-'.(f-t^^)l 

Tlie value of bt is found in a sirailar manner. We liava 



tPm , r^tt 



fZ'n 



where Ta = ^/N\ 

and the boundary-condition is 

Hence 4rr«r = - }^ ^^ I ( (S;,- I^O ^^ ^'^2/' 

where r^ = (a'-aO^+ (y— y')* + -^y.v 

We may put the equation into the form 

2 — ^^» — ^^^^ 
dx dy 

where *s = - — /^ - '^'' ci.«'(V» 

2ny/LN}} r, ^ 
To determine m, v, we have the equations 

(72-5i)("x+^V) = (?2-^yi)(^-'0 

= (1+9,) F, -(1 + ^0 ^V 



(16) 



(17) 
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Therefore 






/I ^ \dV, /I , V dV. f V d**, , , V (f*. 

= (!+?.) -i^-a+9.)d^-(3.-«.)d^+(«.-2.)^- 

Now put 

80 that ♦, = y, ~T^ 

W + dy*^ •■ 

Making the corresponding changes in the other functions and re- 
moving the operator <?/(£*' + d'/iy*, we see that 

-^^««-3'>d^(d«^-T;)' <^^> 



for this is a solution of the equation and it makes w vanish at 
infinity. Similarly, 

,.,, . d (d<t>"d^'dX'i\ 
+ ^^+«'>d^(^+djf-'rf/) 

-(3'-''>di(-^--d?)- ^^^^ 

Surface-Depression due to Normal Pressure, 

5. If, in the second of equations (16), we put 

r=fif' = 0; 
and therefore also ♦, = ^j = ♦, = 4^, = 0, 
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we have 

On tk« surface this takes the form 

or, f^xibstitating the raluea of tbn aonstaats in terms of the elastic 
moduli, 

,_ ^A J(v/4(7+L)»-(P+£)*}trr 1 
--2;r7i Ao^F' W^T^^v- 

Thua, for a concentrated load TT, w© liave 



For an isotropic solid 



and hence 



i^ = X, 
1^ = ^, 

1 X-|-2a W 



4ir/jt(X + /A) r 

which is Boussinesq's result. 

It appears, therefore, that the law of depression is the same as for 
an isotropic solid ; consequently, the applications of this law, which 
wei-e made by Boussinesq and Hertz to problems concerning isotropic 
bodies in contact, may be at once extended to the aeolotropic solids 
here considered, with the limitation that the normal to the plane of 
contact must be an axis of elastic symmetry. 

Stress across Planes Parallel to the Boundary, 

6. It is interesting to examine how the pressure due to a con- 
centrated load W is transmitted across a plane z. From the 
iijmmetry it will be sufficient to consider the stresses E, Tat(«, 0, «)i 
the load being applied at the orig'vTv. 



1900.] Elastie Solid with an Infinite Flams Boundary, 
Now 

and 



yi dx y^ ax 



Hence (9,-j,)r = -£^-+2.^71 ^ +2,1 tSdlZi <^X, 



dx 



y, dx 



Also 



B 



dz dz 

Now it is readily shown that 



Hence 
where 



and therefore 



y, (iar 71^*' 



X,=- 



yi 



w 



W 



^ 2iriJ ^/y,-^/y, r, ' 

dx 'Zva Vy^ — \/y, i-J ' 



1 






W-^, 
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Til as 



and 



7- = TTg / 1 _ 1 \ 

2»(^/y,-Vy,)Vr; 'f\l 

Wz / 1 _ 1\ 



where Vy, — \^y, = (y, + y,— 2 v^y,y,)' 

IAC-F---IFL „ /0\« 

= i — 2[z — "V^^ 

Since, now, TjB = «/*, 

VOL. xxxu. — KO. 726. 
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it foUowfi that the stresa across the plane s is at each point iUi-t*cted 
radially fram the point of application of the load. The magniturle 
of this jati-ess is 

whore r* = ir* + y* -f i*» 

< = a^ + !^'+*'/yt> 
rJ = *^ + S^ + i-/r,. 

To pas A to the caae of the inotroptc golid, put 
where CiT ^i ultiniateljr vanieh. Then 

and ? = — — +<tc. 

vy,— v/yi Cj-ci 

Hence in the limit the stress becomes 

SW z' 

and this is Boussinesq*s result. 
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I. Equidistant Bounding Ordinates. 
1. The formuIoB to be considered are those giving the area of a 
curve in terms of a series of equidistant ordinates, the two extreme 
ordinates forming the boundary of the area in question. Thus, if 

^o» ^n ^s» •••! *»» 
denote the ordinates, at successive distances h^ and if the cori'e- 
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spouding abscissse are 

^01 *i = ^o+^» ^f = ^0 + 2^. — » ««. = ^a-^-mh, 
the area to be determined is 

where *o = / (^o) 

It is assnmed that z =/(^) is positive throaghout the whole range 
considered. 

The most simple rule is the trapezoidal rule, which gives 

Simpson s rule, for cases in which m is even, gives 

^ = i^(^o+4«,+2z,+4z,+2z,+...+2z«.,+4z,., + 0» (2) 
the coefficients from z^ to z^.^ being alternately 4 and 2. 

Simpson* 8 second rule, for cases in which m is a multiple of 3, gives 
A = f^ (^o+3z,+3z, + 2r,+^3xr4+ ... +2z^.,+3z^.a+32f„.i+0, (3) 
the sequence of coefficients from 2, to z^^ being 3, 3, 2. 

Weddle^s rule^ for cases in which m is a multiple of 6, gives 

...+2z«.e+5z^.5+«^.4+6jj«,_3+2«,.,+5;K«.i+0» W 

the sequence of coefficients from z, to r„,., being 5, 1, 6, 1, 5, 2. 
These are the rules that are best known. 

2. The latter three rules are usually regai^ded as being obtained as 
follows. 

For Simpson's rule we pass a parabola through the tops of the 
oi'dinat-es z^, z^, z^ ; and we find that the area bounded by this para- 
bola and the ordinates z^ and r, is 



i*(^o+^i-r«tV 



^^ 
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This area is eubBtituted foi^ tlie true area of this portion of tlie on nre. 
Similarly, for the ai'ea between Zf and s^^ w© get 

and £0 on. Adding together all these areas, we get (2). 

In the same way, for Simpson *k second rale, we puss a parabola of 
the third degree thrangh the tops of four consecutiTe oidinate!^, and 
Dbtain, for the area bounded by ^^ and z^^ 

Pi'tjceedin^ as before, we arrive at (3). 

Weddle'a rule is obtained in the same way, by passing a panthola 
of the sixth degi^e through the tope of aeven consecntive oixiinntes; 
but the expression for the area of tbi« pai-abola is slightly altered , so 
as to give a insult which is simpler for pnrposes of numerical com- 
putation. 

The formulae may, however, be regarded in another way. Let A^ 
denote the area given by the ti-apezoidal rule (1), so that 

Now suppose that m is even ; and let A^ denote what A^ would be- 
come if we left out of consideration the alternate ordinates r,, z,, ...» 
z«,_i. Then we have 

A^ = 2h (i;5o+'^i+^«-r...+««.., + i-?J, (6) 

and Simpson's i*ule may be wHtteii 

^ = H-A.. (7) 

Again, suppose that vi is a multiple of 3 ; and let A^ denote what 
i4j would become if we left out of consideration the ordinates 
«i»^s>«4»^5i •••» ««.-4» ^fH-iy ^m-i, taking only every third ordinate. 
Then 

A, = Sh (ir, + r,+ra+ ... -hr«.s + K)> W 

and Simpson's second rule may be written 

A=^-^i^. (9) 

o 

Finally, let m be a multiple of 6. Then Weddle's rule may be written 
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3. Let e\ z"^ ... denote the differential ooeffioients of z^f{x) ynth 
regai*d to x. Then the exact area under consideration is g^ven by the 
Enler-Maclanrin formula 

where B^, B„ JB,, ... are Bemoulirs numbers, and 

denotes («-.)-♦(«•). 

Thus, with our previous notation, we have 



The formula (12) is exact ; and we shall also get an exact expression 
by the same formula in terms of Zq, «„ •••, z^^ when m is even. Thus, 
writing 2h for h, we have 



A 



= ^+[- 



-Pi 2W/-h I? 2*AV"- ^^•AV+ ...?"'- . (13) 



2! 



4! 



6! 



Multiplying (12) and (13) by f and — ^ respectively, and adding, 
we find 

o L 4! O! J«=Ji^ 

(14) 

Comparing this with (7), we see the amount of error involved in 
using Simpson*s rule (2). Similarly, for Simpson's second rule, we 
have as the true formula 

A = Mi-^» -^i [- f[' (3*-3«) /iV"+ ^ (3«-3«) ^•«'- ..]]^^". 

(15) 

and for Weddle's rule 



A = 15^-6^+^ ^^ [^_^(3._6.2'+16.1») ^V+...];°^ 



VVJ»S 
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4* To extend theise foimulftf, let / denote ^\\y o\w of ibw factoi'S 
of m (inclDdiiig 1 and tn)^ and let us write 

Then, if fl, 6, c, .„ ai^e diffei-ent valtieit of/, and if, for convenienGe of 
printing, we wiite 

\ = B,/(2r)I (18) 

we have A = ^-f [-X,«ViV + \,B*Vs"'-A,fl»/.V + .,.]^"^ ' 

A = ^,+ [-\,6'fcV+X,6W"-X,A»ftV + . ..]"'" 

A = J,+ [ -X,e»Ay +A,<J*fcV" -X,t^/.V + •" ]'=^" 



. (t9) 



Multiplying these equations byp, q, r and adding, we get 

-|-(2>a* + gt*-frc*-h...)^/iV"-...]'^*'". (20) 

Hence, if tnere are i factors a, h, c, ..., and if we take p, 5, r, ..., to 
satisfy the equations 

pa^ +56* ^rc' +... =0^ 

we have 

(p-^-q-^-r^ ...) A = pA„-{-qA,-hrA,+ ... 

Thus, by using A =^-^"ti4*+I^^ - (23) 

as an approximate formula, we introduce an error which only involves 
differential coe&cients of z from the (2-1— l)tl\ onwards. Or, if we 
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repaid the differential coefficients as expressed in teims of differences, 
the eritir introduced depends only on the (2t— l)th and higher differ- 
ences. 

The equations (21) give 

± : JL : i. : ... :: a'(a^-^V)(a'-c') ... : 6«(6«-a»)(6'-c«) ... 

^ "^ "" ...:cUc«-aO(c«-60 .:...; (24) 

and, in particular, for i = 2, 

p:q::h*:-a\ (25) 

Substituting from (24) in (23) and (22), we get the approximate 
formula and the error in the approximation. 

5. The following are some special cases, a being taken equal to 1 
thmughout. 

(i.) m = M{2) ; a = 1, 6 = 2. Simpson's rule, — 
p : q :: 4i: —1, 
A = i (4^,-^) = ^, -h J (^1-^). 
(ii.) wi = Jf (3) ; a = 1, 6 = 3. Simpsons second rule, — 
l?:g :: 9: -1, 
^ = |(9^,-^,)=^,+|(^,-^,). 
(iii.) m = If (4) ; a = 1, 6 = 2, c = 4.— 

I? : jir :: 64: — 20: 1, 
^ = ^ (64^,-20^4- A) = A+l (^,-^,)-^ (^,-^). 

This is equivalent to the continued repetition of the formula for the 
area of a curve in terms of five equidistant ordinates [Boole and 
Moulton, Finite Differences, p. 47, formula (21)]. 

(iv.) m = JIf (5) ; a = 1, 6 = 5. — 

p : 5 :: 25 : -1, 
^=^(25.1,-^) = J, + ^(^,-A). 

(v.) m = Jlf(6); a = l, 6 = 2, c = 3.— 

j9 : 9 : r :: 15 : — 6 : 1, 

^ =^(15^,-6^+.!.) =^»+i(A-^,)-A(^-A). 
'I' his IK Weddle's rule. 
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(v3.) m = M(6); a=l, 1/ = 2, c = 3, rf = 6,— 

piqirii^ :: 1296 : - 567 : 112 : -1, 
^ = ^ (1296^,-567-4,+ 112.4,^^) 

(vHO m = M (8) ; a = 1, 6 = 2, c = 4, d = a— 
^ : 5 ;r:* :: 4096: -1344:84: -1, 
-1 - ^i^ (4096A-1344Xi+84^i-A) 

(Tiii.) m = M{9) ; a = l, h = 3, c = 9.— 

p iq:r ::7mi -90 : 1, 

^ = db {V29J,^9(M.+.4,) = .l, + (l+i) 4 (A,-A,)^^ {A,- A,). 
(ix.) m^M (10); a=l, 5 = 2, c = 5.— 
;? : g: r :: 175 : -50 : 1, 
^ =^1^(175^-50^ + ^,) =.4, + (l + J)H^i-^«)-T^04,-^). 

(x.) m = Af (10) ; a = 1, 6 = 2, c = 5, cZ = 10.— 

p:q:r:s :: 70000 : -20625 : 528 : - 7, 
A = ^^J^(70000 J, -20625^1, + 528^-7^J 

= ^1+ (i~TS~Tz)(Ai — A^)—j^ (-^j— -^^)^"TA¥('^l~'^l«)• 
(xi.) m = 3/(12) ; a = 1. 5 = 2, c = 3, d = 4.— 
p:q:r 18 :: 66: -28:8: -1, 
^ = ^ (56^, - 28^15 + 8^5 -^) 

^A,^^(A,-A,)-i(A,-A,)+^(A,-A,). 
This is very convenient for purposes of calculation. 

(xii.) m = Jlf (12) ; a = 1, 6 = 2, c = 3, (i = 4, e = 6.— 
p:q:r: s:t :: 1728 : - 945 : 320 : - 54 : 1, 
^ = 3i^(1728^i-945/l,+ 320^-54i4,+^). 
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(xiii.) m = If (15) ; a = 1, 6 = 3, c = 5.— 

^ : 5 : r :: 150 : — 25 : 3, 
^ = 1*5(150^1-25^+3^). 
6. To illnstrate some of these formulae, let us take 

m = 12, 

and ^=riX- 

Jol+« 

The true value of this integral, to ten places of decimals, is 

A = -69314 71806. 
The thirteen ordinates are 
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X 


z 


X 1 


Z 





100000 00000 


7/12 


•63157 89474 


1/12 


•92307 69231 


8/12 


•60000 00000 


2A2 


•85714 28571 


9/12 


•57142 85714 


3/12 


•80000 00000 


10/12 


•54545 45455 


4/12 


•75000 00000 


11/12 


•62173 91304 


:5/12 


•70588 23529 


12/12 


•50000 00000 


16/12 

i 


•66666 66667 


, 





These give 



80 that we have 



A, = -69358 08329, 
A^ = -69487 73449, 
A^ = -69702 38095, 
A, = -70000 00000, 
A^ = -70833 33333 ; 



Formula. 



Value of A. 



Error x 10»o. 



I- 



(i.) (Simpson^s rule) • 69314 86622 

(ii.) (Simpson's second rule)| -69315 04608 

(iii.) -69314 72535 

(v.) (Weddle's rule) | 69314 72234 

(xi.) -69314 71846 

(xii.) -69314 71816 



+ 14816 
+32802 
+ 729 
+ 428 
+ 40 
+ 10 
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7. It: nrnng mlfs auch as >Simpeou'ss, wc get rid ot the ternis in j:', 
but at the expense of increasing' Bubaequent terms ; thuji, if the 
f acior» are 1 and fr, the cxjelBcient of 7* V k ait^^T-ed from \^ to — b'K*, 
SrmiliiHy, with Weddle*a nile, we get rid of the terms in z' and z"\ 
btit. if the fftctx3i-s are 1, b, and c, the coefficietit of k*z' is altered fitun 
-X, to -MA,. 

If* thei^efore, we know — as in certain case« we do know^ihat the 
boundin^Bf values of ^, and perhaps also those of s''^ and i\ are siei-o, 
the best value to take ia -4,. The use of Simpsou^s rale will ubumHj 
leafl to a worse result; and the effect of WetMle*^ mie umy he t^tll] 
woi«e. It may happen, however, that the bounding Talueti of s' are 
known tu he zero, and that nothing' i** known about those of z*" and ;', 
We should then motlify onr fomiula^ by taking p, q^ i\ ... to satiefy 
the eq natrons 



pa^^qh^* + rc^*^.., = 



which would give 



— :-: — :...:: a*(a'-h')(a^^c') .. 
p q r 



and 



;6*(6'-a»)(6*-c') 



II. Equidistant Mid-Ordinates. 

8. In some cases the known ordinates are not the bounding ordi- 
nates js^, r„ Zj, ..., -:„„ but the intermediate ordinates z^,z\, ..., z»,_|. 
To express the ai*ea in terms of the latter, we have, by (11), 

A = h (i..+«, + .,+ ... +z„., + iz„)+ [- ^^V+ 1^ /.V"- ...]^^^ 

and, taking intervals \h, 

A=\h {\z^ + 2;| +;:, +2;} + . . . + «,« _^ + y,„) 

^L 2».2! ^2'. 4! J.=r.- 

Maltiplying the second of these foriuviV® by 'i, w\d aabtracting the 
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1900.] 
first, we get 

A = S,+ [(l-l/2)^feV-(l-l/2')^AV" 

+ (l-l/2»)^'/.V-...?"-, (26) 

where S^ = h {z^-\-zi -h ... -^z^-^), (27) 

The leading term in Bqnaro brackets in (26) is half the correspond- 
ing terai in (12), and therefore, if these teniis are not eliminated, the 
use of mid-ordinates will generally give a better result than the use 
of bounding ordinates. But the mid-ordinates not convenient for 
more accurate formuleB. The reasoning of § 4 applies, but it is 
necessary that the factors a, 6, c, ... should be odd numbers. Thus, 
if 7/1 is a multiple of 3, Simpson's second rule applies ; so that 

gives a better I'esult than -4 = ^'l, where 

S8=3;i(«|-h«f+...-^«m-»). 



III. Miscellaneous Fortnuhe. 

9. Various methods have been de\'i8ed for getting rid of the terms 
in z* in the Euler-Maclauiin formula, or in the corresponding formula 
for mid-ordinates, so as to retain the trapezoidal rule as the main 
basis of calculation. Thus, in Parmentier's rule, the ordinates taken 
ai*e rj, z^, z», ..., Zm-\^ and also z^ and z^. The values of ^hz' are 
then taken as equal to z^^z^ and z^—z^.^ respectively, so that the 
formula becomes 

^ = Si + A^ (z.^z^-z^.^-i'Z^). (28) 

This, however, is not a very good rule ; for, although it gets rid of 
the t€rms in z\ it introduces terms in z'\ These latter terms can be 
kept out by a slight alteration in the formula. 

10. Let z^ 

denote the mid-ordinate of the whole area, the magnitude of this 
ordinate not being necessarily known. Then, if we take two ordinates 
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at equal diHtaneea from £^t^^ and if we write 
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ancl 
we have 






»j«» f I - *i ~t" ""Jill (1 + »j 

= 2,...+ [»' imft.'- '^'-^*(i».A)'."'+ '-^^'-^'(i.^/O'r' 

Taking another pair of ordi nates 

we get a similar formula. Eliminating z^„^ between the two formula^, 
we find 

^Jw (I -a) ~^4i»i (1-/9) ^4w 11+/9) + ^4»i (I ♦•) 

124-98(«-^+i3^) + 28(a«+a'fy + ;3«)-3(a' + /3')(a«+/3«) „,.... -|-'-. 
' ~ 15482880 "'"^ '^•••J.=A.' 

(80) 

This formula can be used for eliminating the terms in z\ z"\ ... from 
(11) or (26). Thus, if we take two pairs of ordinates, we should 
get as our approximate fomiulflp 



1 

1 



^ (-4m(l-.;.— 2?|m(l./9) — 2;j„f,^^)-h«4«fW.)), ('^1) 



+ 2? ""/ J" ' ,y»\ ^^ (^4Mtfi-a ^1*11(1-/91 ^4m(i-^/9^~J'^4'»»fi -»)'• V"^^) 
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Or, if we take three pairs of ordinates, we shall get 

_ 2-4/(5»f)-(^+ y«) 

3m(o'-/?)(a'-y»r ^*«"<'->+*»"('*-'^ 

_ 2-4/(5m')-(Y'+a') 

3m(/3'-y»)(/i>'-a') " VV<.-«+V(i*«) 

_2 -4/(5m')-(a'+ffl) 

"3»n(y'-a*)(y'-/i') ^ *" "-" ^ **-<'*'>^' ^^> 

^ = ^(«i+«j + «|+...+«„-j) 

2-7/(5m')-(/3' + v ')w. ., . 

2-7/(5m') -(>'+a')j,, . 

^2-7/(5m»)-(a'+/3'), , . V 



(34) 



If we take only the two pairs of ordinates, a and /3 should be as 
nearly equal to 1 as possible, in order that the new term in z'" may 
be as small as possible. Thus, if we only know the ordinates 2«, z^y 
..., z,„ we have a = 1, /3 = 1— 2/m, and (31) gives 



m — 1 



(35) 



Similarly, if we only know the mid-ordinates, we have a = I — 1/m, 
/3 = 1-3/m, and (32) gives 



^ = JSi+A^^AC'i-^l-'—i+^—O- 



(36) 



In the same way, if we know the bounding ordinates z^ and f.,-! Aiid 
the extreme mid-ordinates z^ and jzf,„_j, we find 






2m 
2m— 1 

2m 
2m— 1 



h(z^—Z^—Zm.k'\-Zfn), 



(37) 
(38) 



This last is a simple modification of Parmentier*s rule, and it will b» 
found to give decidedly better results. 
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Similarly, fmm (Hd) and (-^4?), we can g&t a number of fui'timfn*. of 
which the following ai^ examples : — 



, 1 m(5»w-6) , > i \ 



Cill) 



, m (40m — 57) , . j_ V 

J ti 1 ] m (40m — -57) ,, , , 

'^ = ^ + ^. (2»-l)(2,»-3j '' f'^-^'-^"'-» + *") 

The method can, of eoui'se, be ox tended to any n amber ol pain* uf 
ordinateti. Thtia we «boiild gt?t, for three pairs, 



(m 



(U) 



A^A,- 



5040 I {w-l){m-'2)(ni-:i) ^^^ 









l^?^m'-4e2m^l\m 



A = 8,-^ 



(w — 3)(m — 4)(m 

_mk_ ( 9842 m- -539 70m + 70407 
80640 I {vi—'l)(m — 6}{m-4} 

_ 9604m^- 46032 ^1^^45810 
(wi— J j ( Ml — 4) (m — 5) 

3123m^-12222m + 10935 
t Ht — 4) (^m — 5) (m — 6) 



07/ ^ ^ 



(44) 

These formulae look clumsy ■ but the coefficienta can be calculated, 
And their vahe!^ ta) ml a ted, for varvons v-alnes of m. 
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11. The formulsB obtained in the last section are quite different in 
character from those obtained in § 4 ; bnt both sets of formulae, and 
all other quadrature-formuloB depending on symmetrically-placed 
ordinates (whether equidistant or not), can be comprised in one 
general relation. 

Taking, as in § 10, two ordinates 
we have, with the notation of that section, 

J sinh D - X . 

^ri-3a%i ,., , 7-30a«+15a* 1 ,w ,„ 

, 31-147a'+ 105a*-21a« .. ... ^ y='« /.e , 

Replacing a by )8, y, ..., we get a series of different expressions for A. 
Multiplying these by p, g, r, ..., adding, and dividing by p+g+r-i- ... 
we get a general expression foi* A in terms of a series of pairs of 
ordinates, symmetrically placed about z^^, with terms involving the 
bounding values of z\ z"\ 5?^, ... ; and the values of p^q^r^ ... can be 
chosen so that the coefficients of these latter terms shall satisfy given 
conditions. 

Thus, to get rid of the differential coefficients of j? up to the 
(2i;— l)th inclusive, we must take j9, g, r, ... to satisfy the first / of 
the equations 

p(l-3a«) +g(l-3/3») +r(l-3y0 +... =0^ 

p(7-30o»+15a*) + 9(7-30i3*+15/3*) + r(7-30y« + 15y*) + ... =oU 

(46) 
We have, therefore, as an approximate expression for the area, 

A = \nih {i?(2f4,„(i-.) + i?4m(i ♦•)) + ? (Va-*)H-V(i^/»)) 
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where 2?, ^» »', .•• f^aii^sl'v llie fii'st i + l of the equations 
p ^q +r +.,. = 1 ' 

pi*-f-?/3*+r/4-.„ =^\. (48) 

The formula (47), with the condition given bj (48), oonspnses all tb© 
formulae given in the preceding eeetiotifi. 

12. We have ii*isiimed, in the last section, that the valtieis of 
a, /3, y, ... are known. Suppose^ however, that the^e are arbitniry, 
and that there are n of them* Then there will also be n of the co- 
efficients p^ q^ r, ,., . These 2n tjuantitics can be determined ao as to 
sati.sfy the first 2h gf the equations (48) ; and, using them in (47), 
we shall get an expression which agrees with A up t43 the (4tt— 3)th 
differential coefficient of xr. The fiiist differential coefficient which 
will appear will be the (4»— l)th ; and, if j is of the (4i**-l)th 
degi*ee in x, this differential ooefficient will be a constant, and there- 
foi'e will vanish when taken between limits. Hencef if s is of the 
(4ri— l)th degree in .r, or of a lower (intej^ral) degree, we can obtain 
an accurate value fur the area by choosing 2>i suitable oi^t nates, 
Similarly, if ;: is of the (4« + l)tti degt*ee, oi- of a lower degree, we 
only require 2?i-f 1 oi^dinateH. This is Gauea's well-known theoi^m. 

IV. Ewtmmon to CalrnlaHmi of Vohtme^. 

13. The method of § 4 may be extended to the calculation of 
volumes. Suppose that a volume stands un a rectangular base, the 
sides being mh and nl\ and that it is^ divided by m — 1 planes at dis- 
tances h in one direction and n^l planeH at distances k in the other. 
Then the ordinaten wliich we have to take may be either the edges 
of the inn constituent prisms, or the mid -ordi nates of the faces in one 
direction, or the rentnil ordinates of the prisms. Generally they will 
be the edges of the prisms, and they may be denoted by 

^,0 ^1,0 -^liO '■■ ^njpUi 



»0,n 



1 



i 
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Let Fi,i denote hk times the sum of these ordinates, taken with 
coefficients 



i i i ^ ■ 

i 1 1 1 .. 
Jill. 


. 1 
. 1 




Jill, 
i i i i • 


. 1 
• i 





Then the true volume V will differ from Vx^i by a rather complicated 
expression, involving the differences of bounding values of certain 
differential coefficients of the ordinate z. It is not necessary to write 
down this expression ; we need only note that it consists of 

(i.) terms in h'h ^-, Aufi, h^kp-. ... ; 

(ii.) terms in ^A;* — , hk* -\, f^kf^'~{, ••• ; 

dy dy* df 

(ni.)tern,sin.'.-^^, A'.^^^, /.V ^J^ 

^^ d^dy' ^^ d^dr ••" 

dxdt^^ 

Now let h and /3 denote any factoi-s of m and of n respectively, and 
let Fa, 1, F,,^, Vt,^p denote the different values of Fj^i obtained by 
altenng the intervals from /* to bh or from k to pk. Then we may 

F = ?" ^^^^-ill^'' -' ■^-'' ^ •• " "^ "i^*--^ (49) 

i? -t- 3 -h / i- ^• 

as a more accurate value of the volume, and get rid of the terras in 

dz dz^ jjrz 

dx' dy' dxdy' 
provided p, q, r, s satisfy the equations 

p-^qh +r/^+«6/3* = h . (50) 

p + g5'+r/v + s5*/5' = 0-' 
vni,. xxxii. — NO. 727. "^ 
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Tkeee eqnatioBS give 

p \ q IT I s :\ b^0^ : -^ . -h^ III 

so that our approximate formula is 

y _ fcVr ,., -fflK^,-b'7i,,+ FK , 

"(y-l>(/?-l) 

If, for instauce, & = = ii, wo have 

whicb IB Simpson's rale, applied to volumes, 

14. To get mor« accurate formul©, by iiaing a lai'ger number of 
factors of ni and «, we might proceed \\\ the same way, and write 
down the equations corresponding t^ (50). Bot it is not necessaiy 
to do this. The ooeffioieuts in (51) ai^ the coefficients of the pro- 
ducts of A and A' in the expreaiion 

the first factor of which is the formula giving the area of a section 
in one direction in terms of the ordinates at intervals h and the ordi- 
nates at intervals 6/i, while the second factor is the corresponding 
formula for a section in the other direction, the intervals being h and 
/3/f. This rule can be extended, as follows : — 
The true value of V is 

I "» I*'" _ _ Binli Xmh rI.//Jnf cinVi l-nh rl. 1/1.9 1 



a 



a-o "Vo 



1 1 _ sinh -im/id/ria; siuhhrikdldy 



Now let a, 6, c, ... denote any factors of m. Then, if we express 
each side of the formula (22) as the result of an operation on the 
mid-ordinate rj„., we see that 



sinh ^mh djdx 
d/dx 



=i' 



+(-y 



p + g-hr-h... 



(2t-h-^)! 



h'' 



dx'' 



(54) 
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where ^, 8, cr denote the central-difFerence operators explained in a 
pi-evioos paper.* These operators are defined by the relations 

S^cr^ (a?) = 9 (aj) 
whence, if / is a factor of m, 

Similarly, if a, /3, y, ... arej factors of n, and if /i', 8', <r' denote the 
operations /i, 8, cr, performed with regard to y, we shall have a 
formula 

f^ mh^ikdldy _ ^ p'.nlcfi'^a^ -Y q'.pkn'(i(T'f^r'.ylcfi.[a^-{-,.. 
dfdy C ' /-f g' + r'+... 

+ termsin^, ^^, , ... | «:, (55) 

whei-ep', q\ r\ ... satisfy equations similar to (21), If, now, we sub- 
stitute from (54) and (55) in (53), the two sets of operators ft, cr, I 
and ft', o-', I' will combine with one another, and with powers of didst 
and djdy^ according to the ordinary laws of algebra, and we shall 
have, as an approximate formula, 

Y _ p. aA/i„(r „4-g. &VftO'ft-f r.cfe/i^o-^-f ... 
i? + g+r+... 

/ + g' + /+... ^-.<>«^f-..*H 

+ .-.}/(P+g + »-+-0(/+/+^+...), (56) 

the ratios j7 : qf : r : ... and j?' : 5' : / : ... being given by the equations 
;?a* +g6« +rc* +...=0^ 



i?a* +36* +rc* +... =0 



;ia«-*+g&«*-*+rc»'-*+... =0j 



(57) 



Fioeeedingt, Vol. XXXI.,*^. 44^. 
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JjV +q'^- +rV +..,=01 
pV +q'^ +rV +...=0 

p'a*'-*+9'j8^-"+r'y*^+... =0j 



[June H, 



(58) 



SupfKJse, for InBianoe, that m is a multiple of 4f, and n a multiple 
of 6, Rud that we taks (iii,) of § 5 in the one case, and (v.) (Weddle a 
rule) in the other. Then, developing the product 

45 ' 10 " ^ 

we find J as our approJeim&te fonnnln, 

-300 F,, , + 120 F,, 2-20F^ , 

-f 15F,,,- 6F^,-H F4.3). (59) 



15. In the last section we have only considered the case in which 
the given ordinates are the edges of the constituent prisms ; but the 
method applies equally to the other cases, subject to the limitations 
pointed out in § 8. Thus, if the ordinates are the central ordinates 















i^J. «-i ^4."-? 



Sim-\, n-\ 



and if lFi,i denotes hk times the sum of these ordinates, we shall 
have a formula 

+ ...}/(p + 7 + ^-+. ••)(/ + ?' + »•'+.••). (60) 

the ratios p : q : r : ,,, and p' i q' '• r : ... being given, as before, by 
(57) and (58) ; hat the factors a, 6, c, ... and a, /3* y, ... must all be 
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odd. Similarly, if the ordinates are 



\k ^.i ^2,i ••• ^m,i 



*o.| 



^.1 



^2.} 



*m.f 
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\n^\ ^l,n-i ^2, A -I 



*m,n-| 



the factors of m may be odd or even, bat the factors of n must only 
be odd. The coefficients by which the respective ordinates are to be 
multiplied in this latter case are 

i 1 1 ... 1 i 
i 1 1 ... 1 i 

i 1 1 ... 1 i 



Second Complement d I' Analysis Situs. Far H. Poincarb. Bead 
at request of the President, June 14th, J 900, and received 
June 30th, 1900. 

Tntroductton, 

J'ai publie dans le Journal de VEcole Polytechntqwi (Tome c, N° 1) 
un travail intitule "Analysis Situs "; je me suis occupe une seconde 
fois du mSme probl^me dans un memoire portant pour titre " Com- 
pl6ment k T Analysis Situs,'* et qui a et6 imprime dans les Bendiconti 
del Circolo Maiematico di Palermo (Tome xiii, 1899). 

Cependant la question est loin d'etre epuisee, et je serai sans doute 
forc6 d'y revenir k plusieurs reprises. Pour cette fois, je me bornerai 
£t certaines considerations qui sont de nature a simplifier, h, ^claircir 
et k completer les resultats precedemment acquis. 

Les renvois portant simplement une indication de paragraphe ou 
de page se rapporteront au premier memoire, celui du Journal de VEcole 
Polytechnique ; les renvois ou ces indications seront precedees de la 
lettre c se i-apporteront au memoire des Keudtconti.. 
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Qiiaut aux renvok aux pat'tigrapbes du present m^mujre, JB les farai 
preceder des lettrea 2 c. 

1, Bappel des pnncipahs Definitions. 

Considerons uiie vanete fermee a p dimensioue. Nona supposerooB 
que cette vari^te a ete subdivisee de mauiere k former tm polyMi'e P 
a p dim ens ion a. Les element-s de ce polj&dre s*appelleroiit l^s *i? ; 
ila H6ri>ut nqmre* lea nne des auti^a pai^ des vaiiet^s k p — \ dimen- 
Hione cjui s'BppelleiHiDt ?es a^' \ celles-ci seront separees lea unes dejs 
autres par des vaii^tea k p — 2 dimensions i\m s'appelleix)nt les ffj" ; 
et aiiiBi de suite jasqu*i ce qtt'on arrive anx aommets dn polyedre qui 
8 'appellor out les a^. 

Touted ces varietiSa leront aim piemen t eounexea, c'est-^-dire homeo- 
raorplies a riiyperspH^re. 

Si une variete a^ a pour fronti^re complete les aj~ , j'6crirai la 
congruence 

(1) a\ = ^^aj-\ 

oil les € sont egaux a 0, +1 ou — 1 (c, § 2, p. 7). 
Nous ecrirons d'autre part Thomologie 

(2) 54ar'~0. 

Nous combinerons les congruences (1) et les homologies (2) par 
addition, soustraction, multiplication, et quelquefois par division, 

Parmi les congruences entre a] et a]' obtenues par la combinaison 
des congruences (1), nous distingiierons celles qui ne contiennent que 
des aj, et d'oii les oj" ont disparu. 

Nous designerons quelquefois les a^ sous le nom de sommetSj les 
a< sous celui d'aretes, les a, sous celui de faces, les a, sous celui de 
cases, les a^ sous celui d^ hyper cases. 

An polyedi'e P correspond un polyedre reciproque P' (c, § 7), dont 
i'appellerai les Elements VI au lieu de af, 6!" au lieu de a^ , ..., et 
enfin hi au lieu de aj. 

Entre les deux polyedres, il y a une correspondance telle que 6f "' 
coiTespond h, a]. Les deux polyedres proviennent de la subdivision 
d*une m^me variete V, 

Entre les elements de P\ nous avons les congruences 

(Ibis) 6: = 2€j;-^*'6r' 
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anak)gne8 anx congruences (1) ; nous pouvons Teci'ire egalement 

en posant ^i "" V- 

Entre les elements de P et ceox de P', nous avons encore una autre 
relation. 

Rappelons la notation ^(F, F') (§ 9, p. 38). Nous aurons alors 

^^(al,6r) = 0, 
si / n'est pas egal k /r, et 

* II reste ^ voir si Ton doit prendre le signe -f ou le signe — . 

Pour nous en rendre compte, consid^rons deux elements correspon- 
dants de P et de P que j'appellerai a? et fef * ; considerons d'autre 
part deux elements correspondants aj~ et tj*"'* de telle fa^on que 
ci]' appartienne ^ a?, et 6f"' ^ fej*''* . 

Je pouiTai tou jours choisir mes coordonnees de telle fa^on que les 
equations de a* soient 

(3) 2?; = F, = ... = i?;., = o, 

les F etant des fonctions de coordonn6es y„ y„ ..., y^ qui d^finiront 
la position d'un point sur la variete F. 
Soient de m^me 

(4) <^^ = «,= ... = <^,.,= 

les equations de 6j"'*^ ; je pourrai alors supposer que les equations de 
a'" s'obtiennent en adjoignant aux equations (1) I'equation ^ = 0, et 
que celles de bf ~* s'obtiennent en adjoignant aux equations (2) Tequa- 
tion i/^ = 1. Je pourrai m'arranger pour que la meme fonction ^ figure 
au premier membre de ces deux equations. 

Alors parmi les inegalites, qui avec les egalites (1) compl^tent la 
definition de aj, devra figurer Tin^galite 

^>0. 

De m^me parmi les inegalit^, qui avec les egalites (2) compl^tent la 
definition de 6j"'' , derra figurer Tinegalite 

8i nous voulons que c^ soit egal h +1, il faut d*apres nos conven- 
tions que les equations de a^'^ se mettent dans Tordre suivant : — 
F, = F, = ... = F,.,= ^ = Q; 
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et ei nouH voulons en meme temps que t;,^^' ^+1, U faut que 1w* 
^qtiatioua de h*^'" a© mettent dans Toi^i^ suiv^itnt: — 

^ = ^ = .., = ^,,, = 1-1^ = 0. 

Le nombre N(ait ^p') depend du signe *lu determmatit fonctionnel 

de ^,, F,. ,.., I?;,,, +a, ^ <^,.H 1 - ^- 

De m^me le nombra ^(«^**\ ^J*'**") depeitd du Bigne dn determiuaDi 

fonctionnel de 1*,, ^,t **** ^^.^, i/f, ^,t ^j, ..., ^,_|. 

Nous pouvons toujoiira suppoKer que les fonetions F, ^ et ^ aient ete 
cboisies de telle sorte que ces determinants ne s'jitiaulent ptui danR Ji? 
do mam e eoiisidem 

Xou9 vcjyoTVM aloFB que les d&nx determinantfi soitt de m^me si^e 
91 q est pair, et de signe contiiih'e ai q est impair. 

Nous aurons da as le premier t*as 

et dans le second cas 

iyr (a!, 6r)=--f^(ar ',«>;-'*'). 

Comme nous pourrons toujoui^ supposer 

iV(o;', 6f) = +i, 

noua trouvci-ons successivement 

N(a],h':-') = -l, .V(a:,6r ') = -!, N(al bV") = + 1, 
Nia\,h'r')= + l 

La seule chose a retenir, c'est que le nombre A'(aJ, 6f"') ne depend 
que de q. 

Cela pose, on peut former avec les nombres cj un tableau que j'ap- 
pellerai T^, et ou le nombre c^ occupera la t* ligne et la ;** colonne. 
Dans ce tableau T^ il y aui^ done autant de lignes que de a* et d^ 
colonnes que de a]~ . 

J'ai appele a, le nombre des a J de sorte que le tableau 2\ aura 
a, lignes et a,., colonnes. En particulier, le tableau T^ nous donnei-a 
la relation entre les aretes et les sommets, le tableau T2 entre les faces 
et les aretes, etc. 

J'appellerai T^ le tableau qui est forme avec P', comme 1\ avec P. 
Nous voyons que le tableau T'y s'obtient en partant du tableau T,,.^,,, 
permutant les lignes avec les colonnes, et reciproquement. 
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Xous avons designe (c, § 3, p. 14) par a,— a J le nombre des homo- 
logies distinctes entre les aj, et par a,— a^' le nombre des congruences 
distinctes entre les a^ (les aj' etant 61imines) ; par 

le nombre de Betti correspondant anx a?. 

Nous avons appele /3„ /3i et /B^' les uombres analogues h a,, «ij et u\ 
et se rapportant au poly^dre P', de telle sorte que 



2. BSdiLction des Tableaux. 

Considerons un tableau T form6 de nombres entiers ranges en un 
certain nombre de lignes et de colonnes. Tels sont nos tableaux T^. 

Supposons que Ton puisse faire sur ce tableau les operations sui- 
vantes : — 

1° Aj outer une colonne h une autre ou Ten retrancher ; 

2° Permuter deux colonnes et changer le signs de Tune d'elles ; 

3° Faire les m^mes operations sur lea lignes. 

En combinant ces operations, on pourra faire subir aux colonnes 
une substitution lin^aire quelconque pourvu que les coefficients soient 
entiers et le determinant ^gal ^1. De m^me pour les lignes. 

Quel est, par le mojen de ces operations, le plus grand degre de 
simplicite auqucl on puisse reduire un tableau? — C'estce que nous 
aliens examiner. 

Supposons d'abord, pour fixer les id6es, que le tableau T n'ait pas 
plus de lignes que de colonnes. 

Lemme I. — Soit 

\ aj a^ a^ a^ a^ 

6, 6g 6, 64 fej 

i Cj Cj Cj C4 Cj 

un tableau T que je suppose^ pour fixer les idees, de trois lignes et de 
cinq colonnes. 

Je suppose que les quinze nombres a, 6, c soient premiei's enti-e 
eux ; je dis qu'on pourra toujours trouver trois nombres a,, /3j, y,, tels 
que les cinq nombi*es 

Aii=a,a,+/3,6,-fy,Ci (i = 1, 2, 3, 4, 5) 

soient premiers entre eux. 

Pour cela les nombres a„ )8j, yi-doivent d'abord rem^Ur xsjaa Yc^'^six^^t^ 




condition : ils tloiverit eti^e premiem entre eux. Si cette coDdition eat. 
remplie. on pourra trouver six autres nombree 

ft,, ft. y* ; «„ fti y*, 



tek que le deteiiniimnt 



Poflons alorB 



/i,, = a*(i,+A5,+y,f, (i = 1, 2, L^, 4, 5 ; ^ = 1. -A 3). 









% t, 


h 






A = 


«i ft* ei 
«• 6* <» 


1 


Ia i^gle de lit multiplication ctes detenninantii nuus donnera 




K hi K 


«. A >, 




«i fci <a 






h„ h„ ha 


= "j /3, r, 




«2 64 Cj 


= A. 




K K. K 


"j 


^. y. 




^8 ^8 Cj 





Ce qui montre que le plus gi*and commun diviseur des trois nombres 
^ii» ^w ^18' ®^ P^^' consequent celui des cinq nombres A,,, divise A. 
11 doit diviser de meme tous les determinants obtenus en supprimant 
deux colonnes dans le tableau, et par consequent le plus grand commun 
diviseur, M, de tous ces determinants. 

Soit p un facteur premier quelconque de M. Comme nos quinze 
nombres a, fe, c sont premiers entre eux, Tun d'eux au moins, par 
exemple c.„ ne sera pas divisible par p. 

Si nous prenons alors 

(1) a, = 0, ft = 0, y.^cl' (modp), 
il viendra h^^^c'^' =1 (niodjy), 

de sorte que le plus grand commun diviseur des cinq Dombres hu ne 
sei*a pas divisible par p. 

Nous obtiendrons un systeme de congi'uences analogues a (1) pour 
chacun des facteui*s premiers de Af. On pourra satisfaire k la fois k 
toutes ces congruences puisqu'elles ont lieu par rapport a des modules 
premiers differents. 

Alors le plus gi-and commun diviseur des cinq nombres hu ne sei-a 
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divisible par aucun des facteurs preTniei*8 de M ; et, comme il doit 
diviser M, il sera egal a 1. 

1" Gorollaire. — Si Ton fait subir aux lignes du tableau la substi- 
tution lin^aire 

«i /3, yi 

«» ^t yj 
Os A ys» 
il est clair que les Elements de la i* colonne qui etaient 

deviendront h^^ ^„ ^j, 

d'ou cette consequence : 

Si les Elements du tableau sont premiers entre euz, on pent r^duire 
le tableau de telle sorte que les elements de la premiere ligne soient 
premiers entre eux. 

2* Corollaire. — Si les 616ment8 du tableau ont pour plus grand 
commun diviseur 8, on pent reduire le tableau de telle sorte que les 
elements de la premiere ligne aient pour plus grand commun diviseui* S. 

Theoreme. — Soit m le nombre des colonnes et n celui des lignes 
{m ^ n) ; soit Jf© le plus grand commun diviseur de tons les deter- 
minants obtenus en supprimant dans le tableau m — n colonnes 
qnelconques ; soit if j le plus grand commun diviseur de tons les deter- 
minants obtenus en supprimant dans le tableau m~n + l colonnes et 
line ligne ; soit Af, celui des determinants obtenus en supprimant 
w— w-f2 colonnes et deux lignes, etc.; soit enfin Jlf„.i celui des 
determinants obtenus en supprimant m— 1 colonnes et n— 1 lignes, 
c'est-^-dire en d^autres termes celui de tons les elements. 

Ces nombres if©, Jf,, ..., 3/„_i ne seront pas alt^res par les operations 
faites soit sur les lignes, soit sur les colonnes. 

II va sans dire que le nombre if* devrait toe considere comme nul 
si tous les determinants correspondants etaient nuls. 

Nous pourrons alors enoncer notre corollaire sous la forme sui- 
vante : — 

3* Corollaire. — On pent reduire le tableau de telle sorte que le plus 
grand commun diviseur des elements de la prQmi^re ligne soit M^.i* 

Lemme 1 1, — On pent, par une tiunsformation entre les colonnes, 
reduire le tableau de telle sorte que le premier element de la premiere 
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Ugne devienne M^_u et que tons les autres 41^ment8 de la pi^mieix- 
lij^ne deviennent nals- 

Xous aliens faire flubir, en effet, aux colon nes (^upposees coumitf 
plus haut an nombi^e dts 9*t = 5) la fiubstitation lin^airo 



(2) 






ft 

Soient 



dont le determinant doit Uve egal a 1. 

a^t fflj* fT|, fli, % 

lew elements de la pi-emiere ligne. Apnfea les rSduetions que le tableau 
a ilejk s«bies, le plU8 grand eommnn dmBeur de ces tnnq nombrea est 
deveiiu 3/^,1- Nous pouvons aloi's choiair la Bubstitutioii (2) de tellt' 
sorte que Ton ait 

:S,aiai = Mn-i, 2/3,a, = Sy^a, = S^.a. = S^fli = 0. 
Aid's, apres la transformation, les elements de la premiere ligne seront 

J/„_„ 0, 0, 0, 0. 

fjenime III. — Je dis maintenant qu'on peut, par une transformation 
entre les lignes, reduire a zero tous les elements de la premiere 
colonne, sauf le premier qui reste egal a M^.^. 

F]n effet, apres les reductions dej^ faites, les elements de la premieiv 
colonne (supposes au nombre de n = 3) sont 

Qo et q^ etant des entiers ; et en effet, d'apres nos hypotheses, tous uos 
elements sont divjsibles par Mn-\' 

Si alors nous retranchons de la secoude ligne la premiere ligne 
nmltipliee par q^, et de la troisieme ligne hi premiere ligne multipliee 
pai- g,, la premiere colonne devient 

.¥,.„ 0, 0. 

D'ailleurs la premiere ligne ne change pas. 

Si Ton supprimait maintenant la premiere ligne et la premiere 
cohmne du tableau T, il resterait un tableau T' de m—1 colonnes et 
de u—1 lignes, par rapport auquel les nombres 
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joueraienb le m^me r61e que les nombres M^, M^, ... par rapport au 
tableau T. 

En particulier, 

le plus grand commun diviseur des elements de T' est ' '*'^ . 

Nous pouvons maintenant continuer la reduction, mais en operant 
seuleraent sur les m~l dernieres colonnes et sur les 71 — 1 dei^i^res 
lignes. La premiere ligne ne cbangera plus puisque ses m — 1 derniers 
elements sont nuls, ni la premiere colonne non plus puisque ses n — 1 
derniers elements sont nuls. 

On pourra operer sur le tableau T' comme nous avons opere sur le 
tableau T. Apres cette nouvelle reduction : 

1° Tous les elements de la premiere ligne et ceux de la premiere 
oolonne sont restes nuls, sauf le premier element de la premiere ligne 
et de la pi^emi^re colonne qui est reste egal k 3f„_i. 

2° Tous les elements de la seconde ligne et ceux de la seconde 
colonne sont devenus nuls, saof le second element de la seconde ligne 

et de la seconde colonne qui est devenu 



if„-. 



3° Si on suppn'me les deux premieres lignes et les deux premieres 
colonnes, on obtient un tableau T" de m — 2 colonnes et de w— 2 lignes^ 
par i*appot*t auquel les nombres 

jouent le m^me i*61e que les nombres 3/^, 3f„ ..., M^_x par rapport au 
tableau T. Et ainsi de suite. 

A la fin de la i^ediiction, Telemeut qui appartient a la t° ligne et k 
la f colonne est nul si i n'est pas egal k j ; Telement qui appartient k 

la i* ligne et k la i^ colonne est egal a ~ "" . 

Les n nombres 

r^\ M ^n--i 3/„_3 3/, M„ 

3ln-\ Mn.2 3/j M^ 

peuvent s'appeler les invariants du tableau T, 

On peut remarquer : 

1° Que chacun de ces invariants divise le suivant ; 

2° Que quelques-uns de ces invariants peuvent ^tre nuls, mais que, 
si Tun d'eux Test, tous ceux qui le suivent le sont egalement. 

Si le tableau Tavait plus de lignes que de colonnes, la reduction se 
fei-ait de la m^me mani^re, seulement il faudrait intervertir le I'dle 
des lignes et dea colonnes. 
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On auniit; n^or^ m<ni le nombi*© M^^ semit le plus grand commuti 
(Hviseur des determinantB obtencs en suppnma-nt ** — mlignes; en 
general, M^ sei^ait le plus grand commnn diviseur des deter mi nan t*i 
obtenus en .supprimant n—m + i Itgnes et t colonnes quelcoaqnes. 
Enfin^ le plus g-i^nd commun diviseur dea elements du tablean T 
sei^it 3/„^i. 

En general, le tiombi^e des invai-iants sei-ait le plus [)etit des deux 
nombrefi n et -fn. 



Le tableau 1\ nous fait connaStre les relations entre les n] et let; 
{ij~ dans le polyMre P, A chaque ligne de ce tableau correspond 
nn Qi et k char^ue colonne un a/^ . A chaque ligne de ce tableau 
correspond egiilenient nne congruenoo 



(1) aj=5.ja;"' 



entre les aj et les a^' et une homologie 



C2) 



^€W' - 



entre les a]~ . 

Qu'arrivera-t-il maintenant si, par les operations du paragraphe 
precedent, on reduit le tableau T^ ? — A chaqne ligne du tableau reduit 
correspondra une combinaison lineaire des a?, k chaque colonne une 
combinaison lineaire des a]~ . J'ai explique (c, § 8, p. 41) d'api'es 
quelles regies ces combinaisons lineaires doivent etre formees. Voici 
comment ces regies peuvent etre resumees. 

Supposons que, pour passer du tableau Tg an tableau reduit, on 
applique aux lignes de T^ une certaine substitution lineaire S, et aux 
colonnes une autre substitution lineaire o-. Soit o-' la substitution 
contragrediente de o- (je veux dire que, si Ton a denx series de a,^., 
variables x, et ?/j, et qu'on applique la substitution o- ^ la premiere 
serie et la substitution a k la seconde, la forme 2a;,y, ne devra pas 
etre alteree). 

Supposons alors que S change aj en 



Ci — 2 ^ijf^jj 



et que <r' change aj"^ en 



>-i 



«-i 



d!-'=2M,a;-'. 
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Nous ferons correspondre k la i^ ligne du tableau reduit la com- 
binaison lin^aire cj, et k la z* colonne la combinaisou lineaire cCl' . 

Dans noire tableau reduit, tous les elements sont nuls, sauf ceux de 
la z* ligne et de la i* colonne, qui sont donnes d'apr^s 1e paragraphe 
precedent par la formule 



M^,,.: 



Je d6signerai, pour abreger, par wj cet element de la i^ ligne et de 
la t* colonne; et je conviendrai que wj doit dtre regarde comme nul, 
si t est plus grand que le plus petit des deux nombres a^ et a,., 
(nombre des lignes et nombre des colonnes). 
A la i* ligne du tableau reduit correspondra alors la congruence 

(Ibis) ci = u,'idy' 
et rhomologie 

(2 bis) o>?d?''/wO. 

Les congruences et les homologies (1 bis) et (2 bis) peuvent se 
deduire des congruences et homologies (1) et (2) par addition, sous- 
traction, multiplication, mats sans division^ et reciproqaement. 

Si a^.i>Uj, et si t >a,, wj est nul, de sorte que la congruence et 
rhomologie (1 bis) et (2 bis) se r6duisent k 

c? = et 0/v.O. 

Les nombres m] sont ce que j'ai appel6 dans le paragraphe pr6c6- 
dent les invariants du tableau T,. Supposons que parmi ces invariants 
il y en ait y^ qui ne soient pas nuls ; on aura, bien entendu, 

yq < <»«» y* < «9-i- 

Parmi les congruences (1 bis), les y, premieres contiendront k la 
fois c? et di' puisque «J ne sera pas nul. Au contraire, les o,— y, 

demi^res s'ecriront , ^ 

cj =0, 

et ne contiendront plus les a^ ~ ; il est clair que toutes ces congruences 
sont distinctes, et qu'on obtient ainsi toutes les congruences entre les 
a^i d*oil les a)" sont ^limines. On aura done 

«9-< = «f-y«i <=yr 

Maintenant, parmi les homologies (2 bis), les a,— y, demidres se 
reduisent k des identites, mais les y, premieres sont distinctes ; on a 

a,.i— a,.i = y„ 
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il'ou ponr le n ombre de Betti 

Compai'oiis niaintenant le tableau T^ an tableau coiTespondant 
r^_^*i relatif aa polyMre recipi'oque P\ Ce tableau, qui se dMait de 
T^ en permutant les lignes avec les colonnes, a fif^^^i = "^,i lignes et 
^^,^^ =z a^ colomiea. Le nombre 7, eat le m^me pour les deux 
tab lean jc, de aorte qall vieiit 

iK'.^.i — n = K^ pM^^-f%'^^r^^ 

et pour le nombre de Betti P^.^^ relatif au poljedi*© P' 

P^,,M — ^i-«^i— 0P-,*i + l =«*-i^>*-i — y^ + l* 
Kous dedukons de \k p* _ p 

ce qui, si Ton se rappelle que les nombres de Betti relatifs anx deux 
polyMi^es reciproques P et P' sont les m^mes, montre que les nombres 
de Betti egalement distants des extremes sont egaux. 

Revenons aux homologies (2 bis). Si Ton admet que Ton a le 
droit de diviser les homologies par un entier different de zero, lea 
y^ premieres homologies nous donnei'ont 

<-'~0 0=1,2, ...,yj, 

et la plus generale des homologies entre les a]~ s'ecrira 

(3) SX.C^O, 

i-I 

les X, etant des entiers quelconques. Si, au eontraire, on n*admet pas 
que Ton ait le droit de diviser les homologies, I'homologie la plus 
generale s'ecrim 

(4) iKJiar'r^o, 

i-l 

les \i etant des entiers. Pour que les deux definitions des nombres 
de Betti (c, § 1, p. 2) coincident, il faut, et il suffit, que les deux 
formules (3) et (4) concordent, c*est-a-dire que tons les invariants 
cdJ qui ne sont pas nuls soient egaux a 1 (c, § 9, p. 48). 

Envisageons maintenant les combinaisons lineaires des aj' qui 
seraient homologues k zero en vertu des homologies (3), etdemandons- 
nou8 quelles sont parmi ces combinaisons celles qui restent distinctes, 



1 900.] Prof. H. Poincare sur VAnalyniH Sittui, 289 

HI, abandonnant les homologies (3), on se borne anx homologies (4) 
sans admettre le droit de diviser les homologies. 

Nous verrons tout de suite que le nombre de ces expressions qui 
Hont ainsi distinctes est precisement le produit 

9 9 9 

W, Cl»J ... Wy^. 

Oi% en se reportant aux notations du paragraphe precedent, on voit 
que ce produit n'est auti'e chose que Fun des nombres de la suite 

3fo, if,, if,, ..., 

et precisement le premier nombre de cette suite qui n^est pas nul 
(c, § 9, p. 48). 

Ce qui precede montre combien il importe de distingaer deux sortes 
de varietes. 

Celles de la premiere sorte, que j'appellerai varietes sans torsion^ 
sei-ont celles pour lesquelles les invariants de tons les tableaux 
T^ sont tons egaux a ou ^ 1 ; pour lesquelles, par consequent, les 
deux formules (3) et (4) concordent et les deux definitions des 
nombres de Betti sont d'accord. 

Celles de la seconde sorte, que j'appellerai varietes a torsion, seront 
celles pour lesquelles certains de ces invariants ne sont egaux ni h 0, 
ni ^ 1, et pour lesquelles, par consequent, les deux definitions des 
nombres de Betti ne sont pas d'accord. Dans ce cas nous adopterons 
to u jours, sauf avis contraire, la seconde definition (c, § 1). 

Cette denomination se justifie parce que la pi^esence d'invariants 
plus gi'ands que 1 est due, comme nous le verrons plus loin, k une 
circonstance assimilable k une veritable torsion de la variete sur elle- 
meme. 

4. Application a quelques Exemples. 

Uesireux d'appliquer ce qui precede aux exemples signal^s dans 
r "Analysis Situs'* (p. 49, sqq.), je dois d'abord faire une distinction 
entre plusieurs sortes de polyedres. 

Les polyedres ordinaires ou de la premiere sorte seront ceux dont 
tous les al sont des polyedres simplement connexes (homeomorphes k 
des hypersph^res) et tels que tous les elements de ces a? soient dis- 
tincts; par exemple, dans Tespace ordinaire, le tetra^dre sera an 
poly^dre de la premiere sorte parce qu'il admet quatre faces qui sont 
des triangles et, par consequent, des polygenes simplement connexes 
(homeomorphes k des cercles), et que chacun de ces tnangles a ses 
trois c6tes distincts de m^me que ses trois sommets. 

vor,. XXXII. — NO. 728. v 
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Les polyMreH de la Beconde sortei^eroiii ceuit dont tous les a? sei-ont 
des poljedres simplemetit connexee, mais tels que tous les elements 
de ces a' ne soient pas distincta* Boit, par exemple, tlaus re&pace 
ordinaire uu tore; par ud point ^-1 de Iii Rurfaee d© ce tore meoons un 
meridian et tin parallel e. Cen deux coupiires n© diyiseront pas la 
surface da tore en denx regiona, mais elles la rendront simplement 
connexe. Cotte sarface ainsi rendae s^implement eonnexe sera homeo- 
morphe h un rectangle, dont denx cfitea opposes eorreapondi^ient aux 
denx levres de la coupiire meridieune fit les denx ftntree cht^s anx 
deux levres de la eoupure parallele. Le tore foiine ainsi line especf* 
de polyedre qui n'a qu'une seule face ] cette face est an quadri latere ; 
elle est done s implement connexe ; mais lea quatre cdta^ de ce quadn* ■ 
latere ne sent pas distlncts, deux m oonfondent arec la eoupure 
meridieniie et deux avec la coupui^ par allele ; de m^me les quatre 
aommets ne sont pas digtiucts puisqu'ils se confondent tous les quatre 
avec le point .4. Le polyedi*e ainsi defini eat done un polled re tie l« 
seconde sorte. 

Enfin, les poly^dres de la troisieme sorte seront ceux dont tous 
les tij ne sont pas simplement connexes. 

Les proprietes des polyedres de la premiere sorte s'etendent pour 
la plupart k ceux de la seconde sorte. Obsei'vons toutefois une diffe- 
rence. Dans un polyedre de la premiere sorte, toute aj" separe Tune 
de Tautre deux af, et n^appartient a aucun autre af. Par consequent, 
dans chaque colonne du tableau Tp il y aura un des nombres eJJ qui 
sera egal k -f 1, un autre a — 1, et tons les autres a 0. 

II n'en est plus de meme avec les polyedres de la seconde sorte. 1 1 
pent arriver que deux des aj'~ d'une meme aj* ne soient pas distinctes. 
Dans ce cas, apres avoir franchi cette a^'\ on se retrouvera dans cetle 
m^me a^ ou Ton etait deja avant de Tavoir passee. Ainsi pour re- 
prendre notre tore de tout a I'heure, qui etait un polyedre a une seule 
face : apr^s avoir passe la eoupure meridienne, par exemple, on se 
retrouvera toujours dans cette meme et unique face ou Ton etait avant 
le passage. II arrive alors que cette of" n'a de relation qu'avec cette 
af ; et de plus, elle est deux fois en relation avec cette meme af, une 
fois en relation directe, une autre fois en relation inverse, de sorte 
que les deux relations se compensant, le nombre €^ correspondant est 
egal h zero. Dans ce cas, tons les nombres ej qui figurent dans Iri 
colonne correspondant e du tableau Tp sont nuls. 

D&DS les exemples en question (p. 49 sqq.), les varietes fermeeB a 
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trois dimensions que Ton envisage pea vent ^tre regard6e8 comma des 
poly^dres de la seconde sorte. Chacun de ces polyMres a une seule 
case (qui dans les premier, troisieme et quatri^me exemples est un 
cube, et dans le cinqui^me un octaddre), mais les faces de cette case 
se confondent deux h deux. 

1" Exemple. — 

1*" face ABBC = ABDUCT, I*'* ar^te AB = CD =i A'B ^ Clf 

2* „ AC(rA = BDDA\ 2* „ AC = BD = ACT = B'D' 

3' „ CDirC = ABB'A, 3« „ AA = BIT = CC = Bjy 

Une case unique, un sommet unique. 

Les ti*ois tableaux Ti, T, et T, se composent uniquement de z6ros. 
Tons leurs invariants sont done nuls. 



8* Exemjjle, — 

l*** face ABDC = B'D'CA\ 1*« ar^te AB = FIX = CC ; 
2« „ ABB" A = CCDD\ 2* „ AC =z DIX = B'A'; 
3* „ ACCA' = DIXB'B, 3« „ AA = CIX = I)B ; 

4*^ „ CD^BB'^^AC; 
1~ sommet A = B'= C'=:D, 2r sommet B = D'=A'=C. 



Tableau 7",. 


Tableau 7,. 




Tableau 7,. 


|0 0|. 


+ 1 -1 -1 -1 




+ 1 -1 




+ 1 +1 -1 +1 




+ 1 -1 


, 


-1 +1 -1 -1 


• 


+ 1 -1 
-1 +1 



Le tableau T, n'a qu'un invanant qui est nul ; le tableau T^ en a 
deux qui sont et 1 ; le tableau T, en a trois qui sont 

1, 2 et 2. 
4* Exemple. — 

l*** face ABDC = B'D'CA\ 1*" ar^te AA = CC =^ BB' = DD' ; 
2* „ ABB' A = CDD^C, 2* „ AB = CD = B'V = AC ; 
3* „ ACCA' = BDUir, 3* „ AC = BD = UC = SA ; 

Une case ubique, un semmet unique. 
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Tableau T,. 
I I 



Lea tableauit T, ©fc T^ n*ont qu'im inTftriant qui est ; le tableau T^ 



Tableau r^. 


TaUMu T, 












+1 +1 









+1 -I 


* 





* 



en a troia qui 8ont 



1, 2 et 0. 



5* Exemple. — 












1*" face ABC = 


FED, 


I'^arSt* 


AB=FE, 


1" Mommot j4 = F ; 


2r ,. ACB = 


FDB, 


2* .. 


AV = FD. 


a* 


„ B^E; 


3' .. AED = 


FBV, 


3' ,. 


AE=FB, 


3" 


., C = D; 


4' .. ADB = 


FOE, 


4* ,. 
6' „ 


AD^FO; 
BV = ED\ 
OE=BB. 












Tableau T,. 




Tableau T,. 




Tableau T,. 


10 |. 


+ 1 


-1 


0+10 




+ 1 -1 







+ 1 -1 


0+1 




+ 1 0-1 







+1 


-1 +1 


■ 


+ 1-1 




-1 





+ 1 +1 




+ 1-1 : 
+1 -1 ! 
-1 +1 ' 



Les invariants sont : 

pour r, ; 2, 1, 1 et 1 pour T, ; 



0, 1 et 1 pour T,. 



Passons main tenant au sixieme exemple (p. 57). • 
Ainsi qu'on I'a vu (§ 14, p. 71), les equivalences fondamentalea 
8'ecriyent 0, + 0,= C,+ 6V 

C, + C',= C, + a(', + yO„ 

(7,+6', = c,+)8r,+afv 

Pour ecrire les homologies qui peuvent se deduire des homologies 
fondamentales par addition et multiplication, mat* sans division, il 
suffit de 86 donner le droit d'int«i-vertir I'oi-dre dee termes dans les 
deux membres de ces equivalences fondamentales ; on trouvo ainsi 

0'>.0; (a-l)C, + Yt'\~0-. (J(7, + (8-l)C,~0. 



1900.] Prof. H. Poincar6 sur V Analysis Situs. 293 

Le determinant (<i — 1) (8 — 1) — /3y 

est egal ^ 2— a— 8. 

Soit, d'antre part, /x le plus grand commnn divisem* des quatre 

nombres a-l, S-1, )8, y ; 

Texamen des homologies que nous venons d'ecrire montre que les 
deux invariants du tableau T^ qui ne sont pas 6gaux ^ ou ^ 1 sont 

II et . 

(Le nombre ft peut d'ailleurs ^trc egal ^1.) 

Quant aux invariants des tableaux T, et T„ ils sont toujoure tons, 
comme nous le verrons plus loin, egaux ^ ou a 1. 

Soit, par exemple, 

a = -l, /3 = 1, y = -l, S = 0. 

On a /A = l» 2-o-S=3, 

de Borte que Tun de nos invariants est egal a 3 et Tautre k 1. 
Cela peut d^ailleurs se verifier en formant le tableau jT,. Soient 

(ar, y-fl, ^), 
(— a;+y, — a;, a; + l) 

les trois substitutions du groupe G, que j'appellerai Si, S, et S,, et qui 
correspondront aux trois contours fondamentaux Cj, 0,, 0, (§ 13, p. 68). 
La variete etudiee peut ^tre regardee comme engendr6e par le cube 
ABCDA'B'C'D' (§ 10, p. 49). Seulement la face ABCD devra 6tre 
consideree comme decomposee en deux triangles ABD et AGD, de 
mSme que la face A'B'C'D' en deux triangles IfA'l^ et CD'A\ 

II est aise de voir que la face ABB' A est changee en GDD'(7 par la 
substitution S„ la face ACCA en BDD'B' par la substitution £>„ la 
face ABD en 1/A'B' par la substitution S^SiS^, la face AGD en G'lfA' 
par la substitution S^S^, 
Notre poly ^dre a done : 
1° Une seule case ; 
2° Quatre faces, k savoir : 

l*'* face ADS' A' = CDD^C\ 
2* „ ACCA' = BDBB\ 
3* „ ABD = D'A'B:, 
4« „ ACD = CD'A'; 
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3"^ Qua try arfites, k savoir : 

1*" ar&t© AA'^ BB* ^ OCT ^ I>D\ 

2' „ AB-CB =iyA\ 

S' ., AC = BD ^(rir = A'ff. 

4* „ AI) = trj' = I/B' ■ 

4P Un seul sommet. 

Laa tablenux T| et I\ »oiii enti^rement composes de zeros. 

Voici le tableau T, ; 

+1 -1 

+1 +1 
+1 +1 -1 
+1 +1 ^1 '. 
On voit qua lea in variants de ce tableau soiit 

1, 1, 3, 0. 

PasRons maintenant k Texemple de M. Heegaard. Soient x^y x^^ 
yn Vii ^i> h ^68 coordonnees d'un point dans Tespace a six dimensions ; 

X = Xi -h .r a/ — 1 = I ir I ef ^ - i» 

y^yi-^ih^ — "^ = y^ e^"^-^. 

z = z^+z^\/ — I z= z ei"" -^' 
Notre variete aura pour equations 

z' = xy, a^ + a'^ + yj4-2/- = l. 



soit 



d'ou 



!2'l = 



l^-yl 



^ = 



-1+1 



\r'\ + \y'\ = l. 



Pour obtenir la variete tout entiere, il faut que nous fassions varier 

1° 1 .1' I de a 1, ce qui fait vaner en meme temps \y\ de 1 a ; 

2° 77 de a 27r ; 

3° i + 77 de a 47r. 

Le polyedre ainsi obtenu a une seule case definie par les inegalites 
0<|ic|<l, 0<77<27r, 0<f + 77<47r. 
II a deux faces definies par les relations suivantos: — 

P'^face 77 = 0, 0< .r <1, 0<f<47r; 

cette face est identique a la suivante : — 

V=2ir, 0<|a;i<l, -27r<f<27r. 
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2«face ^+i? = 0, 0<la?l<l, 0<i7<2ir; 

cette face est identiqne k la snivante : — 

^+.i7 = 4t, 0<|a;|<l, < 17 < 27r. 
II a ti*ois aretes definies par les relations suiyantes : — 
I*"- ar^te ( = rj=zO, 0<>|<1; 

cette ar^te est identique aux trois suivantes : — ' ^' 

f = 0, ^ = 2ir, < I a; ; < I ; 

^=:-2ir, i7 = 2ir, < | a? | < 1 ; 
i=zrj = 2w, 0<laJi<l; 

2* ardte ar, = a*, = 0, < 17 < 2t ; 

3* „ yi = yj = 0, — 2ir < f < 0, identique aux deux suivantes : — 
yi = yi = 0, 0<f <2ir; 
y, = 1/j = 0, 2ir< i <4fjr. 

II a enfin deux sommets, h savoir : 
1" sommet ajj = o^ = 0, 17 = 0, identique au suivant : — 

a*, = aj, = 0, 1; = 2ir ; 
2' „ y, = y, = 0, ^ = — 2ir, identique aux trois suivants : — 

yi = yi = 0, i = 0] 

2/1 = yi = 0, ^ = 2ir ; 

yi = yj = o» ^ = 47r. 

Le tableau T, est enti^rement compose de zeros; quant aux 
tableaux T, et T„ ils s'ecrivent 



T, = I 0+2 

I 1 1 



T, = +0-1 


On voit que les invaiiants sont 0, 2 et 1 pour T„ et 1 pour 7\. 



5. Extension au cos general d*un Theoreme du Premier Cnniplement. 

Je Youdrais revenir sur Tune des questions traitees dans un des 
memoires anterieurs (c, § 10). Je n'ai envisage dans Tendroit cite 
que le cas de p = 3, et je voudrais faire voir comment on pent etendre 
les m^mes raisonnements au cas general. Yoici de quoi il s^agit : 




So lent deux poly ed res r,*ciprot|«es P et P'; coiii;id^ix)n8 d'luie part 
lei elements irj de P, et d'auti^ part lee eU>meut8 tj de P'. Je snppo^ 
que Voti ait tix>iive une congrnence 

entre lew /if ^ je din qn^on pourra faii-e cOTTespondre k cette tson^nence 
tuie aiiti^ coniijriienoe entiie le*5 ?*' 

(2) 5^,5? = 0, 

et cela de telle BOrt© que i*on ait Thomologie 

(3) %Ka:^^p,hl 

Heciproquement k toiite congruence d© In formo {*!) on pouiTa falr# 
cori-espondre une congraence de la forme (1), et cela de telle s^ort^ 
que les premiers membres de ees deux congi'uenceB eoient lies par 
rhomolog-ie {:i). 

Tel est le theoreme qa*il s'agit de demontrer. J'en ai donne une 
demonstration simple dans le cas de p = 3, et il s'agit d'etendre cette 
demonstration au cas general. Je ferai d'abord une premiere remarque. 

Considerons les congi'uences 

(4) a:=l^aJ-\ 

Nous savons qu*en les combinant Hneairement, on peut en eliniiner 
les a] ' et obtenir des congruences de la foi*me 

(5) 2f,«;' = 0. 

Le nombre des congruences distinctes de la forme (5) est celui que 
nous avons appele a^ — a'^'. 

Supposons maintenant que nous considerions les differents elements 
a, du poly^dre P, ou le nombre h des dimensions doit etre plus gi^nd 
que q, mais peut ^tre egal a <7 + l, 7 + 2, .... p — 1 on p. Nous donnons 
une fois pour toutes a ce nombre // une valeur determinee. 

Nous repartirons alors les congruences (4) en groupes, en mettant 
dans le m^me gi'oupe deux de ces congniences si les deux aj correspon- 
dants appartiennent a un meme a- ; il est clair qu'il y aura autant de 
groupes que de »^, et qu'une meme congruence pouiTa se retrouver 
dans plusieurs groupes, puisque un al fait ])artie de plusieurs a,. 

En combinant lineairement les congruences (4) d'nn meme gr- npe^ 
on pourra alors eliminer les oY et obtenir des congruences de la forme 

(5 bis) 2f.'a;~0. 
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Lea congruences (5 bis) font evidemment partie du syst^me des 
congruences (5), puisque ce dernier systeme est celui de toutes les 
congruences distinctes de cette forme que Ton pent obtenir par la 
combinaison des congruences (4). En revanche, il pent y avoir dans 
le systeme (5) des congruences qui ne font pas partie du systeme 
(5 bis); et en effet nous avons obtenu ce dernier systeme en im- 
posant des restrictions k uotre faculte de combiner les congruences^ 
(4) puisque nous ne pouvions combiner que celles d'un meme groupe. 

Je dis d'abord que la congruence (5 bis) entraine Thomologie 

(6) 5i;a:~p. 

En efPet, la congruence (5 bis) est une congruence entre les 616ment8 
du polyedre a<, et, comme par hypothese ce polyedre est simplemenf 
connexe, cette congruence doit entrainer Thomologie correspondante. 

R^ciproquement, si Thomologie (6) a lieu, la congruence correspon- 
dante fera partie du systeme (5 bis). En effet, Thomologie (6) ayant 
lieu entre les elements du polyedre a, , doit entrainer la congruence 
correspondante, et cette congruence doit pouvoir se deduire des con- 
gruences fondamentales de la forme (4) relatives au polyedre a^, c'est- 
k-dire appartenant k un mSme groupe. 

I) r^sulte de 1^ que le nombre des congruences distinctes du 
systeme (5 bis) est a,— aj. 

Le systeme (5 bis) reste done toujours le m^me quelle que soit la 
valeur attribuee au nombre h. 

Nous voyona en meme temps que cette consideration permettrait de 
trouver le nombre de Betti P, en considerant seulement le tableau T,. 
pourvu que Ton siit en outre si deux congruences (4) appartiennent 
ou non k un meme groupe. 

Introduisons maintenant une notion qui pent 6tre consid^r^e 
comme la generalisation de la notion de pyramide. Soit a, un 
domaine appartenant k un espace plan Pq k q dimensions ; soit ht» un 
domaine appartenant k un autre espace plan Pi, k m dimensions. Je 
supposerai que ces deux espaces plans n^ont aucun point commun. 
Je pourrai alors par ces deux espaces faire passer un espace plan 11 
k g+m-f 1 dimensions, et un seul. 

Cela pose, joignons par des droites chacun des points du domaine 
Og k chacun des points du domaine h^, L'ensemble de ces droites 
engendrera un certain domaine appartenant k Tespace plan 11, ayant 
7 + m+l dimensions que je d^signei^ai par la notation a^h^, et que je 
pourrai appeler pyramide g^n^ralisee rectiligne. 

Si, en effet, le domaine a, se r^duisait k un polygene plan (q=: 2V 
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et le donmine b^ k un point (m =0), le dotuame a,t« ae rtMairait a 
line pyramiile oi*dinaire ayant a^ pour bas<* et h„ ponr sommet, 

Toute figure bomeomorphe k une pyramid© g^n^ralis^e recti I%iie 
poui-ra s'appeler pyramide gen^ralist^e, 

Cela poat^ envisageons tin ^l^ment aj dn polyedre F et un el^ent 
67 du polyedre reciproque P' ; c^t Element hj' con-espcmd a un element 
ffp"^ du polyedi-e P, Je suppose que Telement crj fasse parti e de 
Teleraeut aj'"' ; noiis aurons done 



I 



Je reniarque de plus que tout point de Ij^ fera partie de Tun dea tij 
dont fait partie oj"'**, et par consequent de Tun des aj dont fait partie 
a^ II Buffit de le monti^r pour lea flommets de fcj" j or, si fc* est Fun 
de CGH sammets, il sera h Tinterieur de ul^ et comme bt appartient 
h"\ i*T] vtrti] de la detinitioii m^nie des polyedres i-eciproques, Uj "* 
appartiendra a aj!. 

Cela pose, nouspouvons a rinterieurdecliacundesaA definirunsysteme 
de lignes L, tel que par deux points quelconques interieurs a cet al on 
puisse mener une ligne L, et une seule. Le systeme des lignes L 
jouit done des niemes proprietes qualitatives que le systeme des 
lignes droites. Cela tient a ce que a^ est suppose simplement connexe. 

Joignons maintenant chacun des points de 6 J' k chacun des points 
de a1 par une ligne L situee dans celui des a'l auquel appartient k la 
fois aj et le point considere de hj\ 

L'ensemble de ces lignes L engendrera une figure que j'appellerai 
aj67» qui sera bomeomorphe a une pyramide generalisee rectiligne et 
qui aura q -\-7n-\-l < p dimensions. 

Quelle sera la frontiere de cette variete a? 67 ? Supposons que Ton 
ait les congruences 



e 



".'* 



La frontiere se composera des pyramides generalisees aj 67 et 
a, 6;i , et 1 on aura 

(7) a'6; = 2«J,ar'6; + 2v"a?6r'- 

Cela ne serait plus vrai si Ton avait m = 0. Dans ce cas, en effet, la 
variete a] anrait 5 = (g -f^n 4- 1) — 1 dimensions; elle devrait done 
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faire partie de la fronti^re complete de ajfcj", et la con^uence (7) 

deviendrait /r? v* \ «iO ^ « 9-irO q 

(7 bis) a. bj = 2 cjfc aj hj —a? 

(les tei*mes en c' disparaissant) ; 'de meme pour rjr = on aurait 

( 7 ter) a" h'" = 2 c'"' a" bl"-^ + fe-. 

Des congruences (7), (7 bis) et (7 ter) se deduisent les homologies 

(8) 2cj,ar^t;--2.;raj6:-, 

(8 bis) a:^ UnaVhl 

(8 ter) 5- r^ -2c'j;;a°6';-\ 

La congruence (8 bis) suppose que a1 fasse partie de of; c'est 

celle que nous avons envisagee ailleurs (c, § x., p. 49, eq. 2). 

Supposons maintenant que nous ayons trouye une congruence de la 

forme /^ , %• \ « i "* n 

(9) ^kijo-hj =0. 

Je dis que nous pourrons trouver une congruence de la mdme forme, 
mais ou le nombre q a augmente d'une unite et le nombre m diminue 
d'une unite, et cela de telle sorte que les premiers membres des deux 
congruences soient liomologues. 

En effet, nous avons identiquement en vertn de (7) 

i; I ^ V lA A J ' %f jk * k ' 

On doit done avoir (en annulant dans le second membre le coefficient 

On en deduit la congruence 

(10) 5,\,X = 2.A^€?*ar* = 0. 
Tons les elements aj qui figurent dans le premier membre de (10) 
appartiennent a aj""*; or aj""* par hypo th^se est stmplement connexe; 
toute congruence entre ses elements entraine done Thomologie 
correspondante de sorte que Ton a 

d'ou ^iKjal = \ti^ay\ 

les fi etant des coefficients entiers et les al*^ etant des Elements 

appartenant k aj"^. 

Or Xf^y/' = 2,.7A^«'r'fl?. 

On a done K = Spfi^c', . 



Onaalors *t „!** .c.. ym..o*itm^i 
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La congrueiice (9) pent alora s'eerire 

(la enmmation H^etend anx troia indices ^, i, J), 

Or nous pouvons former TlioiuologTe Buivante qui n'est autre que 

TuTie des horaologies (8) i — 

(11) s*;; ^ a* 6; -^ - s e;*"a;** frr' '■ 

ce qui demontre le theoreme enouce, 

Le cas de «i — eet, bien eiiteodu, laisee de c6te et doit etre traite 
a pai-t, Dans ce cas J*Uomologie (11) doit ^tre remplaoee pai' la 
suivante qui est Tune dea homologies (S bis) :— 

(11 He) 2<;;*fl:f»;-ar\ 

Done a la congruence 

(9 bis) 2X^,aJfc; = 
correspondra la congruence 

2/x,«r' = 

qui est de la forme (1), et les premiers membres de ces deux congruences 
seront homologues. 
Soit maintenant 

(2) ^\jb] = 

une congruence de la fonne (2) ; on aura par une homologie 
analogue k (8 ter) t? /^ — Sc'^a^t'''^ 

si h'l' est Tun des elements de P' auquel appartient b1. 
Nous avons done I'homologie 

J J J jk t k ^ 

de sorte qu'^ notre congruence (2) correspondra. une congruence 
(12) -SXc'V/Hr' = 

^ ^ J jk i k 

dont le premier membre est homologue a celui de (2). 

Si done nous avons une conginience de la forme (2), nous en 
dedairons la congruence (12), qui est une congi-uence de la forme (9), 
ou les nombres que nous appelions plus haut g et m ont respeetivement 
pour valeurs et 5— 1. Nous en deduirons ensuite une autre 
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congruence egalement de la forme (9), mais ou ces denx nombres 
auix)nt pour valeurs 1 et q—2, et ainsi de suite ; on finira par arriver 
a une congruence de la forme (9 bis), c'est-^-dire k nne congruence ou 
ces deux nombres auront pour valeurs q—letO; et nous en deduirons 
alors finalement une congruence de la forme (1). 

Les premiers membres de toutes ces congruences seront homologues 
entre eux. 

Le theoreme enonce au debut de ce paragraph e se trouve ainsi 
demontre. 

Pour en tirer toutes les consequences qu'il comporte, nous devons 
remarquer ceci : Nous devons distinguer plusieurs sortes d'homologies. 
Soit v, une variety quelconque h q dimensions faisant partie de notre 
variete v, et v^_i sa frontiere complete, ce qui s'exprime par la 
congruence r, = r,.,. 

Nous en deduisons I'homologie 

t*,_i ^ 0. 

Les homologies ainsi obtenues sent les homologies fondamentales. 

£n combinant les homologies fondamentales par addition, sous- 
traction et multiplication, on en obtient d'autres qui sont les 
homologies sans division. Enfin, en les combinant par addition, 
multiplication et division, on en obtient encore d'autres qui sont les 
homologies par division. 

Eh bien, toutes les homologies qtie nous avons rencontrees dans ce 
paragraphe sont des homologies sans division, 

Cela pose, revenons k nos tableaux T, et T^ et k leurs invariants^ 
et en particulier k ceux de ces invariants qui ne sont egaux ni ii 0, ni 
ii 1, et que nous appellerons coefficients de torsion, 

Supposons que nous ayons Thomologie suivante : — 

(13) SifcX.aJ/^0, 

ou les \i sont des entiers premiers entre eux ; que (13) soit une 
homologie sans division, mais que Thomologie 

(14) SA,aJ /- 

ne puisse ^tre obtenue que par division. D'apr&s ce que nous avons 
vu dans Tun des paragraphes precMents, cela voudra dire que k est 
I'un des coefficients de torsion du tableau T,. 
Nous aurons la congruence 

(14 bis) SX,a? = 0. 
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De (14 bis) nous poonxJiis, par h proced^ de co pftraginphe, dednire 
nne congiuience entre lee hi que j*e<irirai 

(Uter) 5/i,M = 0. 

On aui'ait d^ailleura, d'apr^ le theoi^me que nous venoaa d*etabltr,^ 

C'est la una homologie eans divisioiit et on en deduimit unniediate- 
ment, egalenient sani division, 

De l£i on dednit que Ton a, san.s divitsion, 
et que Ton n*ti prtSj sanB division ^ 
sans quoi Ton aui^it, sans division, 

ce qui est contraire a rhypothese. 

Cela veut dire que A: est un coefficient de torsion du tableau T^. 

Ainsi les coefficients de torsion des deux tableaux T^ et T^ sont 
egaux (la demonstration est aisee a completer), et, si Ton observe que 
les deux tableaux T,^ et Tp.^ ont memes iuvai'iants, on conclura que 
les tableaux egalemevt distaHts dcs e.rtrrmes ont memes cocffictents de 
torsion. 

On pourrait airiver au meme resultat par une autre voie. 

Nous avons vu dans un des memoires anterieurs (§16) definir 
I'operation que nous avons appelee I'annexion ; je suppose que deux 
elements d'un polyedre, par exemple a[ et aj, soient separes Tun de 
I'autre par un element a\~ , que ce soit le seul element a g — 1 dimen- 
sions commun a a] et a «J, et enfin que al~ n'appartienne a aucun 
element a q dimensions en dehors de a] et de a] ; on aura done c^^ = 1, 
€*4 r= — 1 ; tons les autres c?,* seront nuls quel que soit I'indice h^ de 
m^me que tons lea produits c^a«/V 

Dans ces conditions, on pent annexer I'un a I'autre les deux elements 
a] et a] en supprimant I'element al~ . Quel est I'effet de cette opera- 
tion sur nos tableaux T^ ? Le tableau T, perd une ligne et une 
colonne ; le tableau T,., perd une ligne. L'un des invai^iants egaux a 
I de Tg disparait; quant au tableau T.^.^, il perd un invariant s'il n*a 
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pas plus de lignes que de colonnes ; dans ce cas, rinvariant qu*il perd 
est egal k zero. Tous les autres invariants des deux tableaux ne 
changent pas ; ces deux tableaux eonservent done leurs coefficients de 
torsion. 

Or il est aise de former un poly^dre derive k la f ois de P et de P' ; on 
pourrait ensuite remonter de ce poly^dre soit k P, soit k P\ par des 
annexions reguli^res. Comme ces annexions n'alterent pas les coeffi- 
cients de torsion, les tableaux T, et 2^ doivent avoir m^mes coefficients 
de torsion. 

6. Tornon interieure des Varietes, 

Considerons Tan de nos tableaux T,. Nous dirons qu'une suite 
d'elements, tous distincts, de ce tableau, ranges dans un certain ordre 
forme une chaine, si chaque element de rang impair appartient a la 
m^me ligne que Telement suivant et k la m^me colonne que Telement 
precedent. La chaine sera fermee si le dernier element est identique 
au premier. II est clair qu'une chaine fermee contiendra toujours un 
nombre impair d*elements et un n ombre pair d'elements distinct s. 
Par exemple, les elements 

^ ^ 11 » «12i *'ny •23> «33> *31> Ml 

formeront une chaine fermee. 

Comme tous les elements du tableau T, sont egaux kO, +1 ou —1, 
le produit des elements distincts d*une chaine fermee sera toujours 
0, +1 ou -1. 

Supposons que les elements de la chaine (1) aient les valeurs sui- 
vantes:- ,_,_,_, .«_^_,»__l. 

*12 — «23 — «31 — •■•> Ml — «22 — «S3 — — -*■ > 

le produit des elements de la chaine sera — 1 ; considerons alors les 
trois varietes aj, aj, aj, et les trois varietes a?"\a?"\a3'*; en sup- 
primant les varietes oj"*, aJ'* et aj"\ on annexe les unes aux autres 
les trois vanetes a?, oj et a', et la vaiiete ainsi obtenue 

. a? + a.J + aJ 
est une variete hilatere. 

Si, au contraire, nous avons 

Q q q 1 q q -i q -i 

on pourra encore supprimer aj"\ aj'^ et aj~^ et obtenir par annexion 
la variete aJ + oJ + Oa ; mais eette variete sera unilatere. 

Plus g6neralement, si tous les elements de la chaine (1) ^<)^^ 4^^&x. 



tj04 
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h +1 et a —\y iioua eiippnmemii^ d'aboixl fn!' et w*'' ; nous abtii!ii'>^ 
d I'D us ainsi par annexion la vaviete 

(2) «:-tL4a.H€r.4f?.4,o?. 

Supprimant ensuite (^~\ nous voyons que la vanete (2) est deflommiB 
forme e d'uiie chalne fermee de «J au &euB du panigi^aphe S (p. 26) de 
T'* Ana lysis Situs," et que cette chahie esl bilatei*e mi unilat^re selt»n 
que le praduit. des Elements distincte de la cliaine{l) est egal & —1 o\i 

Nous dirons dans le pi'emier eas que la cUaiiie (1) estbilatere, dana 
le fiecomi eas qu'elle est ntii latere. 

Nous sommes done conduits k disttngner tms categories pnwui lea 
c Haines fet-mt^es formees k Taide d' element 3 dee tableaux T, ; 

1° Les chaines utdks, c'est-&.*dire celles dont le produit des Elements 
eat nuL 

2^ hen cliaiiiew hilatvres. 

II est aise de voir que ce sont celles dont le produit des elemenis 
est 4- 1 si le nombre des elements est multiple de 4, on celles ou ce 
produit est — 1 si le nombre des elements est multiple de 4 plus 2. 

8° Les cliaines unilateres. 

Ce sont celles ou ce produit est —1 si le nombre des elements est 
multiple de 4, ou +1 si ce nombre est multiple de 4 plus 2. 

Cela pose, nous dirons que le tableau T, (ou plus generalement tout 
tableau ou tout detenninant dout tous les elements sont 0, +1 ou —1) 
est hilatere s*il ne contient que des chaines nulles ou bilateres. 

II resulte de cette definition : 

1° Qu'un tableau bilatere reste bilatere si Ton change tous les 
signes d'une colonne, ou tous les signes d'une ligne ; ou encore si Ton 
permute deux colonnes ou denx lignes. 

Theorhne. — Un determinant bilatere ne pent etre egal qu'a 0,-1-1 
ou —1. 

En effet, on pent ton jours, en cbangeant au besoin tons les signes 
de certaines colonnes, s'arranger de fa(^on que tous les elements de la 
premiere ligne soient ou +1. 

Supposons, par exemple, que les deux premiere elements de la 
premiere ligne soient egaux a -I- 1, et que je re tranche la premiere 
colonne de la seconde, la valeur du determinant ne sera pas changee ; 
je dis que le determinant restera bilatere. 

Considerons, en effet, dans le determinant primitif une chaine dont 
le premier et Je dernier element appartiennent a la deuxieme colonne 
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et tons les autres elements k d'autres colonnes. Solent a et c ce 
premier et ce dernier element ; soit ( le produit de tons les autres 
elements de la chaine; soient h et d les elements de la premiere 
colonne qui sont respectiyement dans la m^me ligne que a et c, 

Le produit des elements de notre chaine que j^appellerai la 
chaine (1) sera aci^ et nous aurons 

ac( = ou 1 si le nombre des Elements ^ (mod 4), 

ac( = on —1 „ „ „ =2 (mod 4). 

Le produit des elements de la chaine que j'appellei*ai (2) et qui est 
formee avec les 616ments correspondants du determinant nouveau sera 

et, en effet, les elements de notre chaine ne changent pas, excepte les 
61ements a et c qui deviennent a—h et c—d. 

La chaine formee dans le determinant primitif par les deux Elements 
de la premiere ligne et par les elements a et 6 doit dtre bilat^re, de 
sorte qu'on doit avoir 

a— 6 = ou a = ou 6 = 0. 

On doit avoir de mSme 

c—d = ou c = ou d=iO, 

Si (a— 6) ou (c-'d) est nul, le th6oreme est demontr6 puisque le 
produit (a — 6) {c—d) i = 0. 
Si 6 = cJ = 0, on a 

(a-6)(c-i)f=acf, 

et le theor^me est d6montre puisque les deux produits des chalnes (1) 
et (2) sont les mSmes, que le nombre des 616ments est le m6me et que 
(1) est bilat^re ou nulle. 
Si a = c = 0, on a 

(a-.6)(c-d)^ = 6df 

La chaine (3) qui appartient au determinant primitif, et qui a 
m§mes elements que la chaine (1), sauf que a et c sont remplac^s par 
6 et d — cette chaine (3), dis-je, est bilatere ou nulle ; elle a m6me 
nombre d'elements que (2) et son produit est hd(, egal dans ce cas au 
produit de (2). Done, dans ce cas encore, la chaine (2) est bilatere 
ou nulle. 

Si a = (2 = 0, on a 

(a-6)(c~d)^ = -6cf. 

II faut cette fois consid^rer dans le determinant primitif unft 
VOL. xxxii. — NO. 729. X 




cliftine (4) dant les elements serottt les deux Elements de la premiere 
ligne^ les elements t et c qI les elements de la cbaine (1), sauf n Bt c. 
Cette cbaine (4) doit ^tre bilat^re oa nulle* 

EUe contieut deux 616ments de pitta que la ctiafBe (2). 

Son prod nit est egal & hc^ et, par consequent, egal et de fitgna con- 
ti'aii^e an produit de (2), 

Done (2) m% bilat^re on nulle. 

Sit enfin, 5 ^ c " 0, on & 

€t on demontt^raii, tout h fait csomme dans le caa precedent « qu« ifl 

chaSne (2) est bi latere ou nnlle. 

Nona Yen on & de traiter le cas des chaiDes dont deux elements 
appartiennent a !a second e colon ne. Le t^esnltat est le m^me quel 
que soit le nonibi^ deti Elements appartenant k la aeconde colonne, 
nombre qui d'nilleuT^ doit ^tre totijouni pair. 

Si 06 nombi'e est nul, le th6or6me est Evident, car la chaine du 
determinant nouveau ne difFere pas de celle du determinant primitif. 

Supposons que ce nombre soit 4, pour fixer les ideas. Soient 
a, c, e, g quatre elements de la seconde colonne, et imaginons que Ton 
rencontre successivement Telement a, divers elements ^ appartenant 
a d'autres colonnes, les elements c et e, divers elements t) appartenant 
^ d*autres colonnes, et enfin g. Notre chaine sera fermee. 

a^cer^ge 

pent se decomposer en deux chaines fermees 

aica, erjge, 

et, pour qu'elle soit bilatere, il suffit que les deux composantes le soient. 
On est done ramene au cas des chaines n'ayant que deux elements 
dans la seconde colonne. 

J'ajouterai que tous les elements du determinant nouveau sont 0. 
+ 1 ou — 1. En effet, comme on a 

a-b =zO ou a = ou 6 = 0, 

on aura rz — /> = 0, a ou ~b, 

d'ou a-h = 0, 1 ou -1. 

Cela pose, retranchons de cette fa^on la premiere colonne de toutes 
les colonnes dont le premier Element est -^1. Le determinant con- 
servera sa valeur ; il i-estera bilatere ; mais tous les elements de la 
premiere ligne seront nuls, sauf le premier qui sera + 1. 
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Ce raisonnement est applicable dans tous les cas, sanf si tons les 
elements de la premiere ligne sont nnls ; mais alors le determinant 
est nul et le th^r^me est evident. 

Si maintenant on snpprime la premiere ligne et la premiere colonne, 
on obtiendra un determinant nouveau qni sera %al au premier et, 
comme lui, bilatere. Snr ce determinant nouvean, qui a une ligne et 
une colonne de moins que le premier, on op6rera de la m^me fa^on, et 
on finira par arriver k un determinant qui n'aura plus qu'un seul 
element, lequel devra ^tre 0, +1 ou —1. 

Notre determinant est done egal a 0, -»- 1 on —1. 

1" Corollaire, — Si un tableau T, est bilatere, ses invariants sont 
tous ou 1. 

2* Corollaire. — Si un poly^dre a tous ses tableaux Tg bilatdres, d'est- 
i-dire «i on ne pent pas composer avec ses elements aj une Variety 
unilat^re, ce polyedre n'a pas de coefficients de torsion. 

On voit que I'existence des coefficients de toi'sion (qui necessite la 
distinction entre les deux definitions des nombres de Betti, ou entre 
les homologies par division ou sans division) est due k ce fait que les 
elements du poly^dre peuvent engendrer des varietes unilat^res, c*est- 
ii-dire que le polyedre est pour ainsi dire tordu sur lui-m6me. 

C'est ce qui justifie Texpression de coefficients de torsion, ou celle 
de varietes avec ou sans torsion. 

Si la variete V formee par Tensemble des elements af du polyedre P 
n'est pas elle-m^me unilat^re, les deux tableaux T^ et 7), sont bilat^res. 

En effet, chaque ligne pour Tun, chaque colonne pour I'autre a tous 
ses elements nuls, sauf deux qui sont egaux ^ +1 et — 1. Si done 
une chaine n^est pas nulle, ses elements sont deux k deux egaux et de 
signe contraire ; elle est done bilatere. 

II resulte de Ik que les tableaux extremes Tj et T^, ont tous leurs 
invai'iants egaux ^ ou a 1. C'est ce qui explique pourquoi Ton ne 
rencontre pas les coefficients de torsion avec les poly^dres de Tespace 
ordinaire ; ces poly^dres ne comportent en effet que deux tableaux 
2\ et T;. 

Cela ne serait plus vrai si la variete V etait unilatei-e. Ainsi la 
variete consideree au septi^me exemple (§ 15, p. 87) peut dtre sub- 
divisee en polyddre, et, suivant la maniere dont la subdivision se fait, 
on trouve pour le tableau Tj 

+1 +1 
+1 -1 
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Ponr Tie pa!^ trop aUonger ce ti*avail, je rae bornerai k enonc^r le 
theoremi? Huivant dont la demons tnLtioii demanderait quelques deve- 
loppementsH : — 

Tout poJj/edre qui a tous se^i tiombres <fe Bettt egaum a 1 e/ ions set 
tableaux T^ bilufhres est simphment connexe, cest-a*dire hu?miQifti<yrpke d 
Vhyper sphere.. 



A Proof of thn Diredro'Focal Property of the Plane Sedions of a 
Gone in iwn-EncHdmn Space. By Ietiko StrikqeiaMj 
Ph.D. Communicated Juno 14th, 1900. Receired June 
18th, 1900. 

Ill the analysis of the homogeneous equation of the second degree 
in three variables, interpreted as coordinates in the non-Euclidean 
plane, it is made evident that the curve represented by that equation 
possesses the directro-focal property, but from this fact it does not 
follow that the curve exists also as the plane section of a cone. In 
order to make sure that the curve is really a conic section, it must 
be shown geometrically that the plane sections of a cone have also 
the directro-focal property. I have long supposed that such a geo- 
metrical proof exists somewhere, and I still suspect that Prof. Killing 
has one in his possession, but my search for it, in the literature of 
the subject, has thus far resulted unsuccessfully. The following 
proof supplies the missing link and is offered as a possible contribu- 
tion to the subject. It should be noted that the argument is applic- 
able in either elliptic or hyperbolic geometry. 

The right circular cone is here defined, in the usual manner, as the 
sui'face generated by a straight line turning about a fixed point and 
forming with a fixed sti'aight line through this point a constant 
angle. Any plane meets the cone in a conic section AW. A sphere 
FES may be so constructed as to touch the cone in the circle FQE 
(its centre at G) and the plane in the point 8. The plane of the 
circle is perpendicular te the axis of the cone, GC. Through any 
point on the conic section, as P, pass a plane, also perpendicular to 
the axis of the cone, forming with the conical surface the circle TPBy 
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whose centre is at C. These two planes meet the plane of the conic 
section in two straight lines, DM, NF, which are met at right angles 




in D and N by the principal diameter, A B, of the conic section. PS, 
PQ, and BE are tangent to the sphere, and are therefore equal to one 
another in length, and PM is drawn perpendicular to DM. 

In the figure thus drawn there are two birectangular quadrilaterals 
NCOD and BCOE, with right angles at C and O, and PNDM is a 
trirectangular quadrilateral with its right angles at N, D, and if. 
The following relations between the parts of these figures are well 
known.* In NCQD, 

sin,J^i) = ^^^-^^^/'-gy, 
sm 

where c stands for the angle GDN; and, in BCOE, 



where c stands for the angle OEB ; and, in PMDN, 
sin. PM = sin. ND cos. NP ; 



* Cf. F. Haofldorff, *' Analytisclie Beitrage zor niohtenUidiflchen Gt)ometrie," 
Leiptigei' Berichte, Math.-Fhys. Claase, Math. Theil, .1899, p. 163. 
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and, finally, in the triangle CNF^ 

COB, GN cos, NP = cos, (7P ^ ooe, OU, 
ihj& fuTictioTis sin, and cos, being her© defined by tlie ideutitios 
siii.t*= ^(e**'*-? *•), 

where <- is* the fundamental constant, or modulus* of the space-form 
in question, und is in the gen^i'aJ cafc;e i% complete uumbyr. 
It follows immediatelj that 

sm^ PS ain ti ^ . 

, - ' , , ^ . = e, a constutit. 
sin, PM sine 

This expresses the directro-focal pixiperty of the conic section, S ia 

a focus, BM is the dii'eetrix, and e is the eccertricitjr. 

This Tntit> ha8 precisely the form nulled for bj the properly ti'ani^- 
formed homogeneous equation of the second degree. If r and be 
the radius vector and vectorial angle of the point (?r, x, y), and p, y 
be the normal and noi"m-angle to the straight line (w, a, yS), and if as 
definitions of ir, .r, y and w, a, /3 we adopt the system of values 

ic, .r, y = u- cos, y, sin, v sin ^, sin, r cos ^, 

o sin.w 

w, a, p = — .^-*-, cos,^ sin V, cos, 7* cos i% 

the distance formulae for FS and P3f, in the notation here employed, 
are, for PS, 

(sin^PSy = K-'^ {[yw'J-\-[icxJ-\-[xy'Y), 

where \^yw'], [itvr'], and \_xy'~\ are abbreviations for the determinants 
yw' — y'w, wx' — w?V, &c., and, for PM, 

(sin, PM)- = {mv-\-(tx-\-f^yy. 

Hence the directro-focal property is expressed by the equation 

l!/w'Y-\-\_wx'J-\-[xi/Y-\-K'e* (unv-\-ax-\-l3yy = 0, 

and this is homogeneous and of the second degree in u\ x, y. 

Of its seven constants (k must be treated as given) five, namely, 
a?', y\ a, ft, and e, may be regarded as independent, the other two 
being given by 

w =v (— a: — 2/'— «). 

.. = y(l-a'-(3'), 
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the two fundamental equations which may be assigned as the condi- 
tions that w, x, y, and w, a, p shall be the coordinates of a point and 
of a straight line respectively. It will therefore be possibly to write 
these constants as functions of the five independent coeflficients of the 
general homogeneous equation of the second degree in w^ x, y^ and 
thereby reduce this equation to the above special form, which ex- 
presses directly the directro- focal property. Hence : 

The general homogeneous equation of the second degree in three 
variables, interpreted as point coordinates, represents a conic section. 



The Energy Function of a Continuous Medium transmitting 
Transverse Waves, By H. M. Macdonald. Read and re- 
ceived June 14th, 1900. Received, in revised form, August 
8th, 1900. 

The object of the following note is to obtain the most general 
form of the energy function of a homogeneous continuous medium, 
assumed to be a homogeneous quadratic function of the nine first 
differential coejfficients of the displacements which satisfies Green's 
condition that transverse waves are propagated in it independently 
of waves of dilatation. It is further shown that when this condition 
is satisfied the wave surface is Fresnel's. 

Denoting the energy function by ^, then 

2^ = a^ie^-\-a„f-\-ang^ + a^a^ + a^h^-\-af^c^ 

+ ajjW^-\'ag^utj-\-a^fo^+a^^ef-\-a^^ea 

+ a45a6 + a,7CWi-|-a47CW)i + 073(111 »,+ ..., 

where e, /, g, a, h, c are the component extensions and shears, and 
(i/„ w^, tei, are double the component rotations. 

The equations of motion are 



Cy 
&c., 



Pti = — ^„, + — ^U.-i — 0,;., 

OX (jy Oz 
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wKei^ w,, «j, n^ denote ;^ , ^^ , ^ , &c., and ^„^ denotes the differ- 

p^ oy di 

ential coefficient of ^ with nespect to u^^ Ac. These are eqnivalent tci 

3 



3 

-»- -r K'^fli^'Vi)^ +(%-%)/ +(^-^) ?+f^«4-f««)« 



+ («»-«») -^i] 

with two similar equation b. For plane waven assume 

then, if this represents a wave of dilatation which is propagated 
independently of transverse M^aves, 

A/l = B/m = C/n, 

and substituting in the equations of motion 

Ip V' = (f „ i* + ai3 Zm* + a,j Zw' + 2a^^ Imn + 2ai5 Z^n 

+ 2ffiaZ'm+ (a„ — flw) Z'm4- (a^— t'^) m*+ ("©s — <^) ^'"** 

+ 2 (^04— Om) m^i + 2 (a,5— a^ Imn -\-2{a^ — a^) Im' 

+ («6i + «8i) ^*w + (osj + agj) m'n + (oas + «») w' 

+ 2 (os^+agt) wn*+2 (055+ agj) Z?i^+2 (a^ + Ow) I'nn, 

with two similar equations, time for all values of Z, m, 7i. Hence, 
multiplying the left-hand side by P-\-m^-]-7r, which is unity, 

«ii = «.j + 2afl6-2a9o = «i8+2a^+2*i85 = pV\ 

a,4+2a^— aps + aga = ^^ 

3a,5 4-a8i = 0, 

Sa^g— «^, = 0, 
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"•8-0^+2 (a^-k-ajj = 0, 

<'«a+«w + 2 (a^i-O = 0, 

aM+a8, = 0, 

ai5+2a454-ag4— t/yj = 0, 
«« + «•! = 0, 
3a„ + (?„ = 0, 

a«+ a„+2a45— 2a;5 = 0, 
2a„+2a,5+ a«- 07^ = 0, 

«4s-a78 = ^» 
with a similar group. From these it follows that 

Oil = fl« = «» = py\ 

a^-\'2a^ = a8, + 2a„ = (ii,+2a„ = p^*, 
074 = ^86 = a« = 0, 

a»i = Oei = ^1 Ow = a« = 0, 
«8i = Osi = 0, flg, = ag, = 0, 

Oy, = 04, = 0, Oy, = O4, = 0, 

an-^2a^ = 0, a,^-{-2a^=z0, a,4+2a„=0, 

Oiy = 2a^ = 2a,5, 
a« = 2a^ = 2a^, 
Ojj = 2057 = 2a^ ; 

and therefore the energy function is given by 

24^ = K(e-\'f-\-gy+a^(a^-4fg)-^a^(V-4>ge) 

+ o^(c*— 4e/)— ai4 (6c— 2ea)— a»(ca-2/fe) 

—a^ {ah — 2grc).+ a^ (2ewi + cw,-|- 6w,) 

+ a« (c«i + 2/«,+ ao>,) + a^ (6«, + a«, + 2grw,) 

+ (Cii, C,j, C,j, C,„ C,3, <•„)(«„ 01^ w,)*, 

where iC = a,|. 
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Now 2t^w^ + cw^ H- 6*.;, ~*^\^*^'^'^*^^X "*" "' '^ ) ' 

%Vc. ; hence 2 [ ^d^%dLs 



+ 2 (ffji + r?,j) <ir,iii, I r/a* */fy fir 

J J ^ Vx Ox dy Cz' 



Transforming to the principal axes of the quadrics 

+ 2 (a,4+C25)2/;r + 2 (a.,5 + C3i) ra- + 2 (a^ + c,2).ri/ = const., 
the above takes the form 

2 jjUfZ^-%<ixr== jjl [A^(e+/+(/)--f 0,w;-H020>- + C>3](Zaj(ii/dj 

+ a surface integral ; 

and for this it is known that the wave surface for transverse waves 
is Fresnel's. Thus, whenever Green's condition, that transverse 
waves can be propagated independently of waves of dilatation in a 
continuous medium whose energy function is a homogeneous 
(juadratic function of the nine first differential coefficients of the dis- 
placements, is satisfied, the wave-surface is Fresnel's. 

In Green's * theory, in which the medium is supposed subjected to 
the influence of extraneous forces, the energy function due to the 



Mathematieal Papers^ p. 29vS. 
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displacements of the medium from its state of rest under the 
action of no forces to its state of rest under the action of these 
extraneous forces is ^{A8^-\-B8^-\- Cs^)y where s^, s^, s^ are the principal 
elongations, and Green's expression for the energy function for small 
motions is given by 



V ox Oy 






dx vy di 

-U|^(|)'-(t")'S 

-"(s^-(|)'-'(l"r 

Cy vz ox Oz Ojc oy 



-'if-fy^{ 



\dy 









\ Cx Oil ' 



dx ' 



dy' 



It follows from the above that, if the condition that transverse 
waves are propagated independently of waves of dilatation is satisfied, 
the extraneous forces must be such that ^ = B = (7 ; the wave 
surface is then FresneFs, and the direction of vibration is related to 
the plane of polarization in the same way as when there are no 
extraneous forces. In Green's* investigation, the condition of perfect 
transversality is violated, except in the case of the three principal 
waves. 

The above investigation applies to any continuous medium which 
is isotropic as regards inertia, provided it is homogeneous as regards 
elastic properties. If the medium is eeolotropic as regards inertia, a 
similar investigation applies, which shows that when Green's con- 
dition of perfect transversality is satisfied the wave surface is a 
surface derived from Fresnel's wave surface by a homogeneous sti'ain. 



• Xoc. eit., p. 305. 
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Note on the Repre»€HtaHon of a Cirde by a Linear Equation^ 
By John GRiFFrTHS, M.A. Received and coinmnnicated 
Jane Utli, 1900. 

[Thn cDoi-clinatea at^if^ £ of the preaent note kftye been emplojed 
by rae to prove vArioua tlieoi:*em8 iti the geometry of the circle and 
tH angle. Bee Proc, Lot*d^ Math. Soc^^ Vols. XXV.. xivi., and other 
ynls. Hence it eeems desirable to give a simpler iTLterpretaiioD of 
tbem than I have hitherto done.] 

L in the ordinaiy Cartesian method of determining^ the position 
of ft point P in a plane, the equation x=h i^ presents a right line, 
every^ point on which has the game abscissa k. In like manner, it 
may be possible to choose a coordinate x^ so that x = h shall repre- 
sent a circle or curve. In other words, the position of P may 
possibly be fixed by considering it as the intersection not only of 
straight lines, but also of circles, or curves. For example, suppose a 
circle to be di^awn thix)ugh the vertices R, C of a triangle ABC to 




FlQ. I. .« 



8m fi 



AX Bm(e + Ay 



if Z BXC= T-e. 



intei*sect the sides AB, AC in X, X'. See Fig. 1. This curve will 

be completely determined when either of the abscissae AX, AX' is 

known. Hence we may take AX or AX\ or a function of them, to 

he the coordinate of a point P on a circle through B, C. 

AC AB 
In particular, if we denote either of the equal ratios -7^-, ~~~ 

AX AX 

by X, there is no difficulty in expressing z in terms of the trilinear 

coordinates a. /3, y of P. 
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Here the fanction a .Soa -r- So^y is an invariant. Also, since x is 
an invariant for every point on the circle, we can assume 

/(a, p, y) = a.Soa ^ Sa/3y = F (x). 

This gives / (a, /3, 0) = / (a, 0, y) = J' («), 

5c sin i4 6c sin A 



I.e., 



c.-4Xsin^ 6.-4iC'sin-A 



F(x), 



or ""^XX^Jr" ^^""^ =/Ki8. y) = "^-Soa ^ 2a/3y. 

We thns have one coordinate, viz., 

•• = -jzz = a.Saa -5- SajSy, 

for fixing the position of a point P (a, /3, y). 

Similarly, if two circles GPA, APB intersect the sides BG, CAy 
respectively, in Y and Zy we obtain two other coordinates 

?/ = c -^ BY = /3.2ao -7- Sa/3y ; 

2f = a -7- C^ = y . 2aa -7- 2 a/3y. 

The position of P will then, in general, be nniqaely determined by 
given values of the coordinates x, y, z. 

It is, of course, obvious that there must be the fundamental rela- 
tion Sao; = 2ayz between x, y, z, since three arbitrary circles through 
BC, OA, AB will not necessarily meet in a common point. 

2. Taking x, y, z to mean the three coordinates defined above, viz., 

x = h -T- AX = a.2aa -r- 2a/3y, 

y^c -r- Br=iS.2aa-r- 2a)8y, 

z = a -7- CZ = y.Soa -t- 2a/)y, 

it follows that a linear non -homogeneous relation lx'\'my-\-nz = A? 
will represent a circle, since the equivalent trilinear form is 
(Za-f m)8-hny) 2aa = k.^afiy. 

fit is worth noticing here that the relations — = -^ = — , be- 
L a p y 

tween the tricircular and trilinear coordinates of P, can be readily 

deduced by elementary geometry.] 

3. As x, y, z may have any values between — oo and -l-oo, it is 
important to consider what convention is to be adopted with. 




Mr. J. GriflSths on the Represtentalion of a [Jane 14. 



to the signs of the intercepts or abscissa? AX, BY^ OZ, li'ow, duoe 
AX ^ b -7- ^t it is cleai' t bat -4 X is positive or negative Recording a£ 
X is positive or negative. Hence mGnsio*e off ^-tX in the direction 
AB or BA at:cording aa x is positive or ne^tive. 

Similarly^ in the case of BF and 0^, we have to take these 
abscissffi, respectively^ in tlie directions BO, CB ; OA^ AC, when y 
and z are positive or negative. 

For example, if ar = — , then ^X = c = -4B, t^e., X coincides 



I 





Fio. 2. X =. — . Z BXC = ir-Ji, when JY coincides with B. 



Avith B, and x = — represents the circle which passes through B, C\ 
c 

and touches the side AB at B. See Fig. 2. On the other hand, if 




Fio. 3. X =- 



AX =-AB =-c. 



Rin0 



8in(0— -4) Bin C 



"°^,, if Z5^f = #. 
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aj = , then AX =^ — AB, so that the circle represented is BXC^ 

c 

where AX is measured off in negative direction BA, and is equal in 
length to AB or c. See Fig. 3. Again, since x = — ^ , it is clear 
that aj = 4- is the circle (BC) touching AC at C (Fig. 1). We thus 



easily discover the Bi*ocard points; viz., [ --, — , — ) and (— , — , -^J. 

\ c a / \ c a b / 

4. The above method of determining the position of a point P, by 
the cointersection of three circles x = x^, y = y^, z = z^, gives an in- 
determinate result in two exceptional cases ; viz., when (1) ir,, y^, z^ are 
all zero, i.e., if P lies on the line of infinity ; (2) all infinite, or P is 
on the circumcircle ABC. To fix the position of P, in either of these 
cases, we must know the ratios x ', y \ z =^ a\ p : y. The vertices A 
P, C are special points whose tricircular coordinates may be found 
as follows. For A we have a; = oo and bz-\-cy = a. Here « = oo 
denotes the circumcircle -4P(7, and 52?+cy = a is the point-circle at^. 
The y and z coordinates are thus indeterminate. 

5, More generally, the position of a point P can be determined by 
the cointersection of three curves. If we denote two rational and 
integral functions of a, ^, y of the nth and (n— l)th degrees, re- 
spectively, by U,^ and F„_„ and write 

a;[7„ = a.F«.i, (1) 

t/ir„=/3.F«.„ (2) 

^t^» = y.F„.„ (3) 

these equations will represent curves, each of the nth degree, having 
rj^—n principal points in common, viz., the intersections of 

i7„ = 0, F,.i = 0. 

Moreover, the remaining common points of (1), (2), and (3), taken 
in pairs, will lie on the right lines 

/3 y_ a /3 y a 

y z X y z .V 

which meet in the point =—:=-?-. 

X y z 

In other words, the curves in question have a radical centime P, and 
the condition for their cointersection is, evidently, that P lies on av\^ 
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*>rie of tliein ; i*.e,. 

In this case also & linear eq action 

i^prefients a curve of the nth de^^m passing throngb tbe n^—n 
principal points. It is evident that ;f is a functiou of an abscinma 
AX, or intercept on tlie line AB; and, similarly, ^, £ of BF, CZ, re- 
wpectivelj. 

Let as consider the curve (Ij, for instance. This pa-sse^ thron^h 
ij^ given points, vis.y the n'—w principal points and the n intersections 
of BO with U^^ One more point, X, will therefore completelj deter- 
mine the curve. We may assume X to be on AB, Hence ;f is a 
rational function of AX* In tricircnlar ooordinatas^ as e^cponnded 

above, we have seen that ;r = — -,, . 

AX 

We may sum up, briefly, the results of the present note by saying 
that here a curve of the 7iih degree, drawn through n^—n principal 
points, is represented by a linear non-homogeneous equation between 
three coordinates a*, 7/, z, connected by a fundamental non-homo- 
pjeneous relation of the nth degree ; whereas in the oi*diuary trilinear 
method the same curve would be represented by a homogeneous 
equation of the nth degree in a, /3, 7, connected by a linear non- 
homogeneous relation. 

Otherwise — A curve of the ni\i degree Tr„ can be represented in 
various ways by a linear equation 

Lv -\- iny -\- nz = 1. 
Suppose TF„ to be intersected in n'—n points by an arbitrary curve 
F„_i of the (n — l)th order. Through these and the angular points 
of a triangle ABC a curve U,, can be drawn, whose trilinear equa- 
tion is 

^« (a/3y) = (/a +m/3 -hny) F.._, (a, ^8, y) - IF,, (a. /3, y) = 0. 

Here /, m, n are knowTi quantities. For instance, 

7 ^ I f; (1, 0, Q ) 
F,._i (1,0,0)- 

Hence Wn will be represented by 

Ix -\- my -^^ nz = 1, 

i- -i. :r y z F„.i (a, /?, y) 

it we wnte — = ^ = — = J'Jl_\jl^ ' /_ . 

a /3 y ^„(a, /3, y) 

These equalities give P„(ic,i/,z) = V,._x(^x,ij,z^. 
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On a Canonical Ueductioii of Bilinear Foi-nis (Part II. )» with 
special consideration of Congruent Reductions. By T. J. VA . 
Bbomwicu. Communicated June 14th^ 1900. Received, in 
revised form, October 3rd, 1900. 

The following paper is concerned mainly with redactions in which 
the coefficients of the sabstitntions on the two sets of variables are 
either the same (congruent substitutions) or ara conjugate imagin- 
aries. Passing to the details of the paper ; I give first a brief resume 
of the general reduction-process, and add a slight extension of a 
theorem due to Frobenius. This is then used to reduce a single 
alternate form by a congruent substitution. 

The next and longest division of the paper deals with the simul- 
taneous reduction (by congruent substitutions) of a symmetric and 
an alternate form. So far as I know, this reduction has only been 
carried out by ICronecker (in the paper subsequently quoted by the 
letters A>.) ; and Kronecker*s direct object is the reduction of a single 
bilinear form by a congruent substitution. Thus Kronecker's reduced 
fonns are not always the simplest from the present point of view. 
Frobenius (Berliner Sitzungsberichte, 1896, p. 7) has shown that, if 
any substitutions P, Q (independent of X) can be found, such that 

P(\A-B)Q = XC-D. 

and if, further. A, C be both symmetnc or both alternate (the same 
holding for B, D), then B can be derived from P, Q so that 

R\\A'-B)B = \0-D, 

Thus, if the invariant-factore of | X/l — 5 | and | X.C — D | are the 
same, a congruent substitution can be found to transform (a^ — B) into 
(\C — D). But, apparently, this method cannot be extended so as to 
cover the analogous theory for conjugate imaginary substitutions, 
which would be applied to a pair of Hermite's forms. I have, 
accordingly, discussed a direct process for finding R in a way that 
can be applied in both cases. 

The i-educed forms so obtained have been applied to prove certain 
theorems of Herr Alfred Loewy's on automorphic substitutions, both 
of real quadratic forms and of Hermite's forms. 
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1 



1. Oeneral Acwunt of i^ke Hedutimn fi/ two Silimar Forms, 

Let A^ B be the two farms, and let the form reciprotml t 



where (X^r) is a typical factor of the determinant | kA—B \ , and 
fi, ^, y arc tlie indiueft of the first invanant-f actors (Eleme^ifaiiheilrr) 
of I A.t — // I corresponding to X = oo , \ = 0, \^c respectively. 
lti this expression for (KA^B)'^ all the terms P will disappear if 
\ A\^ 0, tuid ttll the g*s if I B 1 9fe 0. 

Multiply up by fA.4 — P), and we have, in general. 



.H 



but B = AQ,-JiP,+ S .iO,. 

The same equations hold if the order of the products is reversed, thus 
P,A-l\^yB = 0, &c. 

From these it follows that 

A = (AQ,-BP,)A-\-:S,AC,A 

c 

= AO,A-Jir,B-{-^AC,A, 
and B = (AQ,-BI\)B^:iA(\B 

= A Q, A - BI\ B^^iA Co A + cA C\ A). 

If, now, we consider the form A(\A—B)^A, and expand in 
powers of (A — c), it is clear that the coefficients of l'(\— t;) and 
l/(\ — (•)' ^vill be respectively ^4 (.',.4 and ALU A. But Weierstrass t 
and Stickelberger J have shown how to aiTange ^4(X^4 — 7i) ''^4 in m 
form which can be readily expanded in powei*s of any factor ni 



4 



* For the definitious of the product of two ff)rm8 and of the fomi reciprocal to a 
jri veil form, see Frobeniu^ C'/r/A, Vol. Lxxxrv., p. 1); or Muth, Eleinentarthnlfr 
(Leipzig, 1899). Short accormtH will be found in previouB papers by the author 
[Vroc. Lond. Math. Soc.y pp. 7H. 158, above). E is the unit form (= 'Xj', i/r)- 

t Jlerliyicr MonatfibericJtte ISGS, ]> 310: Gtsmnnirlte irerkc. Vol. ii., p. 19. 

/ r'n//i^. Vol. Lxxxvi., 187S, p. 2i) ; thin paper will be denoted in future by .v.. 
fnr brevity, as we shall frequently \\ave occasion to quote it. 
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I \A — B I (see also p. 326 below) ; and so fix)m each expansion we 
obtain a group of terms in A and B, viz., A(\A and AG^ A-\-cAi \A. 

The same method still holds if c =0, for, if A(\A — B)'^A be ex- 
panded in powers of X, the coefficients of (1/A.), (l/X)* are respectively 
AQ^A, AQ^A ; which have been proved to form parts of A, I» re- 
spectively. But the case is rather different for c = oo ; to deal with 
this we may first consider —B(\A —B)^B and expand in powers of 
(1/X) ; then the coefficient of A. and the term independent of X are 
—BP^A and —BP^B respectively, which form parts of our ex- 
pressions for A and B. 

Another method of dealing with this case depends on expanding 
B{ibtB—A)'^B in powers of fi and picking out the coefficients of 
<1//A*), (l//u). To see this we note that 

fJL Lr-0 r-1 e r-1 J 

So, on expanding in power-s of /i, we find — Pj, — P^ as the co- 
efficients of (l//i)*, (l//i) in the expansion of (/nB—A)'^; hence the 
coefficients of (l//x)', (1/^) in the expansion of B{fjLB—A)'^ Hiu powers 
of /i are —BP^B^ —UP^ respectively, which are parts of A and B. 

Thus, on the whole, we can find the values of A^Bhy expanding 
A\\A—B)'^A in powers of the factors (X— c) of j \A — B \ and pick- 
ing out the coefficients of 1/(X— c), 1/(.V— c)' for each c ; and, in case 
1^1 = 0, we have also to expand B\fjLB—A) '^B in powers of /i, and 
p'ck out the coefficients of (1//^)*, (!//-«). 

This modiftcatign of Weiersti-ass's solution of the problem was 
given in part in a short note (Proc. Loud. Math. S'tc, p. 158, 
above), where moi^ details will be found on the determination 
of the indices of those invariant-factors of | X^— ^ | which corre- 
spond to the infinite ix>ot8 if | ^ | = ; it will be sufficient to state 
here that they are the same as the indices of the invaiiant-factors of 
I fiB—A I to base fx. 

In the foregoing it is, of course, assumed that the determinant 
J X^-1 — B I does not vanish identically, or the reciprocal form 
{\A—B)'^ would not exist. The examination of the so-called 
*' singulai*" case, when | \A — B | = 0, will bedefeixed to § 2. 

1 proceed to an account of Stickelberger's traii€»ioT\a»XKaTL ^ 

Y 'I 



A{\A-'By^Ai, and I ahalJ give an extension of it, stLggested by a 
theorem for quadmtic foiTos due to FrobeninB- 




Notafion. — I employ the following general Bcheme of fijuibolfi 
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. rf. 
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»., <. 


0, ,. 


.. 0. 
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0,.. 


., 0. 





.... (., 


0, .. 


., 0, 






If ift, ,„, Tj^ be replaced by r*, .^^ t)J, the value so obtained ia called 
^t; jf I,, .-M^j- be replaced by «*, .-.j*^*t the value is V^; and, if 
both sets be replaced in this way, the result is Aj (c/. 8t,, § 1). 

In these symbols, the uh and r*8 are arbitrary constants whose 
indices do not refer to powers, but are to be considered as additional 
suffixes ; the ^'s and i;'s are linear functions of the variables a\, ..., a\^ 
T/p ..., y,, respectively, whose exact form will appear later. 

Then, as proved b}' Stickelberger (8f., § I), 

for Wk-i, ^*, Ukt ^k are first minors of W^ corresponding to the four 
zeros which are complementary to ^u-i- Thus 



and so 



TF,-. ^ Wk ^ 

At_i ^k -^k^k-i' 



for clearly IV„ ^ 0. This result is a generalization of Darboux's * 
for the case of quadi-atic forms. Its importance in the present in- 
vestigation is due to the fact that ( — ItyAy) is the form reciprocal ta 
A = 1a,.gi,rj, or is A~K 

Frobenius f has shown that two consecutive terms of the series 



* Liouville's Journal, Vol. xix. (2me ^er.), 1874, p. 347 [p. 354, formula (17)]. 
t Berliner Sitzuiiysherichte^ 1894, pp. 241, 407 ; reprinted in Crelle^ Vol. cxiv., 
1895, p. 187. The theorem in question iH (7) on p. 249 (-Si?.), p. 196 (CV.). 
Froheniuii hIbo verifies that the sum ( Uk Vk/^k^k-\) + ( l'k*\ ^'^k + \/^k+i^k) can be ex- 
presHed in this form. 
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(UkVk/^k^k-\) can be combined if so desired ; this is done by find- 
ing an expression for the difference (TT^.i /Aj.! — TTt+i/Aj^i). 
Frobenins's investigation relates to quadratic forms; and I shall 
now extend his method to bilinear forms, making a slight general- 
ization by using bordered determinants in the place of minors. 

Applying Sylvester's theorem * (on determinants of minors) in the 
form given by Frobenius,t we have 

-(^+l,fc), (fc+1,^ + 1), -7i 

where (r, s) denotes the value of IF^.i when fi, ..., f„ are replaced by 
Wi» ..., ^», and i;„ ..., i|„ by rj, ..., Vh\ so that (A;, fc) = A* ; also [TJ, F* 
are analogous to [Tj, F*, but with u *\ ..., u^*^ in place of 1*1, ..., u^^ 
and a similar change in the v*s. To see the correctness of this equa- 
tion we have only to notice that the elements of the determinant bo 
written are all second minors of TTj^,, corresponding to the last nine 
zeros of Wk^\; and these zeros are complementary to ^k-v We 
have also 

A».,A,^,= ik,k), -(/.-, fc + 1) 

-(fc + l,fe), (* + l,^+l) 
for (ky k)y '^(k, k-j-l), ... are first minors of Aj^i. 
Thus, expanding the determinants, we find 



or, dividing by aI.,A»^i, 



+ (^ + 1, k)mV,'^{k, fc + l) U,Vi; 



W*., W,^,_ 1 



A*>i 



[(k+i, k-^i)u,v,-^ik,k)mvi 



-(^+1, k) riF,-(^, k+i) u,r,], 

which is the extension of Probenius's theorem. 

We may accordingly replace the two consecutive terms 
(?7aFa/A4A4.,) + (17*^,F*^,/A4^,Aa) in our expression for WJ^^ by 
the quantity on the right of the last equation. 



♦ PAi/. ifa^., April, 1861. 

i- In } 1 of the paper just quoted ; or Crelle, Vol. lxxxyi., 1878, p. 44, |3. 
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Special cases of this tlieorem have been given also hj Kroneeker* 
!ind Gunclelfingeii" for quadratic foi^ms. 

For our future investigations we shall employ these results in 
■^neml when a^, is replaced hj (\a^,—bf,); atid £7^, Fjt, A^, IFi will 
iienemll}^ ho used to mean their values when this change is 
made in them also, and (i^, ^..,tdr (»?it ■■■t^) are replaced by 

[^, ..., ^^)- i^;—^ --» ^)» I'^'spectively. For when these sub - 
?<titutions are made we have 

A [XA-B)-'A = - WJ&, = - 2(Er»rO/(4.A*-,), 

and in this form we can e^qsand A{KA—Iiy^A as explained^ 
It will also be necessary to use the coiTesponding symbols with 
tdB SB\ (BB 5b\ . . - /. ... . . 

vs~' ■"*' \r ta^' ■"' ^} ^^ ^ '^'' *"^ ^"^^ ^^^ ''"' ^^ 

order to evaluate the expansion of B{fiB—A)'^.V in powers of /*; but 
the two investigations are distinct and no confusion need arise. 

It will be seen from Stickelberger^s paper {St., §§ 1, 2, 5) that in 
this method the us and r's cannot be chosen entirely arbitrarily ; 
but that in general the us and v's may be symmetrical (w^ = v') with 
one special case of exception, when it may happen that for a special 
value of k we may not have m* = rj: in A^ ; we then avoid A^ by using 
our extension of Frobenius's theorem. For Stickelberger proves 
that Ajt-i and A^^i ^.re not altered by this exception. 



2. Application of Weierstrass^s Methods to the " Singular " Case. 

Kronecker {Berliner Moiiatsherichte, March, 1874, p. 156 ; Gesammelte 
Werke, Bd. i., p. 381) has remarked that the reduction of a 
'' singular " family of bilinear forms could be effected by applying 
Weierstrass's method to a family obtained by suitably modifying one 
of the original forms. Ki'onecker gives the necessary modification, 
but does not complete the reduction; and, so far as I know, no 
account of the whole investigation has yet been published. 

We have seen in a previous paper {Proc, Lond. Math, Soc.y 
p. 88, above) that, if | XA—B \ and all its minors up to the 



i 



* Berliner Monatsbe^ichte, 1874, p. 69, §11.; or Oesammelte WeiJce, Vol. i., 
p. 349. It is given more completely in § 1 of his paper on p. 397 of the Monats* 
derieJtte {Werke^ Vol. i., p. 423) ; the latter paper will be quoted as Kr. 
f Crelie, Vol, xci., 1881, p. 221, Lenmia^. 
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(A;— l)th be identically zero, some of the kth minors not vanish- 
ing, then Aj (formed by bordering | \A—B \ with us and v's as 
above explained) will break up into the product of three determin- 
ants. Let the two sets of u's and v's be determined so that for 



U'.=p'. (€=1,2, 

we have the one determinant* taking the form 
X-, 0, 0, ..., 



k; » = 1,2, ...,n) 



0, X-, 0, 
0, 0, X-., 



0, 0, 0, ..., x-» 

while for uj = irj the determinant takes a similar form with a 
diagonal of unities.f 

In the same way, for r' = ql or #cj, we are to have another de- 
terminant in the shape 

X'., 0, ..., 



0, X* 



0, 0, 



x»* 



or 



1, 0, 
0, 1, 

0, 0, 



Kronecker's modification of A consists in adding terms ; in fact we take 
G = A+1, t.{p',y,+ ... +p:y.){q\xi+ ... +q:x„), 

and apply Weierstrass's process to the family {\C—B), The first 
step is to form the series of determinants Aj, A,, ..., A* obtained 
from I XO— J? I by bordering it with it's and ic's. We proceed to 
examine their invariant-factors. To do this we note that 

2 (Ac„-6„)/; = 2 [(Aa„-6„)+ S \t,pWr]f. 

= x',7;(x-). 



* This is the determinant in which all the u'ti appear, when Ak is split up into 
factors ; and the second determinant contains all the i'*8. 

t It may be well to remark explioitly that it has been found convenient to alter 
the notation used in my previous paper (thus, the present p^R are the former ic*e^ &c A- 
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where /^ has the same meaning as in the paper already quoted, no tbat 

2 (Xfl„-u/: = 0. 




Similarly. 2 (Xc„-l...) g'r = «,;-; (X'O ; 

and analogous insults hold for each net of /*s and ^*s. 

Usinir these facta and boi-dering with the w\ k'b in order, we aee 

that 



for it must be remembered that in none of these determinants can 
squares or higher powers of any t appear.* Now, in oi'der that these 
powers of X may be the invariant-factors, it is necessary and suffi- 
cient that the a*8 and /3's should be aiTanged in descending order of 
magnitude. 

The next step is to consider the linear functions of x and y which 
appear in the process of reduction ; the function U is found hx>in 

do oC 

^iW by putting the linear functions — ' , ..., _- in the last row 

*^yi oyn 

in place of tij, ..., u'„. It is then easy to see that 

U,/^^ (^) =/; 5^ +...+/. ^ -f terms with t,X,'^ aa a factor. 
Now, owing to the definition of the /'s, we see that the expression 

jl ^ T . . . -rj n ^ 

oyi Gy„ 



♦ For t^ would be multiplied by a determinant, such as 



which vamshes identically. 



I Pr 99* P*99 \ y 
I Pr qhj P,9h I 
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is only of degree (o, — 1) in X, not of degree a„* ho that we may write 

UJ^i (X) = Xi + A'jX-h ... -fX.X-* -H terms with f,X* bs a factor 

(a = a,). 
Similarly, we shall have 

Fi/A, (X) = y, + r,X+ ... -h r^X^-^-f terms with ^jX" as a factor 

08 = A). 
Thus we shall have, say 

l7,/A,(X) = Xi + Z,X+... + X.X-» + ^,X-(X.,, + Jr.^,X+...), 

F,/A,(X)=:r,+Y,x-h... + r.x^-»+^,x'(r^., + r.-,x+...), 

and then, according to the nsnal process given hy Weierstrass and 
Stickelberger, we have to pick ont the coefficients of 1/X, 1/X' in the 
expansion of — U^VJ^^^ ; or the coefficients of X**^ x*+^-» in the 
product 

-i[x,+...+x.A-'+<,x-(x.^,+ir.,,x+...)] 

x[r,+..,+r,x'-+^,x»(r,.,+ ...)]. 

Hence we find the two sets of terms 
(in G) 

(in B) x,Y.^^-hX,r..,.,+...+x.r,.,+x.,ir,+... + z.,,yj. 

It is easy to see that we find similar sets of terms for each pair 
of indices a and p ; we can now remove the terms in G which are 
multiplied by ^„ tf, ..., tk^ and so obtain the reduced form of A, The 
comparison of these terms shows that 

with similar results for each group of p^s and g*s. 

Finally, it is to be noted that (as proved by Kronecker) the 
numbers a, /3 in addition to the ordinary invariant-factors form a 
complete set of invariants. 



• For yj(x5-^-|^\...../:(AM_L«)_o. 

tha* ^\a\ + ••• +./I t^ " o^y of degree a, i 
L ^y\ oynj 



I in \, 
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As i% consequence of the resalU that 

Ac., 

it should he observed that the ^^*«.^ k*s do ^ti4 give values of A, (X)^ 
A,(X\ ..., wliich are regular for the other invariant- factors of 
( \0 — B I , These must be treated indepentlently (as is usually the 
case in dealinip irith invariant-factors to differei^t bases), and each of 
them will give a group of terms of the ordinai-y type found bj 
Weiei-Hti-HKH and Stickelhergfer. 

This general method of dealing with bilinear formg requii-es very 
little change for the problem of quadratic formfl or symmetrical 
bilinGars. In this respect it differs fi-om Ki\inecker*s last method,* 
wliieli requires special modificatioDS in dealing with a family of 
quadi^tics. Here we have only to note that a^ = j3r(*' = 1^2, ..*, t), 
and that each q ia equal to it?^ con^spondingp, and each k to tt. Then, 
clearly, each Y is the same function of the t/'s that the corresponding 
A is of the .t's : and so, in the symmetrical bilinear family, we have 
sets of terms 

or, in the quadratic forms, 

2(XiX2,,,4-XX^-h...-hX.X.,0, 
2(X,X,. + X,Z,.., + ... + X.X..O. 

3. Reduction of a Singh Alternate Foi'm to a Canonical Shape 
hy Congruent Substitutions. 

Here the number n of aj's and of y^s is even; otherwise A^ would 
vanish. We make the assumption that w' = — r", so that all A*8 are 
skew-symmetrical determinants, and hence Aj = = A, = Aj = . . . , 
while Aq, Aj, A^, ... are all perfect squares.f 

♦ Berliner Sitzungsberichtc, 1890, p. 1225, for bilinear forms ; p. 1375, and 1891 
pp. 9, 33, for quadratics ; from which it will be seen that Kronecker's discussion of 
the quadratic case is much longer than that of the bilinear. 

t Note, the A's, &c., are here as originally defined, i.e., without any A. ; e.g., 
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Suppose then that k is odd; we can apply the preliminary lemma, 
and we shall have 

(A-,A-) = 0= (^ + 1,^ + 1), 

for these are both skew -symmetrical determinants of odd order. 
Also,- -changing rows into columns and then changing the sign of 
every row, we see that 



(A; + l, A;) = - (k, A; + l) = E^ say, 



and we have A^.tA^^, = 



0, (&+!,*) 
{k,k+l), 



= El. 



Hence 



A*., A*,i Aj ,E, 



{Uiv,-u,v;,). 



Again, taking Ut, changing rows into columns, and changing the 
signs of every column but the last, we see that Uu and F* are con- 
gruent functions of the ('a and rfs respectively. If, now, we write 



t = 






^r = — X-, 



we shall have that U^ and T^ are congruent functions of the x'^ and 
y's ; and the same holds for [TJ, Fi. 

Making this substitution for the f*s and 17's, we have that 

W, = Ao^, 

and so we have ^ = ^0 = ^ + ^ iV[V^- U,V[), 

<&c. 
Hence A is the sum of Jn terms of the type just written, or 



1 



^»i-2^#i-l 



(t^:-iF..,-ir..,F:.,), 
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wbich is the caTionical type for an alt-emate foi^m.* Jnat as a quad- 
ratic form uaii be reduced to a sum of squares in an infiuitj of ways^ 
so this can be reduced in an infiTiitj of waj». 

Jordant baa given a special case of tbis, wbicb is obtained by 
writing 

«:^1, n: = (r= 1, 2, .„,a^l,ii + L ..., «). 

Jotnian takes (virtually) the substitution 

c?yi ox^ oy, di^ 

then (if aj) # 0) it is easy to show tliat the form 



I 



« 



t« 



is independent of the four variables «,, y„ x,, y, ; and, starting afresh 
from this form, we can remove four more variables, and so on antil 
the whole form is reduced. It is not difficult to prove by induction 
that the coefficients of the substitution are all Pfaffians. Thus I find 

X, = (12)ar, + (13)a;,+ ... + (ln)a;„, 
X, = (2 1) .r, + (23) «,+ .,. + (2n) x.„ 

^' " (W) [(1234)x,+ ... + (123n)x.], 

^«=(Y2)['^243)x,+ ... + (124«)x„], 

X, = ^-j^^ [(123456) ;r,+ ... + (12345»)a;.], 

X, = ^j2ii4) [(123465) x.+ ... 4-(12346n) x,], 
<fcc., 



• If « should be odd, it can be readily proved that 

and then we find i (n — 1) terms of the type just g^ven. 
t ZiouvilleU Jowftal, Vol. xix. (2me ser.), 1874. p. 35. 



1900.] Canonical Reduction of Bilinear Forms, 88Jt 

and then the reduced form of A will be 



"^ (123456) ^^^^•" ^'^'^ "^ '•" 



where the numbers in brackets denote Pfaffians in the ordinary 
way; for example, 

(12) = a,j, (1234) = fl4jaM + a„ai4+ajiCi84» *«• 

Frobenius* has given a neat proof of Jordan's transformations ; and 
E. von Weberf obtains a form equivalent to Jordan's. MuthJ has 
published a short investigation showing how to modify a method 
of Kronecker'8§ so as to obtain the reduced form of an alternate 
bilinear form by means of congruent substitutions ; this investigation 
(like Frobenius's) is, in the first plac6, concerned only with forms 
whose coefficients are integers (in any assigned region of rationality). 

E. von Weber also applies his results to reduce a family of alter- 
nate forms ; I had worked out this reduction independently (using the 
transformation above), but shall omit the algebra here. 



4. Simultaneous Reduction of a Symmetric and an Alternate Form 
by Congruent Substitutions. 

Let A, B he respectively symmetric and alternate; then we must 
find first the invariant-factors of the determinant | \A—B \ . By 
definition of ^, B, we have 

A'=rA, B' = -B, 

where accents refer to the conjugate bilinear forms. Hence 

\A-B = \A'-\'B\ 

so that I kA-B I = I X.4'+B' | = | \A^-B \ , 

for the determinant of a bilinear form is equal to that of its con- 
jugate. 



* Crelle (1879), Vol. lxxzvi., p. 146 ; the special consideratioii of alternate 
forms is in § 7 (p. 166). 

t Munelmier Sitzmysherichte (189S), p. 369. 
X Crelle (1900), Vol. oxxn., p. 89. 
§ CrelU (1891), Vol. cvn., p. 135. 
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thei*e win be another 



-li 



Tims for every factor (A— c)^ of | kA — B 

Fui-tlier, if (1 be eomplet (and if the t.'oefficient« of A and B aiisoH 
rml), there will be two cori'eKporiding conjugate complex rotits c-^ —c^ 
(where r^ is the complex quantity conjugate to c) j but, if c^ = — c, or 
if r be a pure tma^itiary, these two (r^* ^d^) o-i'e the same as the other 
two (— r. -^c). We shall prov^e now that the invariant-factors of H 
I kA — H I occur (in general) in paira, " 

Consider the value of i* when the sign of X i^ changed ; fii^t inter- 
cimnge rows and colnmns and then change the signs of the first n 
i\)WH iind tht^ last k colunii ■^, Remembering that a,, = a^^, 6^* = ^^*r% 
wc see that the new determinant only diffei"a from A^ by having the 
HA Bnd VA inti3i^ hanged ; but Stickelberger ha^s pmved (St., § *^) 
tliat we may in ^nei*al take ut = vti and, making this assump- 
tion, we see that changing the sigii of A in A^ will only multiply A^ 
by(-l)'-*. 

So, writing A, = (\-c)7(\) [f(c)^0]. 

we have (-ly-'^, = (-.A_c)7(-.A). 

Thus Ai has factors of the type (A — c)', (A + c)' in pairs; and the in- 
variant-factors (which are obtained from the quotients Ai^i/A^) will 
occur in pairs of the type (A — c)*% (A-f c/. 

This theorem is due to Kronecker [Kr., p. 440 (p. 477)]. We 
shall now combine the terras in the reduced forms of A, Jj which 
correspond to the^pair of invariant-factors (\ — c)^ (A-f-c)'. We have 
to split A {XA - Ii)~^ A into partial fractions; thus we consider only 
the special fraction — (/^^^^F^) (Aj^.j A;^), and evaluate the fractions in 
1/(A — c), l/(A-f c) which can be obtained from this. As explained 
before (p. 322), w^e only require the coelHcients of 1/(A — c), 1/(A— c/*, 
l/(\ -l-c), 1/(A H-c)'. To find them we write A = c + ^, A = — c + ^', and 
expand first in powere of ^ then in powers of t\ 

We shall take for the pi*eseiit Ui, to denote the value of U^ with 
A = c + /; and U', its value with A = — c + ^'. The same notation 
w^ill be used for A^, V\, and then we have 

£7a = ; ( — cH-/') <(r» — h,„ H% u'^. /r, s = 1, 2, ..., u 



dA^ 



0, I ^ a = l,:i, ...,^-1;' 



0, 
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c^;=(-i)"-*;(c-Oa.-^. K. 



writing the determinant in the shortened form suggested by 
Frobenins and Nanson. - 

Change the signs of the first n rows and then of the last k columns 
in TJ'k ; finally, change rows into columns, then (remembering 
«r. = (^,n ^,, = — ^i») 

<, 0, 

I 

"I i», I 

Hence, if we change the x's to y's and write ^' = — Hn F*, we should 

^*^' i/;=(-i)-n, 

and, with a similar change, 

By the same process we find 

Ai=(-1)"-'A*, a;., = (-l)»-'-'A».,. 
where f =^ — f. 
If, then, we write 

\vv shall have 

-V? - "^-(i',-r,r+y,r-...)(x,.,-x,.,«'+...). 

where Y,. is the same function of the y's that X, is of the a;'s. Now 
the terms we require will come from the coefficients of 1/^, 1/^, l/t\ 
1/r^ which will be 

(X2gYi -hX2,_, Yj-h ... -rXg^iY,), 

respectively. These will be parts of the coefficients of 1/(A— c), 
1 (X-c)-, l/(A.-hc), l/(X+c)' in the expansions of A (\A—By^A in 
powers of (A — c), (X+c). 
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P'inally, combining these teiins 08 explained (p. 323), we find the 
[■<ii'i'esptiii(lin[^ parte at A, B in the forms 

(B) c{X,Y.^-X^Y,) + ...+c{S,Y,.,-X.„7.) 

+iXxYu.,-X.^.,Y,)+ ...+{X, ,F,„-x.,r,.,), 

wliere thts subHtitutions are cottgruent. 

It. maybe observed that the snbstitutiona will all be real; and, 
further, tbnt by meaiis of n aimilar pi-tjcess, interchanging the parts 
jilnyed by -1, B, we can obtain 

(A) ^-{x,Y^+XuY,)+...+ ^-(x.r,.,+x,,y,) 

+A',r^.,+Av,yt+."+-Vir,.,+x.ir.,„ 
(It) A',y.-x,.F.+ ... + A- n. ,-x.,,r., 

as typical terms in the reduced forms. 

In case c is a complex quantity, we shall have an exactly similar 
pair of tenns from using r^ instead of r; if it is desired to restrict 
ourselves to real transformations, we can combine the corresponding 
tenns after fii^st dividing them into real and imaginary parts. If c 
be a pure imaginary, A^^ and X^^,. will be conjugate imaginaries. 

If c be zero and e be odd, we may still write a' = r* (St., § 5), and 
in this case there will be no invariant-factor paired off with this one. 
But we shall have 



«r, 


0, 







0, 





t'y. 







and, treating this as before, we find 



i\=^{-r; 



•k\ 



-\a 



,.-&,., 


u'\ 


(A 


?/°, 


0, 





nl 


0, 






or r/-* = (-l)"-M-,, 

vvliere in F^ we replace A by (—A.) and the t/'s by iv's. 
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Tliiis, if c = 2p-hl, we have to pick oat the coefficients of X*', 
X^''"' in the product 

(A^-Hjr,x+z,x*-h...)(r,-r,x+r,x«-...), 

where Yr is the same function of the y's that Xy is of the x's. So 
we hare typical terms 

(A) Jlj Y^+i — AjX^-f- ... — XipYf'\-X2p^iyi, 

(B) (j^Y,-x,r^) + ...±(x,.,Y,-z,y,.,). 

Now return to the case of exception previously alluded to (p. 326), 
which occurs when c = and the index of an invariant-factor is 
even ; then (as shown by Stickelberger) it is not permissible to write 
tiTr = r?, and, to avoid this difficulty, we use the preliminary lemma 
given above. In the first place, one of the consecutive invariant-factors 
is the same {St.^ § 5). Suppose that the invariant-factors (to base X) 
given by A^.^/^k ^^^ ^k/^k^i ^t^^ the same; let their common index be 
e, where e is even. By our lemma we have a part of A(\A—B)'^A, 



^k-i^k^ 



[(k-\-i,k+i)u,v,+{k,k)mvi 



-(^+1, ^0 mv,^(k, fc+i) u,ni 



where in all the determinants we write (Xa^— 6„) instead of a„. We 
may assume now that w; = v; ; this will make (k, k) and (A;+l, A;+ 1) 
divisible by a higher power of X than appears in every kth minor of 
I X^— B I {8t., § 5) ; let that which appears in every kth minor be 
X', so that X'** divides every (A— Ijth minor and X'* every (Ar + l)th. 

Thus, if A,.. = X'-(a, + ^,X + ^,XH...), 

we have, by changing the sign of X as above (p. 335), 

= (_1)-**'X'- [d\-Ha,X + ^,X»-H ...]. 

But ^1 ^fc 0, or A4.1 would be divisible by a higher power of X than 
X!*% and so (n— A;+Z) is odd (as e is even). Also, from the last equa- 
tion, tj = 0, ^^ = 0, &c. ; so we may write 

A*., = X'-(a, + ^,X>-h^,X*+...). 

VOL. XXXII. — NO. 731. ^ 
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111 tliu Jijuue wyj we hnve 

Again, if we chaiig^ the eiga of X in (A:, ^+1), we get (fc + 1, kl 
nmltiplied l>y (—X)*"*, and so we write 

iitkIj applying the same process t-o (fc, k), we see tlmt, if 

tlien also (fc, Jt) =^ — X' («i-«^X + a,X'— .„), 

Htnice «i ^ U, a, = Ot ...* and so 

ik, k) = X'*^ (ii,+i^X*+a,A*+ ...). 

Similarly, (A' + l, A;+l) = X'*^ (/>\ -h/J4X*+/36 A* +...)• 
Using the same arguments, we readily see that, if we write 

r, = vu^-h^^A+...), r^; = x'(f; + e:x+...), 

then r, = -V(»;,-7;,\ + ...), F^ = - V (lyl-iyU-f ...), 

where t;,, tj'^ are the same functions of the y's as f^^ ^,' of the .c's. 
For brevity write 

(a) = a^-f «4X--|- ..., (fcc, 

(^) = »7i — '/i'^ +..., etc., 

(y) = yi + 72-^ +-M (y') = yi-y-2A + ..- ; 

then we have our typical term in the expression for A (X.4 — Z?) ' J, 

- ^ -^^?^^^ [-^0')(t')('/)-^W(f)(V)+(y)(O('»')-(y')(ni'//]- 

Now put (.T) = (,) yrj j\ (H) = (.)^vy, 

[(y)(y)]^ [(y)(y)J* 
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then (H), (li') are derived fi-orn (X), (2?') respectively, by changing 
X to —X, and the x's to y's ; further, (p), (q) are even functions of X. 
With these abbreviations we see that our typical term becomes 

J;[(S')(H)-(S)(H')+A(p)(a?)(H)+X(3)(a')(H')]. 

It is now possible to determine (gr), (h), (g'), (Ji) power-series in X* 
so that the expression in square bi*ackets is equal to 

[(?')(S') + X (!/)(«) ][(/0(H)-X(fe')(H')] 
- [ W(2?) + \ WW] [(<,')(H') -X (ff)(H)] ,♦ 

or to (X)(T)-(X')(Y), 

where (Y) and (Y') are obtained from {X) and (X') respectively by 
changing the x's to y'a, and X to —X. 

Now, if we write 

(iL) = X, + A',X + JC,X'+..., (Y) = Y,-Y.X+..., 

(r) = x..,-x.,,x+x..,x»-..., (y') = Y.„+Y.,,x+..., 

it is clear that Y,. is the same function of the y's as X^ of the aj's, and 

we find that the coefficients of 1/X, 1/X' in ^ [{X){T)-{X'){Y)] 
sLve respectively 

Xi Y^t -f Xj Ya*- 1 + . . . + X2#-i Y^ + X20 Yu 
(X, Y^^.i—Xa,., Y,)4-(-^jY2,.3— X2«_.2Ya) + ... + (X,_, Y.^,— X,^.i Y,.,), 

and these will be the reduced parts of A, B corresponding to the 
pair of invariant-factors X*, X* (e even). 

In considering the infinite I'oots of | \A — B \ = Q, it is easier to 
treat them as zero roots of | fiB — A \ = 0. We use the same 
notation as before, but with {fJibrs—cir,) in place of (Xa„— 6^,), and 



• We have to consider au expreHsion of the typo x'»/— x/ + aa?y + *jr'y', which iH 

equal to [(«' + fij:)(f/ - at/) - (x + ax')(/ - /8y)]/(l + o^), 

provided that 2/8/tf = - 2o/« = (1 + 0/8). 

These equations will determine a, jS by solving a single quadratic equation. In 
the special case required a, /8, «, ^ will be power- series containing only odd powers 
of A. 

L 2 
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tUi dB . , f dA dA 1 , ,,, ^, 

'^^ , in place 01 ^— , r—, i"hI we ai"^ coTicemea li^th the m- 

vai-iant-factoi's to base ^ only. 

Sueh invariant-factors may occur singly with an even index 
(M,, § b) ; but in pairs if the index: be odd.* We sliall condder first 
till- Ciise when the index is even, then we can trent odc invariant- 
factor by itaelf ; in this case (jS^, § 5) we may still put tC — v% 

We readily see tbat changing the sign of /m in d* only interchanges 
tbe ix)WK and coJumns, and so does not affect the v^alne of ^4 ; but the 
ciiri-e.sponding change in Uk gives ( — FJ, with the i/'s changed into 

j-'j^, for -- = — - if the y's are changed into ir s (as B is alternate), 

UniR we have (if e = 2p) to pick out the coefficients of /*"''', p.^'^ in 
the product 



'M 



where Yr is the same function of the y's that X^ is of the x'b. Hence 
we Hud the typical terms 

{A) — XiY2p.\-{-X^Y2p.2 — ... -|- A2p_2 -X, — X.2p-i 1], 

(7f) (X,r,,-z,,r,)-(z,Y,,.,-x,,.,y,) + ...±(A;r„„-x,„r,). 

We have now to consider the case of a pair of invariant-factora of 
the type ^' (e odd). The investigation of the corresponding reduced 
parts oi A, B offers little difficulty after the reduction for the pair 
X', y (e even) ; we give the similar results without full explanations. 

Changing the sign of /x in Ajt.i, A*+i will not affect their values, and 
80 we have 

where e is odd and Z is odd [instead of {n — k-^I) being odd, as before]. 
Thus we may write 

then (A-+1, A-) = - ^^'(y^-yg^ ^ y^^«_...) 



• This theorem (and the corresponding one relating to the invariant-factors of 
/ A^ -B I to base A) are due in the firHt place to Krouecker [A'^., p. 44 1 (p. 4 77)]. 
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by changing tlie sign of /n. Also 

(A- + 1, A- + l) = ^'*'(/^, + /3,;i*-h...). 
We shall have also U^ = f^'id-^df' +fafi' + ...)i 

^^ = — (-M/('7I-'»if*-^•7«A**-• 

where rir is the same function of the ijs as ^ of the ar's. Similar 
results hold for Ui FJ.. 

Just as befoi-e, we can reduce the expi-ession for 
(-W.-./A.-.+ Jn^./A.,.) 

to the form \ [(X)(r)-(r;(.X')]- 

where (A') = X^ + X,^+X,,t*+ ..., {Y) = Y.-T./i + !>»-..., 

(Z') =x,,-a-„,^+a',.,m'-.... (F) = r„,+r..,M+r,.,M'+-, 

y, being the same f uuction of the ye that X, is of the *'8. Hence we 
find the typical pai-ts 

(.4) A,iv,+ A'.r^.,+ ... + A'^.,r,+A-„.,r„ 

(B) (X,Y.^-X.^Y,) + ...+(X.Y.,,-X.,,T,). 

If \ \A—B \ ^Of we may apply the method explained above (§ 2, 
p. 326). Here we have fir = ^r* ^oi% by interchanging the p'a and ^'s 
and changing the sign of A, we do not alter the value of A*(X) (except 
possibly in sign) ; hence the invariant-factors belonging to these tenns 
will be of the type X*"'**\ and so (as before, p. 336) we may take 
each q equal to the corresponding^. Then, by the same investigation 
as given for the case of invariant-factors to base A, we find the 
typical groups of terms 

{0) :8r,y^,.-x,r^4-...+(-i)-^J..ir.,,+...-.Y^y,+x^.,Y„ 
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Tbns we have in the original fornix 

... + (-i)-'C^X.,-v.,,r.), 

mid there sire similar sets of tenns for each a. These a's ai^e 
Kixineeker K MimmalgradzaJilmt,, m\d ntftj be fou^d as deftcfibed in 
ray former paper {Proc. Lmtd. Math. Sf^c, pp. 87-92 and p. Ill 
above); the iuvariaiLta used bj Kroneeker ai^ the nxiuibers 2(i-f 1. 
wliicli ai'e the uiimbera of vaiiables in the sets of redueed terms. 

We have now eis types of reduced foiTns, con-es ponding to five 
types of invariant-factOFB and the singular case, whea | XJ — /? | ^ 0, 
These will be found to be in agi^ement with Krnnecker r resnlts,* 
exrept in the arrangeTuent of .s;iifHxem ^ there in abo a snperfieiftl 
difference in the first and second classes (following Kronecker's order 
of aiTangement, the sixth and first in the foregoing), due to the fact 
that Kronecker has reduced liis results so as to give the neatest tjpe 
for the bilinear form (.4 + li). To indicate the real agi^eement it will 
be suflicient to consider two special cases — 

(a) Corresponding to the case | \A—B \ =0, with a MinimaJ- 
gi'ddzahl 2, Kronecker gives the type 

A-\-B = .(', ?/, + .1',, y^ -f .v^y^ -f x^ 2/5, 

and so A-B = A'-{-B' = .7'.?/, -f .7-3;/^, + 3-^7/3 + .T5 7/,. 

Making the substitutions 

^1 + 2:' s +^'5 = 2X,. ./•, -h ^r, = 2X3, 

^■1 - ^'5 = 2-"V':s. - ^-1 + .''•4 = 2 .Y^, 

ir,-2a-3-|-.r5 = 2A'ji, 
with the congruent substitutions for the //'s, we find 
A = X,\\^-XA\-{X,Y,^-X,Y,\ 
B = - X,Y,-^X,Y,-^X,Y,^X,Y,. 
agreeing with our general result. 



* >See the paper Kr., p. 440 {JJ'fr'.r, Bd. i., p. 47')) : the list is reproduced on 
p. 146 of Dr. Miith'n Thcoric der EJi'mentarthnh-r^ Leipzig-, 1899. 
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(h) Again, Kronecker gives a form 

iiiul s( ) A-B = x^y^4' r/aj, y^ -h :r, y, + a^r, ?/, + a-^y, + cue, y^. 

If we put a = (l + c)/(l — c) and then make the substitution 

.f, = — (Xs4-2cX4), x, = ~'^- X„ 

1 + c 

*, = -^^''X,. :r. = (l + c)J[„ 

witli the congruent substitutions for the y's, we have 

B = c(X,Y,^X,YO-^c(X,Y,-X,Y,) + {X,Y,-X,Y,), 

apri'ceing with what has been found before, corresponding to the 
invariant-factors (\ — c)*, X-f-r)' of \ \A — B \ . 



5. Applicatton of the Beductvm to Properties of Automorphtc 
Substitutioiis. 

HeiT Alfred Loewy * has pix>ved certain propositions relating to 
automorphic substitutions of a real symmetric bilinear form (or of a 
quadi*atic form) of non-zero determinant. These are deduced (in 
§ i>, p. 424, of the paper quoted in the footnote) from similar 
properties proved for conjugate imaginary substitutions which are 
automorphic for Hermite's forms (see below, p. 350). The following 
investigation is complete in itself. 

Suppose that S is a real symmetric bilinear form and P a real sub- 
stitution automorphic forjS^; then, in Frobenius's symbolical foi-m, 

P'SP = S. 

Frobenius has proved t that we can find Po similar {dhnltch)X to P 
and /S'o congruent with S, so that PoS^P^^ = S^. Further, Pq.Sq will be 
each sepai-able {zerle/jbar) into two parts such that Pf^ = Pi'^P^, 
Sq = S^ 4- S,, where the variables in Pj, S^ are the same and do not 



• Kora Acta Leop.-Carol. Akad.^ 1898, Vol. Lxxi., p. 379 ; an abstract appeared 
in Math. AnnaUti^ Vol. l., p. 557. 

t Crelle^ 1878, Vol. lxxxiv., p. 1 ; this proposition is given in 9 10. 

X Two forms P. Pq *re called ahnlich by Frobenius, if a third form Q can be 
fonad such that Pq - QPQ- '. 
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appear in /\, 83, and rke re^-^a ; finally, PJ j5?tFi = 8,, PjNjP, ^ N,. 
'I'he iuviiriant-f actors of | P^ — X^^ | are all those of | P^—XE ] (or wf 
I F--kE I ) which have tbi? base (A. + 1); and the other invBrnnt* 
factors of I P^kE 1 appear as those of | P^^kE^ \ . Here the unit* 
form E {Emkeiti^orfn) has been separated into £?j, ^, in the same way 
as Pg, jSo- The pixKsees followed in finding Pj, S^, P^, S^ fi'om P, S 
*!ihows that these are all real and obtained by real ti^nafonnatioua. 
Then we have 

p, ==-(S,+r.)*'(S.-5'i). p,= +cs,+ r,)-'{s,-r,), 

whei'c T^, T^ are i^al alternate forms, eiich containing only the 
!\ppmpriate net of variables. 

It folUiws that I P^—kE^ I haa the same invariant-factors a^ 
, ^^l''^^-'^l i [^'1 = (1+A)/(1-X)], and I P,-A^, | the Rame at* 

Now. hy hypothesifl, | P^ — kE^ \ has only invariant-fac{45i^ of the 
type (1-l-X)'; so that | fi^Si—T^ \ has only those of the type ft*. 
Thus, if e be even, we have a pair of equal invariant-factors, and 
the coiTesponding part of Si is (p. 339) 

and the signature* of this is zero ; while, if e be odd, we have a single 
i iivamant-f actor giving (see p. 337) 

and the absolute value of the signature is unity. It follows that the 
signature of S^ is not greater (in absolute value) than the number of 
iuld indices of invariant-factors (i-fA.)' of | P^—kE \ . 

Now take S^-, we have here five cases — 

(i.) The pair of invariant-factors {m — c)*, (/^a + c)* (c -^ and real), 
corresponding to (\ — 6)', (A — 1/fe)' (6' ^ 1, and h real). 
The corresponding part of S^ will be 

which has signature zero. 



* Frobeniiis defines the signature as the number of ponitive squares, less the 
number of negative squares, when the form is reduced to squares by real trans- 
formations. 
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(ii.) fij, fi* {e even) corresponding to (X— 1)', (X— 1)*. Here th(; 
reduced part of 8^ is the same as in (i.). 

(iii.) /i.^ (e odd) corresponding to (X— 1)'. Here the reduced 
part of S. is . . . 

with the absolute value of the signature equal to unity. 

(iv.) (f4— c)', (/i, + c)', (m,— 0'» (/'i + O* (c imaginary, with c^ foi- 
its conjugate, c-^Cq^O) corresponding to (X— 6)', (\— 1/6)', (X— ?»„)*. 
(X- 1 /feo)'. We find for 5, the part 

(jXiVi*-^ . . . + iCa* yO + the conjugate imaginary, 

and we can readily reduce this to a real form, whose signature is 
seen to be zero. 

(v.) {fi^—c)% {fi^-^-c)* (c^ureimtigm&ry), corresponding to (X — ///, 
(X— 1.7>> (mod b = 1). This gives for S^ 

and, fix)m the metliod used in making the reduction in the last section. 
.f\^r ai»d .r^ are conjugate imaginaries. It is now easy to see that 
the signature of this part of S^ is zero if e be even, or 2 if e be odd. 
It follows that the absolute value of the signature of 5, is notg^reatei* 
than the number of odd indices of invariant-factoi-s oP | P^—XE | of 
the type (X—hy (mod 6=1). 

Hence, finally, as the absolute value of the signature of 8^^ = S^-^- S^ 
is not greater than the sum of the absolute values of the signatures 
of 8i and ^S^, it follows that the absolut'C value for Sq is not greater 
than the number of odd indices of invariant-factors of | F^—XE \ of 
the type (X— 6)* (mod 6 = 1, including 6 = ±1). But, since S^^ is 
derived fix>m 8 by a reaZ substitution, their signatures are equal; and 
since P, pQ are similar, the invariant-factors of | P—\E \ , | P^—\E \ 
iwe the same. Hence the theoi-em follows : 

If P he a real substitution which is automarphic for the real 
quadratic form S, the signature tf 8 is not greater in absolute value 
than the number of odd indices of invariant-factors of \ P—XE \ , 
only those of the type (X— 6)* (inod 6=1) being counted. 

This theorem is equivalent to the inequality in § 9 of Herr Loewy's 
paper. Herr Loewy asks me to state that this form of the theorem 
was familiar to him when his paper was published ; but that, for the 
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applications he had in view (§§ 10-12), the form of the theorem given 
in his paper was found moixj suitable ; this form of the theorem can 
l)e deduced immediately from the above by intix>dncing the character- 
istic (as defined by Loewy)* of S. A similar remark applies to 
the theorem stated on p. 163 above. 

6. Simultaiieoiis Bediicfion of tivo Ilerniites Forms to a Canonical 

Shape. 

A Hermite's form is a bilinear form in which the coefficients 
«r.. (i,r are conjugate imaginaries ; and the variables Xy, yr are also 
conjugate imaginaries, but, for purposes of symbolical calculation, it 
is often convenient to leave this out of reckoning, just as we fre- 
quently use symmetrical bilinear forms instead of quadratic forms. 

Symbolically, a Hermite's form (^4) is defined by the condition 

A' = A, 

whei'e the suffix indicates that we should take the conjugate 
imaginary of each coefficient (the effect of the suffix is not to be ex- 
tended to the variables). 

If -^, J5 are Hermite's forms to be reduced to canonical shapes, 
we are restricted to conjugate imaginary substitutions on the x*s 
and the y's ; we have thus, m Frobenius's notation, to determine a 
form S which will give 

as reduced foniis. 

We shall see that we can modify Stickelberger's results (St., § 1) 
so as to reduce A, B by substitutions of the type considered. We 
show, first, that the invariant-factors of | XA—-B \ occur in pairs of 
tlie form (X — c)*, (X— Cq)', where c, r^ are conjugate imaginaries. 

For, according to Stickelberger {St., § 5), we may always choose our 
w's and r's so that u*, r* are conjugate complex quantities ; in fact, 
they may be I'eal and equal except in two special cases. With this 
assumption, take the conjugate imaginary of A* (without changing X) 
and change rows into columns ; we then have A& once more. Hence 

^* = (A»).- 

Tims, if At=(X-c/CX) [/(c):jtO], 

we bave A, = (X-c,)'/, (X) [/, (c,) ^ 0]. 

* The rharaeteriWxc of a quadratic form is the number of positive or ne^tive 
Bquarea in the reduced form ; the smalUr ol these TLumbers being" taken. 
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It follows that factors of A^ of the type (\— c)', (A— c^)' always 
appear in pairs, and thus, since the invariant- factors are given by the 
series of quotients A^.i/A^, the invariant-factors also appear in pairs 
of the type (X— c)', (A.— c^)*. If c is real, or c = Cq, this result will no 
longer hold. 

Next we combine the parts of the fraction — (f/JkF4)/(A»Aj.i) 
which ai^ obtained from the invariant-factors (X— c)*, (X — Cq)*. Let 
us write JJk for its value when X = c-|-f, Uk for its value when 
\ = Co "h f ' ; then, taking the conjugate imaginary of Ut (without 
alteHng the x'b or t'), we find, changing rows into columns, 



(m)o= (c + 0«. 



ar,—br.. 


K, 


3A 
3yr 


«:, 


0, 





"J, 


0, 






/r, » = 1, 2, ..., n \ 
\ o = l, 2, ...,/t-l/" 



a^ ... 



dA . 



Now ^ is the same function of the x^a as ^^ is of the y's, by 

definition of A. Hence, if <' be changed to f in (?7i),„ we obtain the 
same function of the x'a as F* is of the y's. Similar results hold for 
( rOo and Uk' Hence we may write 



and 






where the JT's are derived from the x^ and the Y*s from the y's by 
conjugate imaginary substitutions, by virtue of what has been 
pi*oved connecting JJk and F*, U'k and Fjt, Aj and Aj.. 

Combining the coefficients of 1/f, 1/f', l/f, 1/^'* (as explained 
previously), we find the reduced parts 

{A) x,Y^+x,r2,., + ... + Xr,, 

(i?) c(x,r:^+... + xr,,o+Co(x..ir,+ ...-hX2,ro 

If (• = r^, we do not have a p&ir of invariant-factoi-s in general ; but, 
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writing X " f + ^ := ^,f + ^ vve find that 
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<*|/i- U — i, -J ,»,, 4 — 1 ^ 



0, Q 
0, 



which iH the name function of the st'h m V^ i» of the v's 
(by virtue of the relation between ^ and — j . 

Henee, it' we write 

F»= *• (ft + f,i + ...). 



we have 



F,^ <'f»ri + %( + .. J, 



where tlie ^'s are derived fi^nn the ^^'ft and the i|*i from the 7/s hy 
conjugate iraaginary substitutions. If we write 

we shall have (8, + 8,^4 S,/'--h ...)» = 5, + 8j^ + &,^'+ ..., 
I.e., 8,, 80, 83, ... are all real. 

So write — -^aA,_, = /-'♦' (a, -ha,/ + ...)^ 

and then a,, a^, ... will be all real.* Thus 

If we write now 

the substitutions for the Y's and X"s nie still conjugate imaginaries. 
Accordingly the reduced parts are 

(A) A,r.+A;y,_,-h... + A;y„ 

(B) r(A,Y,H-Aj; , + ... + A^rj + A,y.., + As^^.^H- ... + A,., V,. 



♦ They nii^lit be pure imag-inaries, but we can avoid this by changing the signs 
of the resulting tenuK in -/, li ; this cliange is equivalent to removing the factor * 
from each a. 
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The case c = offers no special feature ; and the case of infinite 
roots is treated, as usual, by taking them as zero roots of 
I fiB—A I =0. We shall thus find reduced parts (for c = oo ) 

It follows that the problem of reducing two Hermite's forms by con- 
jugate imaginary substitutions has been completely solved, except in 
the singular case when | X^l— B | =0. 

In the singular case, following out the method given above (§2, 
p. 326), it is easy to see that reduced forms of the types 

{A) XiY2^^i'\- X^Yz^-^^ ... +X.Y,^j-|- A.^2Y. + X.^3Y.. i-h ... +X|.+i Y,, 

(z?) x^r^+...-fX.r.,,-HX.„r.+ ...+z^r» 

will appear, where a is a Mimmalgradzahl. 

Collecting all our results, we have the following theorem : — 

If A, B are two Hermite^s forms, and or w the absolute value of the 
signature of B, then 

a "^ the number of odd h^s-^the number of even Vs, 

tchcrc h is the index of any invariant factor of \\A—B\ correjipond' 
infj to a real root {not zero) and I is the index of an invariant-factor 
to base X. If \ A \ ^= 0, we are to include in the h^s the indices of 
invariant-factors corresponding to infinite roots of \ \A -B \ , such 
indices being determined as those corresponding to zero roots of 
I A-fiB 1=0 (cf, Proc, Lond, Math, Soc, pp. 158-163 above). 

This result holds still if \ XA — B | ^ 0. In this case, if the k-th 
minors of \ XA—B \ are the first which do not all vanish identically, 
the number of invariant-factors to ba^e \ is (d — A;) ; and the number 
c^n-responding to \ = co is (d—k), where d, d' are the dtifects of A, B 
respectively (i.e., n — d, n—d' are the ranks of A, B). 

This theorem is slightly extended from one given by Loewy 
(Crelle, Vol. cxxii., 1900, p. 69) ; the changes are due to the inclusion 
of the possibilities (i.) | A \ =0, (ii.) | \A—B \ ^0. Loewy *s proof 
depends on reducing the Hermite's forms to two real quadratics ; but 
it is interesting to see the connexion with our former reductions. 
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7. Si lit id f a tf rims f deduct it m of a Ifermile's Fnrm ftnd an ngstftiuted 
Hettttilcs JTortH ; teith an Application, 

We fiist Uotiue au aatociated HGrmite^Mf&rm {bcigemtimte Hennitescht^ 
Form) ; B will be 8uch A form if IT— ^B^ Bilinear forma of thiii 
type have been introduced hy HeiT A. Loewy in investigntiug' 
automorpliic rttibstifcntipni* for Het*nitte*s forms;;,* 

If A bo a Hdrmite*B form, and it is de?iirt'd tu i^ednce J, B by 
conjvigiite imiiginm^^ snbstitutions, we bave only to observe that, if 
B = iC, we liave B^ = — ttV and so C = C/^. Henco is a Hermite'rt 
fonn, and the pmblem is solyed at ouce by means of tlie investigation 
in the last section, We can, of c3ourse, give an independent investi- 
gat!on(w}nrb was the method I followed originally), but thisiH rat-her 
longer^and the results do not rednce to so neat a form witbont extra 
labonr. 

The problem of § 4 opght to be deducible as a case of the above ; 
for a real symmetric form is a special case of a Hermite's form, 
and a real alternate form of an associated Hermite's form. If such a 
connexion could be pointed out, it would shorten the investigation of 
§ 4 considerably. 

The application is to tind an iilternative proof of the fundamental 
inetpiality of § 5 in Loewy's pa})er. Loevvy shows (§4) that, if N he 
an automor})hic substitiiti(»n of a Hennite's form (A), so that 

.s;,-i,s = A, 

then S can be reduced to the form 

S = i^'{A-{-B)''{A-B), 

where ^', = — i? (or B is an associated Hermite'sform), and <^ is some 
real angle. 

In order to examine the characteristic equation of S we consider 
the form (rE — fS) ; now 

rE-S= (.4-f7>')-' [r(A-^n)-e'UA-B)'] 

= (.l-f .V)-' [r{A-{-iC)-.^^(A-iC)] (n=iC) 

= i(r^,'')(A-^i(^)-'(C-sA), 



• Xova Acta Leop. -Carol. Aka>(., Vol. lxxi., 1898, p. 379, \\\ and Math. 
Annaleti, Vol. L., p. ooT. 
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whei-e s =: t(r— e'*)/(r + e*^). 

Hence, to investigate the invariant-factors of | rE^S \ , we have 
only to find those of \ sA — C \ , where C is another (arbitrary) 
Hermite's form; corresponding to an invariant-factor («—c)* there 
will be one (I' — h)', whei'e h, c are connected by 

c = i(6-e**)/(6 + e^) 

or 6 = e**(l-ic)/(l-fic). 

It follows that, if 1/ corresponds to c^, we have 

i,' = e*>(l-iVo)/(l-H*Co). 

Hence, taking the conjugate imaginary, 

or hb^ = 1, 

I.e., h' = l/b or 6' = 1/6^. 

But, if c be real, h' = 6, since c^ = c, and thus bb^ = 1 or mod 6 = 1* 
We conclude that invariant-factors of the type (r — 6)*, (r— 1/6J' 
occur in pairs, unless mod 6 = 1. Corresponding to the pair of 
invariant-factors (s — c)% (i^ — c^Y, we found a part of A of the type 

Taking the pair of terms a;,y2«+^2«yi» we can write them in the form 

i [ (a?, 4- 0^2.) (y, -f y2.) - (a?i - «,,) (y^ - y„) ] , 
and similarly for every other pair. 

It follows that the characteristic* of this part of J. is e ; and the 
signature* is zero. 

Xext, if c be real, we have a part of A, corresponding to (r — 6)', 
when mod 6 = 1, 



* Loewy (§ 5) defines the characleriHie {q') of a Hermite's form G as the smaller 
of the two numbers y, [n—q), when G is put in the form 

6? = S a?.y.- 2 ar.y. 

(the variables being conjugate imaginaries). Frobenius defines the iignature (o-) of 
G as (2^— ;<) ; so that 2q' = w — mod <r. 
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fiir wliioli q = ^ or ^(e — 1) and mod (f = or 1^ ttci'uiiling as ? i« 
t.*veij oi* i>dd. Now the ctai'actemticR of a atim of set* of terms is 
not less than the sum of the chumeteristies of the sets separately ; 
v\ hili^ the absolute valne of the signature is not greater than the sum 
nf tht/ absolute values of the signatures of the separate sets, iferice, 
rumhining fnir resi^U^ we have that 

} > 8+%E ah), 



I 

4 




U » < Pi 

frher^ 'Is is th^ 9fim of thv indices of all the invariaut-f adorn of 
I rE — S I ichich vaniKh frn^ vahies of r wliOfte aheohde vaittei ar^ net 
nuittj:* k repreeentM th& index of any invariarU-f actor ithich vani^het 
ftr fi lalne tf r whose abstdtite ralim Iff ufdt^, ^ i^h) i* the ^r€ate»i 
inlpijer ton tar tied in ^h. FtfTthef\ p fV tlw number of ikf add /iV. 

The above is Loewy's fundamental inequality (§ 5) ; it is, of coarse, 
assumed that (A)^ the determinant of -4, does not vanish ; or we 
sliould have to consider some further possibilities (as on p. 349). 
This proof was originally sketched out in a letter from me to Hen* 
lioewy (April, 1900) ; but the proof of the reduced form of .4 which 
I gave there was insufficient. Herr Loewy is publishing a short 
note t in which he proves his inequality by combining my suggestion 
with the results of a recent paper of his own (ih-elle, Vol. ( xxir., 1900, 
I'- 53). 

The theorem in § 7 of Loewy's paper becomes almost intuitive by 
this method of investigation. This theorem is to the effect that, if 
we are given a set of invaidant-factors satisfying the above in- 
equality and a Hermite's fonn .4, then we can find a substitution 
which (with its conjugate imaginary) is automorphic for A, and 
whose characteristic equation possesses the assigned invariant-factors. 



• These invariaiit-factora occur in pairs with equal indices ; so that the auni of 
their indices is an even number 2*. 

t (ioltinger Xaehrichten, June 30th, 1900.* 
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S^otes on the Theory of Automorphic Functions (continued). By 
A. C. Dixon. Received March 7th, 1900. Read March 8th, 
1900. Received, in revised form, November 1st, 1000. 

The present paper is snpplementury to one published In the 
Society's Proceedings (Vol. xxxi., pp. 297-314), the object of which was 
to derive the fundamental theorems in Riemann's theory of the 
Abelian integrals from the properties of Poincare's theta-Fuchsian 
seHes. It appeared to me that, if our knowledge of the properties of 
those series were complete, we should be able to deduce these 
theoi-ems from them. At one point (pp. 307, 308) I had to fall back 
on the oldei* methods to cover a want of rigour in the argument, and 
my purpose now is to supply this defect. 

The results to be proved are numerical ; there are three numbers 
involved : — 
p, where p -h 1 is the least number of poles arbitrarily assigned that 

a Fuchsian function can have, if it is to have no more ; 
Qi, the number of Abelian integrals of the 6rst kind, or of theta- 
Fuchsian functions of index 1 without poles ; 
(J, the number of irreducible closed circuits on the closed surface 
formed from the polygon by fastening together corresponding 
sides. * 
It is to be shown that p = q^z= ^g. 

§§ 1-13 are taken up in proving that p > q^. For this it is necessary 
to discuss the formation, by means of Poincare's series, of theta- 
Fuchsian and Fuchsian functions with assigned poles. Particular con- 
sideration has to be given to the case when poles are assigned at the 
vertices of the polygon, and account has to be taken of the special 
(conventions as to the orders of poles and zeroes at these points. The 
pi-oof would be incomplete if these points were excluded from its 
scope. 

The next result (§ 14?) is that r/j < g —p ; this was established in 
my former paper. 

In §§ 15-19 the well known bilinear relation connecting the moduli 



* In my former paper this number was denoted hj c, 
VOL. xxxii. — NO. 732. 2 ▲ 
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vi periodicit}' of two Abelian intega^la of tht* fiiiet kind is used to 
«huw that 2(ji:^f;. Tbe relation is proved in §§ 15, 16, aod in 

§§ 17, IS it is iieduced to tbe ordinary canonical foi'm whicli is ctm- 
f eiiieiit for tlie iirganient of § 19. 

Tht! it^sultK ^ = ^, = ^g lire thus est^-blished* 

§ 20 dtial^ with Poincai^^'s theorem that all tbeta-Fuchsian functious 
»f inteitriiit Iij<lerx > 1 can be expressed by means of bis eeriea. 

The p)i])cr h concerned almost altogether with fn notions of tbe 
iitv^t, second, and Bixth families. The cii^cular boundary of the 
functions is geuemlly taken to have centii© 0, rtdiim 1. 



1. Let ^,,A^f y) denote the function 

^—*y \ dy f 

where .v denotes one of tbe snbstitations of a Fnchsian group of the 
tirst, second, or sixth family, and the summation extends to all sul>- 
Htitutions of the gix)up (compare Acta Math., Vol. i., p. 242). 
Suppose that 

yy + o 

mud thnt for the different substitutions of the gi'oup s, a, ft, y, 8 are 
distinguished by sufhxes. The index m is taken to be an intp<»'er 
greater than 1. 

Then, giving // a tixed value c, we have for any substitution >-, of 
the grou]> 

s^z — sc V ac I 

S^Z — S^SC \ lie I 

(by rearrangement of the terms) 
z—sc \ dsc I \ dc. I 

= (y,r+f.) 2 -i^. (y,.s<-+8,)— ' ("Jj)" 
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Thus ^,. (*i2, r) l-j^-) - ^N. (^^ c) 

where the coefficients are theta-Fuchsian functions of c of index tw, 
and without poles. Let q^ be the number of linearly independent 
theta-Fuchsian functions of index wi, without poles, whether ex- 
pressible as theta-Fuchsian series or not. Let ^^ denote one of 
these functions, r being one of the numbers 1, 2, ..., q^. Then, if any 
9^-fl values Ci, Cj, ..., f,^+i are taken within the fundamental 
polygon, it is possible to choose coefficients A^^ -4„ ..., -^,.^*i so that 

2 AXHci) = (r=l,2, ...,3«). 
Now C„ C„ ..., Ci„.-. ai-e linear combinations of tf« (c), 6C(.e), ... . 

fill ^1 / rl \ M(— 1 9|H * ^ 

Thus 2 ^<^„(«,r,c.) = (7n % A,<l,^(z,cd. 

This holds when 8^ is any substitution of the group, and therefore 

iml 

is a theta-Fuchsian function of z of neg:atiye index 1 — m having 
^„-f 1 arbitrary poles c„ Cj, ..., c,^,+i, and no others.* 

2. By means of the derivatives of the function ^^ (z, c) theta- 
Fachsian functions of negative index with given multiple poles may 

be constructed, since ^r— ^„| (2, c) has a pole at c of order a -hi, and 

oc' 
since 






dcT dc'' ••• ^ dc* * 

If, for instance, there is to be a double pole at r, and a simple one 



Compare Acta Math., Vol. i., pp. 245. 246. 

2 A 2 
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»it eacli i>f tlie other points i\, c,, .... t\^, we must cHoofso coeflicientfi 
yr lusidnes A^^ B^^ A^ .,,, -4^ so that 



mill then the function 



llC| liil 



B, - f^ (z, c,) + 5 .4;^^ (r, r.) 

will be a theta-Fiiolisian function of :5 of index 1—m hayings its poles 
UH desired. 

For a rniiUiple pole of order a at c^ we must us© the values when 
}/ = c q( f„ (z, y) and its firata — 1 derivatives with respect to y^ or, 
in other words, the first a coefficients in the expansion of ^^^ (z^ y) in 
riacending powen* of ^ — c. 

In this way a theta-Fuchsian fanction of index 1 — w can be cson- 
Htructed with poles arbitrarily assigned, if the sum of the orders of 
multiplicity of these poles is </„-hl. The g,„-i- 1 residues must satisfy 
q,n homogeneous linear equations, so that in general their I'atios will 
be determinate and the function will be defined save as to a constant 
factor. If the </„, equations are not all independent, there will be two 
or more functions of index 1 — 7>i with the assigned poles. 

In particular cases one or more of the i^esidues may come out with 
the value zero, so that some of the assigned poles may disappear or 
be of lower orders than were assigned. 

Hence, if poles within the poly yon are arbitrarily assigned^ the sum 
of whose orders of multiplicity is q„^-\-l, at least one theta- Fuchsian 
function of negative index 1 —m can he constructed^ having no poles other 
than those assigned, and having none of the assigned poles to a higher 
order than the assigned order. 

I shall call this Poincarcs negative construction. 

4. Again, if z is supposed fixed within the polygon, <j>n (r, y) is a 
tlieta-Fuchsian function of y of positive index m, and it has a simple 
pole at z and no other within the polygon. The derivatives of 
^m (^, y) with respect to z or the functions 



Iz-syY ^ i 



{z-syr \ dy I 

where a is a positive integer, are theta-Fuchsian functions of y of 
index m, having multiple poles at z. 
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By means of these, thrta-Fuchsian functions of positive index m ( > 1) 
ran be constructed with arbitrary poles within the polygon of any orders 
and with arbitrary residues. When the poles and their orders ai'e 
fixed, the numher of arbitraiy constant coefficients in sach a function 
is 9»,4- the snm of the orders of the poles, for q^ is the number of 
such functions without poles. 

This may be called Poincare^s positive construction. In it we use 
the coefficients in a Taylor expansion of ^,„ (r, y) considered as a 
function of z. 

5. Both constnictions need special investigation when one of the 
assigned poles is at a vertex of the polygon. Let c be this vei-tex, 
2w/k the sum of the angles of the cycle to which it belongs, c the 
inverse of c with i^espect to the fundamental cii*cle. 

Then we must discuss the behaviour of <^^ (z, y) when y or z 
approaches c. Now 4^^ (z, y) is a theta-Fuchsian function of y of index 
m, and thus 

i>n.(z,yKy-cr(y-c'r 



form function of [^ J^X (Acta Math., Vol. i., p. 218). 



IS a uni 



Let y-'-^n, --^ = f; 

y—c z—c 

then it follows that 

^„(z,y) = (i-,r,-"'^ ({,,;»), 

where ^ denotes a uniform function. 

Since <Am (-i y) contains a term , j/f must be infinite when 

>;^ = (*, and must, in fact, behave like 

c—c C—V*' 

in the neighbourhood of this value of 17*. Thus ^ , (z, y) behaves like 

c—c C —1 

whei'e a is any integer. Now <^„. (r, y) does not become infinite when 
z or y alone approaches c, and hence, if a is such that neither oA— m 
nor X— aX+m— 1 is negative, we have here an expression from which 
<Am (^? y) will differ by a finite quantity when z or y approaches c, oi' 
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wlien both approach e. The BCH-'CBsary vajue of <i ts ] — > +1- 
where [.r| denotes the integer next below x. 

Nnw for the negative conetmction we take the euccfisaire co- 
efficients in a Taylor expausion of ^„ (st^ ^) as a ftmcHon of y. Here 
there is an expansion of the fomi 

and ihe functions thai available are 

Z^ Z,, iT,, .„ , 

It LB seen at once that these ai« equivalent to the smes of derivatives 
of ^^, (r, fj) witli respect to if when ^ = e. but that in the series of 
dmvfttives k— 1 out of every oonaecutive X ai^ nselessfor ourimrpose, 
being either identically zei-o or else linaai^ combinations of lower 
derivatives. 

For a small value of { the function ^„ behaves like 

c — c 

and so appears to have a pole of order 

(tt -|- u) X — in 4- 1 . 

But, according to convention, this order must be divided by X, as the 
pole is to be shared among all the polygons which meet in r. Thus 
the order is 

VI — 1 

«+„ — - 

in any one polygon ; allowance is nnide in this number for all the 
vertices of the cycle to which c belongs. 

Now the only orders that a pole at these vertices can have for a 
theta-Fuchsian function of index l — m (Acta Math., Vol. i., p. 218) 
are the numbers 

a-f-u-'"""^ 0^ = 0, 1,2, ...). 

A 

where a = 1 -f ^ ' . 

Hence, by means of the functions Zq, Zi, Z„ ..., the negative con- 
struction is still possible when one of the assigned poles is at c. The 
order assigned to this pole must be *' admissible," that is, it must be 
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one of the numbers a + w — . The functions used in constnict- 

A 

ing a function with a pole of admissible order ^ at c will be 

Z^, Zi, ..., Z^j^^, 

and others that are finite at c. Thus the number of residues at c 
is [A]+l. It will be convenient to call this the " rank " of thje 
pole. The rank is the same as the order when the order is integral ; 
otherwise the rank is the integer next above the order. 

6. For the positive construction in this case we must take the 
coefficients in the expansion of <f>„t (z, y) in ascending powers of f. 
Suppose 

Then it is seen from the above work that the first of the series 
Yj, Y^, Y„ ... which becomes infinite when 17 = is 

and that this behaves like -, — i|"*. 

c — c 

The first that is infinite to a higher order than this is 

Ya-ox-Mw-ij 
and this contains a term —, — ly"^, and so on. 

The infinite terms that occur are multiples of 17"^, i|"*^, 17***, ..., 
and a term in 17""^ occurs first in Y«x-.v*i«-i- 

Hence the functions available for the positive construction are 
the coefficients of 

fX-mX*m-\ /^-•X'fm-1 

in the expansion of <^^ (r, y) in ascending powers of {. These have 
poles at r of the orders 

^ — a+1, Y~« + 2, ..., 

the order being in each case the index of 17'^ in the most important 
term ; these are the only admissible orders for a pole. The ittnks 
are 1, 2, 3, ..., respectively. It will be substantially the same 
thing to use the series 

•^X;^ii:^^(^T (« = i.2,3,...). 




7. WliDii a proposed pole is at » vertex c which lies cm the chictiliir 
boundarj' there are special difficaltieB, mnce this point iit an eBBentin I 
singnlanty of the function s. 

The polygon may be altered ^ without affecting the group, so that c 
Hhall form a cycle bjr itself. Suppose this done ; then the substitution 
by which one of the sides that meet in c is changed into the other 
muKt be parabolic ; for, if it were hyperiiolic, the vertex e coald be 
abolished, iind the polygon would have as a side paH of the fuuda- 
mental citx^le; so that the fnnctionE would no longer have the 
circular boundaiy,* Let f be this parabolic substitution^ its actual 

• On tbjn point §o6 Klein' « paper {Math. Ami,, Vol. xl , pp. 1 30-1 39). The 
DOticluftion IB tlmt an autoniDrphio group may quite well bs genemted bj a polygon 
with a hyperbi^lii:! ^yde, but that ftn a ftmdanieiital region thiH polygon in inoom- 
plete. Pttrtjii uf tlie areu within which the correeponditig' fanctionN exist are not 
FcpreKented on tlio polygon^ thai h, cannot bo brought into the polygion by any of 
the oponitioDH of the group. 

Take, fi>r iTiHtanco, a Fuehi^ian group of real sub«ititutious generated hy a palygrm* 
two of whof?e correspoDdiiig fridefl OF^ OG touch at the origin O/F^ Q being 
eoUmear witb fJ, ^^ «ihov^u. The aabstitiition that tums OQ into OF i« uf the forni 




if = kz^ where k it> real and > 1 . Through F, G deRcribe two circular arcs cutting 
the real axis orthogonally in two points H^Kto the left of 0, such that OU = k.OK. 
Then the group is unaltered if we add to the polygon the half-meniscus OFH and 
take away OGK. 

Now it is clear that any point between OF and the imaginary axis is represented 
in the old fundamental polygon by a point in the curvilinear triangle OFG, and 
that therefore no point on the loft of the imaginary axis is represented in the old 
polygon at all. Poincare originally concluded from this that the imaginary axis 
was a natural boundary to the functions generated ; but this is not the case, for in 
the new polygon any point in the second quadrant is represented by a point in the 
region bounded by HK, the arcs UF, KG^ and the imaginary axis. Hence the 
functions exist in the whole space above the real axis, and, moreover, can be con- 
tinued across HKy so that they exist in all the plane. In the original polygon the 
part representing the second quadrant had shrunk up into the point 0. 
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equation being 
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tz—c z—c 



where ft is real and positive 

Suppose the z-plane transformed by the substitution 

2/1 c^z' 

so that the inside of the fundamental circle becomes the half of the 
{-plane on the right of the imaginary axis. Let i?, ff, r correspond 
to y, s, t, so that 



1 c + y 



orf=, 



1 c-\-sz 



2/1 c—sz 



y 1 C'\'iZ y o 

rfrr -=(;— 2lT, 

2/1 c—tz 



2/1 c—y 

dsy _ 4c* 1^_ d^ __ / 1 -f 2/iiy \ ' do^ 

dy "■ (y-c)* (l + 2/i<r»j)^ drj " U-f 2/«n7/ (£17 ' 

Now the substitution r gives a division of the f-half-plane into 
strips of breadth 27r parallel to the real axis, and each of these strips 
is further divided by the other opei*ations of the group. One polygon 
in each strip reaches to infinity, and the sum of the areas of the rest 
must, therefore, be finite ; so that the series 



X 



dor, "' 

drj I 



must be convergent if m < 2 and 2' denotes a summation over those 
operations which turn the fundamental polygon into another belong- 
ing to the same strip. This follows by Poincar^'s method, since the 

areal magnification is -^ I . 

» 1 . 
Also 2 2 is a convergent series. Thus the double series 



2 2' \ 



d<rq "* 



dn 



is absolutely convergent, and its sum is the product of the sums of 
the former two. 

Now let/(i7) denote a function of >;, uniform, finite, and continuous 
over the right half -plane and its boundary, and such that 

Lt ^/(,) 



IS finite or 7.ero, Theii» ♦since all the j>omU trrf lie m the right half-* 
planBi thei'e is a BupeHor limit to the r|uantities 




n^ I / (^V + 2w«^) I , »M/ (tny- &*^^ iir) i 
anrl thcrcfoi^ the series 

if^ absolutely convergent. The csotiTergeiicy is claarly uniform in th^ 
domain of an ordinarf Talue of fj. 

This series represents then a continuons uniform fnnetion of f J 
and, in fact, of exp v}^ since its value is tm affected by the addition of 

2i7r to r). As rj increases -— -^ diminishes without limit, except for 

drj 

the identical substitution, and those of the form r". Thus when 17 is 
infinite the series induces to Lt 2 f (rj -\-2nnr), which is zero if the 

f} ■ X n = — X 

I'eal part of rj is made infinite. Hence when exp 17 is infinite the 
function 

vanishes, and is, in fact, of the same order as exp ( — ^), or some 
integral power of this. 

Groing back to the variable y. we find that 

represents a theta-Fuchsian function of //, even if the function F (y) 
lias a pole at c, so long as the order of the pole is not higher than 
2m — 2. But this theta-Fuchsian function is zero at c to the same 
oi'der as 

/ \-2m ff y-\-C 

(y-c) exp -^ . 

2/i y-r. 

where n is some positive integer; v is, in fact, the order of the zei'o 
according to the convention {Acta Math., Vol. i., pp. 216, 217). Thus 
the positive construction in its ordinary form does not succeed. Hut 
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it is now readily seen that 

represents a function suitable for the purpose. For this senes may 
be aii'anged in the form 



(1 + 2^17)^ 2 2'{l + 2/ii((n7 + 2r*ir)} 



'exp«cr,(^); 



and we may suppose the fundamental polygon in the 17-plane to be 
one which reaches to infinity. Then there is a finite superior limit to 
■ exp lum (except when o- is the identical substitution) if rj lies in 
the fundamental polygon, and hence as 17 increases indefinitely all 
the terms tend to zero in the aggregate except those of the series 



(1 + 2/11;)-- exp ni; 2 

r" -a 

The sam of these terms is 



{l + 2^(v+2nw)} 



-(l+2,,rexpn,-^^l:^,(A)' 

whicli is infinite with 17 to the same order as 

IT*- exp (n— 1) 77, 



exp 



('-i)-'' 



Hence the function 






is available for the positive construction. It has a pole at c whose 
order is n— 1, for, according to convention, the order of a pole at c 
for a theta-Fuchsian function 0^ (y) of index m is the exponent of 
exp 77 in the most important part of 6^ (y)(y—cy"'- 

If a pole of order n— 1 at c is among those assigned to a theta- 
Fnclisian function of index m which is to be constructed, the functions 
available, besides those that are finite at c, are n in number, namely, 



^«'(2^:-3D" <'='-^ •'• 



^2/i c-»y/ \dy 
Hence the rank of such a pole is n. This agrees with the general 
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nile t flat a pole of oi*der ^i is of va^nk { /* | + 1 if W€f itsmeniber ihat ljt*i^ 
pniperlv tiie order is ijifiuitesiiaally greater than n — l, the iutegi^'r k 
of §§ 5, 6 being mtinit©. 

8. The negative constructigniii fiumewhat simpler. The expression 
^mi^f ^)(y — f')"" i^ ?*< uniform function of exp pj, and bfts ft simple 

pole when ?/ = c, that is, when exp 17 =: exp f. Thus in the neighhonr- 
hood iif tiiir^ pole it behaves like 

_A _, 

expiy— exp J' 

where A = Lt ^^ '^ (exp 1/ -ejcpi) 

* - ■ ^"—ff 

Let </),„ (r, y){y—cy^ be expanded in descending powers of exp 17. 
The siUH^essive coefficients will be functions available for the negative 
construction. Tlie coefficient of exp ( — Mr/) will contain a term 

'~(z — c)"" ■ - exp 11^ ; 

/^ 

so that this coefficient has at r a pole of order n, or, rather, infinitcsi- 
raally below n. 

It is now easily seen that the rank of a pole at c is equal to the 
order in the case of a theta-Fuchsian function of negative index. For 
the functions infinite at c that may be used in the negative con- 
struction when a pole of order n at c is among those assigned are the 
coefficients of exp (—rj), exp ( — 2»/), ..., exp ( — ?iry), and are therefore 
n in number. 

9. The results reached may now be stated as follows : — By the 
negative construction if is possible to form a theta'Fuchsia7i function of 
given negative integral index — tti, all of whose poles shall be included 
atnong certain points arbitrarily assigned with ranks respectively not 
exceeding certain positive integers arbitrarily assigned^ whose sum is not 
less than q^^^-^-l. If this sum is f/,„^i-|-r, then r such functions can 
be formed. By the positive construction it is possible to form a tJieta- 
Fuchsian function of given positive integral index >1 ivith any given 
poles^ of any admissible orders, with any assigned res^idues. 

The rank of a pole of order h is {h] +1, and it must be bonie in 
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mind that the order of a pole at a vertex lying on the cii'cular 
boundajy is infinitesimally above or below an integer according as the 
index of the function is positive or negative, since the integer X is 
infinite for such a vertex. This convention will enable us to use the 
same numerical formulae for elliptic and for parabolic vertices, 
although the proofs of these formula? may not be the same. 

10. With regard to theta-Fachsian functions of index 1, it is to 
be noted that none of them can have one simple pole only. This will 
now be proved. 

Let ^, (z) be a theta-Fuchsian function of index 1, c one of its poles; 
then the coiTesponding residue is 

Lim (z-c)O^(z). 

Any point sc, into which c is tninsformed by an operation of the 
group, is also a pole, and the residue corresponding to so is 

Lim (z — sc) 0^(z), 

or Lim (sz—rc) $^ (sz). 

This is the same as the residue at c, since 

/dsz\-' 



o,(sz)=^e,(z){^iy . 



Also J B^(z)dz taken along two corresponding sides of the generating 
polygon gives equal results and, therefore, when it is taken round 
tlie whole perimeter of the polygon, the result is zero ; therefore, the 
sum of the residues of O^ (z) at all its poles within the polygon is zero. 

11. In the interpretation of this result, the residue at a multiple 

pole c is, as usual, to be taken as the coefficient of in the ex- 

' z — c 

pansion in ascending powers of z—c\ there are also special con- 
ventions relating to the vertices of the polygon when the sum of the 
angles in a cycle is not 27r. Take an elliptic cycle in which the sum 
of the angles is 2ir/A, and suppose the polygon transformed, if 
necessary, so that the cycle shall consist of a single vertex c. The 
expansion of ^, {z){z—c)(z—c')^ where c' is the inverse of c with 

respect to the bounding circle, in powers of ^, contains only 

such powers as the AX-th, where k is any whole number. 



Mr. A. 0. Dixon on the 



[J one 14^ 



Let /^ fj he two oorreepottding poiutB near to 
G up the twii ?.idm that tii^et &t c^ Suppose 
/» to be juiuetl by an aixs; then it will be 
iiecesHai-y to take ins, tlie i^ertitliie of a jwle at c 
the value of 



2nr J/ 



ta-keu uloiig tliiw aw, which must be so near c that the tvimigU* ftjr 
does not include any other pole. Siuce the angle fcg of the polj^ni 
is ^tt/A, this residue is -^ k (c - c^, whei-e C is the absolute tt'rm 
in the expansion of &i{z)(z—c)(s^c} in a^oendiog powei^ uf 
(r-c)/(.— r'). 

Kor. if & # 0, 

I \i-,--l (:-,:'y~h\(e-e') ' jr-W ' 
whicli lias the same value at/, g; when h ^ 0, we have 



(:::• 



dz 



which is greater at / than at g by 



1 , z-r 
r-c ^z-c 



1 2t7r 



If the vertex c is on the bounding circle and the substitution 
parabolic, let the substitution that turns cf into c-g be 



1 



1 



2ifJL7r 



where |* is a real positive quantity. Then Oi[z){z—cy in the 
neighbourhood of c may be expauded iu ascending integral powers 

of exp — '^ . Let the absolute term of this expansion be C. Then 
2/x z-c 

-} \'0,(z)dz = -^G, 
iLir J, c 

since any inteir'ral i)ower of exp , " has the same value at f 

J ^ ^ ^2fi z-c ^ 

and g. Thus —fxiyC must be taken as the residue in this case. 

AVith these special conventions the sum of the i-esidues is zero, and 

therefore, if there is only a simple pole, its residue must vanish, or a 
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theta-Fuchsian function of index 1 with only a simple pole cannot 
exist.* A pole of rank 1 is to bo counted as simple. 

12. It follows from the positive construction that the number of 
arbitrary coefficients in a theta-Fuchsian function of given index 
w ( > 1) having given poles of assigned ranks is 

q^ -H the sum of the ranks. 

We may hence find an expi'ession for q^ — qm-i when m>2. Take a 
particular theta-Fuchsian function of index 1, rji, and let $^ denote 
the most genei*al theta-Fuchsian function of index m without poles, 
^nt-i the quotient Om/nu so that ^,».i is a theta-Fuchsian function of 
index m— 1. The number of arbitrary coefficients in S„,.i is the 
same as in ^,„, that is, g„,. Now the zeroes and poles of ly, are poles and 
zeroes of 5„,_| in general, but the vertices of the polygon again need 
special consideration. Suppose the vertex c to be a zero of oi-der 

^— - or 7/,, h being a positive integer. Then, since $,„ has a zero 

at c of order at least 

■S",,,.! has a pole of order 



A + 



m-l 



at most ; the rank of this pole is 



* We have here a reason for not expecting theta-Fuchsian series of index 1 in 
the first, second, or sixth family to converge absolutely. For. if they did, the func- 
tion ^] ((?, 2) of § 1 would exist, and would be a theta-Fuchsian function of : of 
index 1 with a simple pole at e and no other, in contravention of the theorem here 
proved. The same argument applies also to theta-Eleinian series when any of the 
regions within which the corresponding functions exist is only of finite extent. 
Another proof is given by Ritter (i/aM. ^MN., Vol. xu., p. 58). Lindemann. on 
the other hand, has tried to prove the contrary {Munehenei' SitzuiigHbe^tchte, 
Vol XXIX., pp. 423-454). 

It is possible that such series may converge conditionally ; for the two serien 

^i (^ «!-) -^ and ^i (f , z) 

consist of the same terms, but in different orders, and, if the convergency is con- 
ditional, we cannot conclude that their sums are equal. 
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wbich exceeds the oi-der of tlitr zrnj of tj^ by 



[June 14j 



{^}-{f] 



ThiH furmula iipplies to an mTlinai*y point by iakmg X = 1, and to a 
pi im bo lie vertex by taking X infinite, the result in either ea-^e being 

if, on the other hand, c is » pole of oHer A + - , rank /< + 1* for 17,, 
*ben for 5^, , it is a icero of oi-der 









Now T for any thetii-FnuhisiaTi function of index nt—l^ it in, if not i 
polo, a zei-o of order at leitet 



{ 



A3 A * 



The order of the zero being here greater than this by 

the coeflBcients in ^„,_, are I'estricted by this number of conditions, 
which falls short of the order of the pole by 

This is the same expression as before, and again it applies also to an 
ordinary point and to a parabolic vertex. 

The number of zei*oes of yj^ exceeds the number of its poles by 

n-l-2|, 

where 2w is the number of sides. The zeroes, generally speaking, are 
poles of ^w,-,, and increase the number of its arbiti*ary coefficients ; the 
poles, on the other hand, are generally zeroes of ^,„_„ and deci-ease 
this number. It follows from the discussion just given that the net 
effect is to raise the number of arbitrary coefficients from 5„,.i, which 
it would be if ^,,,-1 had no poles and no assigned zeroes, to 



q,n-i-^n- 



.i.sS'^ 



-s-s-rl- 
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The summations are taken over the different cycles of vertices. 
This number would have to be increased if any of the restrictions 
arising from the zeroes that must be assigned to ^,„_, were necessarily 
satisfied ; but this cannot be, since it would imply that the function 
•^.M-i»7i or W« could not possibly have the corresponding poles with 
arbitrary residues, which we know from the positive construction to 
be untrue. 

It follows then that when m > 2 

This ceases to hold when m = 2, since the positive construction is 
not available for the index 1. The result is, in fact, untrue. The 
number of arbiti-ary coefficients in a theta-Fuchsian function of 
index 1 with poles and ranks assigned is at most 

gfj— l + the sum of the ranks, 

since there cannot be just one pole of rank 1. Thus, by th.e above 
method, we find that 

or, say, q^-q, = n-2-2 | ^ > -v, 

where v is zero or a positive integer, for ] "7" f = ^ always. 
It follows by summation that 

13. We can now discuss the formation of Fuchsian functions with 
assigned poles. Let ^j be a theta-Fuchsian series of index 2, having 

a pole of order ] y ( ^^^ ®^^^ cycle, and one other pole arbi- 
trarily chosen. Thus it cannot be identically zero. It will have 



2(n— 1)-2|y| +1 zeroes. 



By the negative construction two theta-Fuchsian functions 8,2, ©1 • 
VOL. XXXII.— NO. 733. 2 b 




can he formed of index — 2 with <^s+2, Uiat is, 

^i+2r*"l— ^ I ^ f "'' arbitrary poles. 
The zeroes of G,t or el| or A&^^^BQii will he 

ill number, each cycle contributing ^ — j J^ J ; siiice AB^t+BB^i 

hns an jirbitrary ^em aa well as these at the vertioei^i it follows that 
q^ — V \R not negative, 80 that tbe poles i\f 0^,, 9' j are at least as 
imrtienjus as the zeroes of 3^. 

Suppose theii that tbe ^eaxies of S, are all in eluded among the poles 
asijfijt^ied to 0_j. Gig, and take 6'_i to he tbe reciprocal (tf 5,, which is 
allosvable. Then the prod net G_j^g will uot be constaTit, bnt will be 
a Fuchsian function having grj— v-f-l arbitrary poles, namely, the 
arbitrary pole of S^ and the q^ — y poles that are still to be assigned 
for 0._„ and no others. 

In this result, ivhich depends on a combination of the positive and 
negative constructions, the poles assigned may be at the vertices as 
well as anywhere else, the proof needing very little modification for 
this case. The rank of a pole of a Fuchsian function is the same as 
its order, the conventions as to the order being derived from those for 
a theta-Fuchsian function by taking the index of the function to be 
zero. 

Now, as at Proc. Lond. Math. Soc, Vol. xxxi., p. 307, let p-{-l be 
the least number of arbitrary poles that can be assigned to a Fuchsian 
function which is to have no others, and let g be the number of 
irreducible circuits, so that 

g = n — k-{-l, 

where 2n is the number of sides of the generating polygon, k the 
number of cycles of vertices. Then, from what we have just proved, 

since a Fuchsian function with q^ — y + l arbitrary poles and no 
others can be formed.* 



• It may not be superfluous to point out that, if by Pome other process it should 
be possible to construct Fuchsian functions with a lower number of arbitrarj' piles, 
so that p < Qi-v, the vertices of the polygon would still behave like ordinaiy 
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14. Other inequalities to be satisfied by the numbers p, q^, g may 

be found. Let u be an Abelian integral of the first kind ; then —- 

dz 

is a theta-Fuchsian function of index 1, and is finite everywhere in the 
polygon and on its boundary. Convei'sely, if Oi(z) is any such theta- 
Fuchsian function, J ^j(z) dz will be a uniform function of z, finite 
everywhere within the polygon and on its boundary, and the values 
of this function at corresponding points in different polygons will only 
differ by multiples of certain moduli of periodicity, the multiples 
depending only on th.e particular polygons in question. Thus q^, the 
number of theta-Fuchsian functions of index 1 without poles, is the 
number of Abelian integrals of the first kind, and the argument used 
(Proc. Land. Math. Sac, Vol. xxxi., p. 307) shows that this number 
does not fall below g—p. We have then 

qi < .7-;^ 

and, from § 13, Qi—^"^ P^ 

so that 29, < gf -f- y, 

We must now investigate a superior limit for q^, 

15. The moduli of any two Abelian integrals w, v of the first kind 
are connected by a well known bilinear relation found by evaluating 
judvy taken round the perimeter of the generating polygon, as 
follows. Let ah, cd be two corresponding sides, so that the ex- 
pression to be evaluated contains the two terms j udv, I udv. 
Denote the values of u, v at a, 6, c, d by m«, r^, t**, .... Then 

u„ — Uf = Ut, — Wrf being a modulus for ti, 
v„—Vc = Vft— Vrf being the corresponding modulus for r, 
rb [r r* 

J a J H J a 



points in respect to this process, regard being had to the conventions. For any 
vertex may be one of the ^, — i^ + 1 arbitrary poles of the process in the text, and, S 
the other poles are ordinary points to which the new process applies, the function 
with ^i -- v + 1 poles can be reduced by subtraction of functions formed by the new 
process, so as to have only j» + 1 poles, one being the vertex in question and the 
rest arbitrary. The same arg^iment will apply if the pole at the vertex is to be of 
a higher order, the different orders being treated successively. 

2 B 2 
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Tlie whole integral, being the sum of u> set of expressions typtfietl hy 
tluSf 18 tbei^fore a bomogenetmB linear function of the mod all of it. 
Also the term jast written 

Kt>^v the four tasi tennw iti this dieappear on Rumnmtioti, and tlie 
expi-ession sought is, therefoi-e. Unoar and homogeneoui* in the moduli 
of r; in fatt the effect of intet^^yinging ti, r is simply to change itB 
si^. 

Since the tnodulus of periodicity for an integral of the fii-st or 
second kind is zero in the case of an elliptic or paitiholic substitu- 
tion,* the contribution of two sides connected by such a substitution 
to the ii\teg-ml just considered has been trtken as zero. This needs no 
justification if the substitution is elliptic ; but, if it is parabolic, 
there is a difficulty, as the vertex in which the sides meet is an 
essential singularity of the functions. 

This difficulty may, however, be easily avoided. Take the notation 
used for such a case in §§ 7, 8, 11. We may replace the integral along 
/c, eg (Fig. § 11) by that along /<;. Now «, v are both unchanged by 
the substitution f, and they are, therefore, both uniform functions of 
exp ( — ^), or, say, Z. The path in the 2/-plane corresponding to Jg 
is a closed curve round the origin, and w, ?; are uniform, finite, and 
continuous in the domain of the Z-origin, so that J n ilc, taken round 
this closed curve in the Z-plane, that is, along fg, wnll vanish ; which 
was to be proved. A cycle of vertices lying on the circular boundary 
may be reduced to a single parabolic vei'tex, and will, therefore, now 
cause no difficulty. 

Thus the value of j iidv round the perimeter of the polygon is a 
skew-symmetrical bilinear expression in the moduli of periodicity of 
Uj V. This is true when the Abelian integrals ?t, v are of the first or 
second kind ; but, when both are of the first kind, we have the result 
that this bilinear expression must vanish, since the uniform function 

u -~ has no pole within the contour of integration. 



* Froc. Loud. Math. Soc, Vol. xxxi., pp. 305, 307. 
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16. It should farther be shown that the bilinear relation thus 
found between the moduli of u, v is not illusory. Now, if there are 
irreducible circuits on the closed surface into which the polygon is 
deformed by joining together corresponding sides, there will be at 
least two pairs of corresponding sides which separate each other ; 
that is, if ah, cd are one pair, and e/, gh the other, the order in which 
these foui' sides are met with in going round the perimeter will be, 
say, ah, e/, dc, hg* Now cut the polygon in two by a line from h to 
d, and subtract the part h...ef...d, adding the corresponding 
part of the polygon adjoining along hg. Thus, a, 6, d, c are four con- 
secutive vei-tices of the new figure ; ab still corresponds to cd ; suppose 
kl to be the side corresponding to hd, the polygon being thus 
ahdc,..h...lk...g... . Cut this in two by a line from d to I and take off 
the piece dc...h,..l, adding on the corresponding part of the polygon 
adjoining along ah ; let m be the vertex of this polygon which cor- 
responds to I ; then, in the new polygon, m, 6, d, Z, k are five con- 
secutive vertices, and mh, Id correspond, as also do hd, kl. 

Let S, T be the operations that turn mh into Id, hd into kl, 
respectively, and let us examine the way in which S, T enter into the 
relations connecting the fundamental substitutions. The five points 
m, Z, d, fe, k belong to the same cycle of vertices, and the sequence 
T 8~^ l^'^S will occur in the relation arising from this cycle (see Acta 
Math., Vol. I., pp. 45-7> ; also the operations S, T will not occur in any 
other of the relations. Thus the restrictions upon moduli of periodicity 
in general (Proc. Land. Math. Soc, Vol. xxxi., p. 305, note) are obeyed 
if we take arbiti'arily the moduli corresponding to S, T and make all 
the other moduli zero. This will secure the isomorphism referred to 
in the passage cited last. 

Now, if this were the case with the functions u, t;,t the value of 
judv round the rest of the perimeter would be zero, and from mb and 
dl we should have the contribution 



* It i8 easily Been that if no two pairs of conjugate Bides separate each other, 
there must be sides adjacent to their conjugpates. These pairs being fastened 
together, the resulting surface must again have sides adjacent to their conjugates. 
Fastening these together, and continuing the process, we arrive in the end at a 
simply connected closed surface. 

t They would not of course be integ^rals of the first kind ; but for the present 
purpose that does not matter, the object being to show that a relation which most 
be satisfied when they are of the first kind is not generally satisfied when they are 
not of the first kind. 
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fro w\ hd rmd / h , ( «j — w ,0 ( i\ — i v) ■ 

The siirn of these does not ranis li identically, and hence the condi- 
tion cannot be illuBory. 

17. If there are other pair^ of cori^spondiGg sides that separate 
t*Hch other, this redntition may be carried further so aw to bring the 
polvgon to a canon ieal ft^rm* Suppose ah\ cd* to be a pair of corre- 
aponding sides, amd «'/*, g'h' another, the order of the varticee beings 
ab" . , .e'/, . ,fnbdlk . . . d'e, . .h'g' 

Cut off tlie pai*t h .., efr' and add on the corresponding pan of the 
polygtm !id joining along a%' ; let F he the vertex of this polyg'on 
corresponding to k ; then the order of letters in the new perimeteer is 

'*'k\ .J/ . ..ef . ..nihdlkc . . .h*<f\ . ,^ ' 

and nlc\ rTr a^'C con-esponding sides. 

Now let the pioceas of § 1(5 be used, the Bides ak\ ^'/, l'c\ Jig' 
taking the pluue of a6, e/, dc, hg. The result will be to bring to- 
gether two sets of four sides, in each of which the first and third 
correspond, as also the second and fourth. 

If two more pairs of sides separate each other, the samepix)cess may 
be applied again, and so on, until all such pairs are exhausted. Then 
the perimeter will consist of a series of sets of four sides, in each of 
which the first corresponds to the third, the second to the fourth, 
followed, possibly, by a series in which no two pairs of corresponding 
sides separate each other. If this latter series exists, it must include 
some pair of corresponding sides adjacent to each other, their common 
end forming a cycle by itself. Let ahcd... denote the part of the 
perimeter now being considered, e/, <// the first pair of adjacent 
corresponding sides. Cut off the part a...ef and add on a coiTe- 
sponding piece of the polygon adjoining along fg ; then the number of 
sides is not increased, but the first two have been made to con*espond. 
In the same way the next two may be made to correspond, and so on 
till every side in this part of the perimeter is adjacent to the cor- 
responding side. The order of the vertices will now be, with changed 
notation, 

corresponding sides being 

a,6„ Cid, ; ^,c,, d^a,^^ (I = 1, 2, ..., k — 1) ; 

ajf^.c^d,; h^c„,d,e^\ e,f,.f,(^i.x (/.■ = 1, 2, ...,p--l); ej\,f^a^. 
(Compare Klein, Math. Annalen, Vol. xxi., p. 184.) 
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18. Let Si, Ti, JJi denote the substitution by which a,6„ 6,c„ e</, 
are transformed into the sides corresponding to them respectively. 
Then the restrictions on mpduli of periodicity for Abelian intejon^als 
of the first two kinds are simply that those corresponding to 

TI,, TJ,, ..., U, 

shall vanish ; the others are arbitrary. 

Let Ai, Bi be the modnli corresponding to Si for the functions u, v 
respectively, and Ai, Bi those corresponding to Ti. Then the bilinear 
relation to be satisfied if w, v are everywhere finite is 

*i\AiB:-A:Bi) = 0; 

this is the well known form. 



19. Thus, if any number j of Abelian integrals of the first kind are 
known, the moduli of periodicity for each of these, as also for any 
others, must satisfy^' linear equations, which are all independent; 
if they were not, the systems of moduli for the j known functions 
would not be linearly independent, and, therefore, the j functions 
themselves would not be. This is made very clear by the form in 
which the bilinear I'elation was written at the end of § 18. 

Thus the q^ sets of moduli belonging to the q^ Abelian integrals 
of the first kind are common solutions of q^ linear equations. Since 
the number of moduli in each set is g, it follows that 

9-^1 < 9i 
or 2g, > g. 

But now 2qi < gr-l-v, 

where v is zero or positive. It follows that v = 0, and 

also p > qi—^ a^d < g—q^ so that p =:q^; 

these are the desired results. 
We have further, when m>l, 

9». = i(«-i-l)+(m-l)(«-l)-Sj^}. 

(Compare Acta Math., Vol. i., p. 266.) 
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20. Lastly, \i niuHt be possible to ei|>rese all theta-Knehsmn 
functioTiB i-»f index > 1 and without pole& rift theta-Fuclisian setiea 
{Ada Math., Vol I., pp. 244-246, 2H5). For, if of the q^ anch ftiiie- 
tions of index in not more than ^„— 1 cau be expi*e8f5ed as series, the 
coefficients f\, Oi, .,, of § I muat be linear combinations of thewe 
g^— 1, and fhas bj the negative construction a theta-Fnehsian 
function uf indent l^m can be formed with q^, assigned poleR only. 
More generally T*f-1 can be formed with 7«i + /^ given poles and po 
others, ftnd twti of theae, nay 6j.„, and ^J.^,, will have r— 1 a.sm|^ied 
zeroes. 

Let thest* r— 1 aeroes be the poles of any particular function tf^_, of 
index m — 1, and assign tbe 2eroe» of ^^.i amonpf tbeg^, + t' |>olefi of 
^i-«f ^Lit,' The sum of the orders of the poles thus assigned is 

and the sum of their ranks is easily found to be 

,._l + (,„_l)(,,_l)_2pl''|. 

Thus ,y„^-Kl_(;n-l)(7^-l) + 2( '^1 or q, 

of the poles of 6i_„„ 0[_,„ are still at our disposal. Now we may take 
the reciprocal of 0,„_, to be 6'i_,„, and thus the product d„,_^Bi_„, is not 
a constant, but is a Fuchsian function having q^ arbitrary poles and 
no more. This is impossible, since q^<p-^l. 

Thus every theta-Fuchsian function without poles, of index > 1, can 
be expressed as a theta-Fuchsian series. If a theta-Fuchsian function 
of index > 1 has poles, a theta-Fuchsian series can be fonned by the 
positive construction with the same poles and residues and the same 
index ; the difference between this series and the function will be a 
theta-Fuchsian function without poles. Hence every theta-Fuchsian 
function of index >1, with or without poles, can be expressed as a 
series of Poin care's form. 

Also the product of a theta-Fuchsian and a Fuchsian function, or of 
two theta-Fuchsian functions, is a theta-Fuchsian function. Thus, 
any Fuchsian function or theta-Fuchsian function of index 1 can 
be expressed as the quotient of two theta-Fuchsian series. 

[I am indebted to the referees for pointing out some flaws in this 
article as originally written. The effect of their suggestions has been 
a considerable increase in its length.] 
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Sur les deformations finies et sur les ay st ernes triples de surfa^ces 
orthogonales. Par Gaston Darboux. Bead, at request of 
the President, June 14th, 1900. Received November 6th, 
1900. 



1. Si Ton considere ane transformation ponctaelle dans laquelle la 
relation entre les deux points homolognes, de coordonn^es x, y^ z et 
X, Y, Z respectivement, est definie par des formules qnelconques 



(1) 



' X=^ f{x,y, z), 
Z =ilf{x,y, z\ 



on pent encore envisager cette transformation comme une deforma- 
tion finie d'un espace contina dans laqnelle le point m (a;, y, z) est 
transports au point if (X, Y, Z). Ce point de vue est evidemment de 
nature h. suggerer des recherches de nature tres variee. 

Par exemple, a tout element infiniment petit de courbe qui part de 
m, la deformation fait correspondre un element linSaire partant de 
If, et la relation entre ces deux Elements est evidemment de nature 
homographiqae. 

Si nous nous proposons de cbercher les SlSments lineaires partant 
de m auxquels correspondent des elements paralldles, nous aurons 
Evidemment h. resoudre le systeme 

a = d^^d4 
dx dy dz ' 

En designant par A. la valeur commune des rapports precedents et en 
representant par les indices 1, 2, 3 les derivees relatives k x, y, z, nous 
sommes conduits au systeme 

' {fi-><)dx+f^dy^f^dz=^0, 

(2) . <^,(Zx + (^,-X)(iy + <^,dz = 0, 

^^^dx-^-yi^^dy -\- {^^—\) dz = 0; 

d*oii Ton deduit par Telimination de dx^ dy, dz une ^nation du 
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traisienie deg^i'e a laquelle devi^ satisfnire A. Dl* la resulte le 
tl J mr em e 1 > i e n conn u en i van t : — 

Danty nne t t'aitsformation ott dmu ttne deformatym fin%e qiiel(i<ynq\te^ it 
tj a t'H ifetwml troiB tW'ments lineaire^ ijijltiivient peiitg partanf iVmi 
jjoiid qudconqne qui iotit par allele fi a Ifur^ homologues. 

Ces (Jlemenfs, qtii pemvtut Uve d'aiRem^ reelft on imaginaires, for- 
nient un ti-ititlre que uoas appelleroaa le IriMre principal da point 
t'oii^tidiW. 

2, Dan8 Tcnaemble deR dt^foi-matiouR fintes, pi-oposons-nons de 
cliei-cbev toutes oelles pour lesquelles* le triedre principal est tri- 
rectangle. En ooas reportaiit aux idees d© Cauchy lit d'Helmboltz» 
noufl diron;^ fjue ces d6fi-yrmations sont dt*pf:turvus# dfi rotation. 

Si nous (k^rtignons par les caract^nstiques d et ^ lee differentielle 
relatives ft, deux elements linoaii^s, ai^tea da tri^dr© principal, nonfr^ 
devrons avoir 

r df = \dx, f ^/ = ^i^a?, 

J d<t> = \dy, i c<f> = \hj, 

{dif/ =^ Xdz, \c\f/ = A-jOr, 

et aussi, en supposant les axes rectangulairos, 

dx ^x -\- dy By -f- d^ <b = ; 

de la on deduira I'equation 

df Iv — Bfdx -\-d<t>dy'- d4> hj + rZi/r h — ^i/r dz = 0, 

que donnera, en developpant, 

ifi - i>i) (^'1' dy — dx hj) + (<t>^ - ij/.^ (cy dz - dy cz) 

■^(il/i-J\)(B^d'r-cxdz) = 0. 

Les binomes Bydz — dyh, ... sont les pararaeti^es directeui's de la 
droite pei'pendiculaire aux deux elements, c*est-a-dire ici de la 
troisieme arete du triedre principal. 

Si done on designe par d^ les differentielles relatives a cette troi- 
sieme arete, il faudra que Ton ait 

(<^3-,/.,) d,x + («Ai-/3) d^ii -h (;;-<^,) d, c = 0. 

Cette egalite devant avoir lieu pour les trois aretes du triedre 
entraine necessairement les suivantes : — 
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Ainsi, pour qa'ane deformation finie soit depourvue de rotation, il 
faut et il suffit que /, ^, ^ soient les trois derivees partielles d*une 
mdme fonction. 

Par suite, une deformation satis rotation sera definie par les equations 
saivatites : — 

(3) X = v,, Y = tv Z = t;„ 

oii Vj, Vj, Vj sont les derivees partielles d*une fonction qnelconque v. 

Tons ces resultats etant demontres ou plut6t rappeles, proposons- 
nous main tenant la question suivante : — 

3. Parmi les deformations depourvues de i-otation, en existe-t-il 
pour lesquelles les faces du tiiedre pnneipal relatif k chaque point de 
Tespace s'ordonnent suivant les plans tangents a trois families de 
surfaces, qui seront uecessairement deux-^-deux rectangulaires ? 

On pent evidemment resoudre ce probldme comme il suit. 

On considera une famille de surfaces (0) 

$ (x, y, z) = const., 

et Ton exprimera que la normale k celle des surfaces qui passe en un 
point quelconque m est une des aretes du triedre principal en m. 

Les aretes de ce triedre etant definies par les equations dej^ 
donnees 

dv^ __ di\ __ dvj^ __ y 

dx dy t^z 

il suffira de developper di\, Jt'„ dv^ et de remplacer ensuite dx, dy, dz 
par les quantites 0^, 6^, 0^ proportionnelles aux cosinus-directeurs de la 
normale a la surface (0), ce qui donnera 

^^^ -^-<?, -IT-'' 

le symbole h^f etant employe ici, et dans ce qui va suivi^e, pour ex- 
primei* la combinaison suivante : — 

Kf^oj,+e,f,^ej, = h,e, 

Si, dans les equations (4), nous faisons, pour le moment, abstraction 
de X, nous aurons deux equations aux derivees partielles du premier 
ordre auxquelles devra satisfaire la fonction d. Prenons, par 
exemple, les suivantes : — 
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En tfcnvant qu'ellea Hoat £!ompatiblt^, c^cst-a-dire en 6crivant (\ue lo 
fi^ochet lie Jacobi relatif h ce^^ deux eqaationa est iiul» nous seixms 
d'aboul conduits aprda qnelques redactions, a Inequation suivEnte s — 



puis, en iepki;ant lea crochets de Jacobi ( ) par leure expTe^niorm^ 

nonfl fibtiendrona Tequation snirante '. — 

(6) (^,r,,-f,r,,)^ + {^^r«-r,,t?^i-f,^ir,,-a,^r,,)^,^,+ ... = 0, 

ou It's tm-nies ixon ecrits s'obtiennentpardespentmtatioiLS circukiros, 
et qni oat, comnie lea pquattonti (5), du second ordre par i-apport tiux 
derivecs de S. 

Si I'on oxcUit line Nation parasite, les eq nations (5) fon mis sent 
troitt systeuies de valeam senlement pour les i^pportJi mntuels de 
^j, ^j, 0^. Si un senl syst^me de ees ralenra v6i'ifiait les equations 
(6), une seule des trois faces du triedre principal relatif aux differents 
points de I'espace serait formee de plans tanp^ents k une famille de 
surfaces. Nous allons voir (jiie oe cas ne saurait se presenter: Si un 
systeme de solutions des equations (.5) verifie I'equation (6), il en est 
de menie des deux autres. En lant^ago geonietrique : 

Si une de.<i faces dn trivd re principal est forme e de pJ a na tangents a 
une famille de surfaces, il en est de mrme des deux antres faces de ce 
triedre principal. 

Pour deniontrer ce resultat. leportons-nous aux equations (4) et 
ordonnons-les suivant les derivees 0. En designant par les notations 
i?„ les derivoes secondes de r, nous aurons les equations 

(7) riA-h(v^-\)e,-{-v.J, = 0, 



Si Ton designe par D le determinant 

I I'll— -^ ^2 ^'l8 

(8) D = \ V,, r,3-\ v^ 

' ^'31 ^'32 ^'ii — ^ 



et par Z>,, le coefficient de Telement appartenant a la <-ieme ligne et a 
la K-ieme colonne du determinant, on deduit, comme on sait, des 
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equations (7), les relations suivantes : — 

qui perraettent de remplacer Teqnation (6) par la suivante : — 

(9) (8.,i;,2-8r.v.,) Ai + -. + a3ri,-S.,r« + 8r.ti,-8.,t^,)Aj-^... =0; 

d'ou les derivees 0^ ont dispani puisque les determinants D^, Ai 
contiennent seulement X. Mais A lui-meme disparait eomme on s'en 
assure aisement, de sorte que, si Ton designe par A le determinant 
(8) ou A sera egale k zero, on est conduit k Tunique equation 

(10) F„A„ + ... + F,.A,e+-=0, 
OU Ton a pose pour abreger 

On a aussi 

(12) A„ = v^rw-i^, -^12 = Viai'28-v„t?a„ 

de sorte qu'il sera tres facile de former Tequation (10). 
Nous avons en resume le theoreme suivant : — 

St la fonction v satisfait a V equation aux derivees parttelles (10), les 
trots faces du triedre principal seront tangentes a trois families de sur- 
faces, necessairement orthogonales. 8i nan, aucune des faces du triedre 
principal ne demeurera tangent e aux surfaces d*une famille quelconque. 

4. L'equation (10) est aux derivees partielles du troisidme ordre ; 
elle est homogene, ne contient ni la fonction v ni les derivees pre- 
mieres de cette fonction. De 1^ resulte que, si Ton en connait una 
solution particuliere 

on en aui^a une solution plus generale par la formule 

V = k<l>-\-ax-^hy-\'Cz-\-d, 

0X1 a, b, c, d, k sont des constantes. Mais il y a plus : les calculs par 
lesquels \ s'est elimine de Tequation (10), montrent aussi qu'on 
pourra ajouter k toute solution connue la combinaison 

'c(a;' + 2/' + ^*), 
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ou le tloiiitrne uue constant , fi© sorte qu'a tottte solatiQii ^ an poaira 
fati^e eoiTesp^ndre la solution 

A^-fK(ic' + y' + ^) + efcr + %+M+d, 
qui ciintient ^ix conBtftntee. 

lutrodinte dEvas les formules (4) cette propriete, noua donne le 
theorem e J>uivnjit: — 

Toutt? h'iuiJiformatioH d^pounme th rolation peni., t?ans perdre le 
catacttre ptrn^denit etre compm^e avec wne honwthelie, 

5. Avant de developper et d'appliquer les i-esnltats precedents il 
importe que jt^ i^appelle quelqu<3!j propositionji relativee aux s^^stemes 
triples de surfaces orthogoualeB. 

EUnt donne un sjui^Tne triple qaelconque de eurfaces orthogonal esr, 
Combescui-e a montr6 I© premier qu*on pent etablir une infinite de 
t raim form at i OTIS ponctuellea de Tespace faisaot cori'eHpoudre an 
sjsteme triple un sjsteme triple orthogonal, telles en outre que les 
plans tangents aux points coiTespondants des surfaces coiTespond- 
antes dans les deux systemes triples soient paralleles. De mon cote 
j'ai obtenu le theoreme de Combescure par une voie nouvelle, et j'ai 
raontre que, si, conservant les notations de Lame, on represeute 
I'element lineaire de Tespace par la formule 

(13) ds' = IPdp' + Iiyp^ -f- H'dpl 
et si Ton forme les trois equations lineaires aux derivees partielles, 

,T .. 3-/* 1 cHi (Ju 1 dE^ du A /• r. 1 ^ 

(14) -^-^ 77 -^ n ~ Ff "^ n =^ (/, K = 0, 1, 2), 

dpiCp J^i cp^ vp. J^K Cpi dp, 

auxquelles satisfont les coordonnees a', ?/, z considei^es comme fonc- 
tions de p, p^, p.^, toute solution U des trois equations (14) donnern 
un des systemes decouverts par Combescure, a I'aide des formules 
suivantes : — 

(15) x'^4.Y^+Z^-^=5^ (.-=0,1,2); 
dpi vpi dpi dpi 

(Voh Ton deduit presque immediatement que, si U etait expnmee en 
•f, y, z, on aurait aussi 

(16) X = ^^, Y = i^, Z = l^. 

dx Cy dz 

De la resulte qu'^) tout systl'ine orthofjonal on peut faire correspondre 
tnw Infinite de ces t ransforniations df''pourvnes de rotation que nous avo)is 
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consider ees. II suffit de prendre une solution qnelconque des trois 
equations aux derivees partielles (14) de Texprimer au moyen de 
r, y, 2; la transformation sera aloi's definie par les formules (16). 
Comme la solution generale des equations (14) comporte trois fonc- 
tions arbitraire d'une seule vainable, on voit bien qu'on poun^u 
obtenir avec le m6me degre de geiieralite, une infinite de transforma- 
tions de la nature de celles que nous etudions. 

6. Puisqu'a tout syst^me tiiple correspondent une infinite de 
transformations sans rotation, on voit que Ton pent aborder la re- 
cherche des systemes triples en cherchant d'abord de telles trans- 
formations, c'est-a-dire en essayant d'integrer Tequation aux derivees 
partielles (10), de sorte que cette equation pent remplacer celle 
dont j'avais indiquee Texistence des 1866 dans les Annales de 
VEcoU Normale Superieure et qui a ete formee en premier lieu par 
Cayley. Les deux equations sont. Tune et Tautre, du troisieme 
ordre ; mais elles ne s'appliquent pas k la mdme fonction et sont 
d'ailleurs de formes tout-lt-fait differentes. 

7. On peut evidemment donner un grand nombre de solutions 
particuli^res de Tequation (14) ; je me contenterai de signaler la 
suivante : — 

ou a, m, n,p sont des constantes quelconques ; et je remai'quei'ai, en 
terminant, que Ton expiime la propriete essentielle des defoi'mations 
precedentes sous la forme suivante : — 

On peut, a Taide de trois families de surfaces, partager Tespace en 
petits parallelepipedes rectangles que la deformation transporte 
parallelement ^ eux-m^mes, en les dilatant ou les contractunt dans 
chacune de leurs trois dimensions. 
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The Invariant 8yMygi$B of Lowest Decree for any number of 
QuarlirA. By A. Toung, Received and comtnuDicated 

JiUR* Uth. 1900, 

Tit a previems paper* I found the irredacible sj-atem of types for 
any number uf quartics. Th© red net ions M-ere effected by nieann of 
fiystoms of e^ nations between forms of tlie same degree and order; 
these were wiitten [a6r.../] =7?, h^. li, instead of J?, we write the 
sum of piTJilucts of formK foi* which It Btands, these systems of 
e^platlons will give us the Byzy^ee* This method haa, as is shown in 
§ I, the merit of exhaaBtiveness. 

So fur ns i-esttlts are concerned, I have only dealt exhaustively with 
tht^ invariant sjzygiea up to degi'ee 7, Thei*e in no invariani 
^y%y^y of di^gi-ee lowci^ than 7 ; wwH nil syzyof'ieH of thi^ dencree 
are linearly dediicible from syzygies of a single form. From this 
syzygy it is possible to deduce, by means of differential operations, 
syzygies between covariants and syzygies of higher degree between 
invariants. 

The system of syzygies for two quartics has been worked out by 
von Gall.f The syzygy degree 7 obtained here is identically 
zero when fewer than three quartics are under consideration, so that 
it does not appear in his paper. As some use is made of substitutions, 
it is convenient to use Roman letters for symbols indicating them. 

The following abbreviations are used : — 

{s} denotes the sum of powers of the substitution s. 

{Sj, Sj} denotes the sum of the substitutions of the simplest group 
containing s^ and s^ ; and so on. 

{a, b, c, ... } denotes the sum of the substitutions of the symmetric 
group of the lettei's a, 5, r, ... . 

{a, b, c, ... }' denotes the sum of the substitutions of the alternating 
group, minus the sum of the substitutions which do not 
belong to the alternating group of the letters a, h^ c, .... 

The invariant types in my paper referred to above were written 
[aha), (ahca) ; they are written here simply (ah), (ahc), .... 

* Froc. Land. Math. Soc, Vol, xxx., p. 290. 

t Math. Ann., Bd. xxxiu., p. 197, and Bd. xxxiv.. p. 332. 
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1. All relations between quartic types, including, of course, 
gjzjg^es, must depend ultimately on the fundamental identities found 
in § 2 of my previous paper. Hence, if we form from these all 
possible equations between quartic forms of a given degree and order, 
we shall obtain all the relations which exist between forms of that 
degree and order. To construct these equations it is only necessary 
to take those obtained by multiplying one or other of the identities by 
a single factor; all other equations being linearly dependent on these. 
Hence the relations {_ahc..,g'\ = R, <fec., already used to obtain 
the irreducible system of types, must also give all tlie 
syzygies. 

Having obtained a relation between types of a certain degree, it is 
possible, by a certain operation, to obtain from it a relation between 
types of a higher degree. Thus the result of operating with 

(kh) ^'o^ "i~^i^ — ^'^i^^ ^^ *^® symbolical product (abed..,) is 

L obf^ obi ^^j-* 
(abkcd...)-{-(akbcd...). Before, however, using this operator, it is 
necessary to have the relation written out in full in quadratic symbols. 
Now we shall find it convenient to ignore symbolical factors of the form 
[ad]. When this is done, any single symbolical form represents a 
single invariant. In fact, the relations as written will be relations 
between invariants themselves, rather than between quadratic sym- 
bolical products. To pass from the actual coefficients of the quartios 
to quadratic symbols, and vice versa, we have the identity 

(^0, Ai, J„ ^„ A^'^Xi, x^y = aln = (a^x\ + 2aiXiX^-ha^xiy. 

Therefore A^ = oj, -4i = a^^Oi, J, = a^a^, A^ = a,, 

6-4, = 4a,-i-2a^a, = 6ai-|-[aa] = Qa^a^—2 {aal. 

Hence, if P be the type represented by the symbolical product 
(abed,,,), 

P=(afecd...)+2[aa]P„ + 2[tia][66]P„^*+.... 

To find P5, consider the product 

;'a6][fec] = Po«j<'8— 2Pi (aaCi-|-a,Cj)-|-(5j + |[fefe])(ajCg+aoC,) 

+ 4(P,-i[66]) aiCi-2P, (aie^-\-a^ei)-\-B^a^e^ 

= a function of the coefficients 5+ J [66] [ac]. 
VOL. xxxii. — NO. 734. 2 c 
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Therefore P^ = — ^ (acd . . * 



(~ n fi n n 

The result, then, of operatiT^g with [M] k^ ^-— + k^ i- ^i ,:r- 

the invftriant type (abed...) is 

{abkcd..,)^{akh^d..,)-%{hk){acd...y 

The effect of thia operator^ it is easy to see, is the same aa that of 
sabatituting the coefficients of the eoy&riant type 2 [6ft] b^k^ for 
those of the qnartio &1». 

2. Before praceeding to the discugsion of syxyg'ies by the above 
method, we shall establish certain syzygies which exist for the typefi 
expressible aa determinanta, 

First, 

96 I ABODE I I FGHKL \ = (a/) (at^) (ah) {ah) (at) 

(bf) (%) (hh) (i.k) (hi) 

(,f) (rg) (eh) {ck) (d) 

(df) {fig) (dh) (dh) (dl) 

Of) 0^f7) 0^^^) ieh) (,l) 

Similarly the product of ABODE \ and any form of the type Jj, as 
also that of two forms /j, may be expressed as the sum of products 
of forms Zj and Jg. 

Next, any function homogeneous and linear in the coefficients of 
each of the five quartics </^, ?V) <^^» ^C^ f's' is of the form 

where r = 0, 1,2,3,4"; and can therefore have only five distinct 
values. Hence 

{a, b, c, d, eyP = \ ABODE \ Q. (I.) 

Similarly, {a, b, c, d]'P= \ABODQ\, 

and, if Pbe also homogeneous and linear in the coefficients of/,., 

(a, b, c, d, e, f]'P = 0. (IL) 

In (I.) put F= \ABOD, EF\ ; the right-hand side must be zero. 
otherwise Q would be an invariant of the first degree of fl, ; thi--^ 
gives the identity for the forms | AD CD, EF\ (found before). 
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In (II.) put P = (Jg) j ABODE \ ; the result is a relation which 
may be written 

{fg) I A BODE \=^{ag)\ FBCDE \ + (6^) | AFCDE | + (c^) | ABFDE \ 

-f {dg) I ABGFE \ -f (e^) ] ABCDF \ . (III.) 

In this we may write for F^, Fj, F^, F,, F^ the coefficients of ^4, 
— 4F„ 6F^, —4^1, -Fo in any type (/...)» invariant or covariant. The 
result will be 

(g...)\ ABODE \ = 2I^J, 

where J is reducible, except when (g...) belongs to one of the types 
J„ Ij. Operate with [eA] h^^- — h ^1 r H ^2 ^~ » a-nd we obtain 

where SP, represents a sum of products of forms, there being at 
least three forms in each product, and J is any type except J, or J,. 

Operate on (III.) with 

2 (gfk) I ABOD, jE7jff , = 2 (^e/i) | ^POi), FK \ + 2P,. 

Similarly, (geh) \ ABOD, FK\ = {fkh) \ABOD, OE \ + SP,. 

Therefore {gfk)\ABOD, EH\ = {hfk)\ABOD, E0\ + SP,. 

It is not possible to express I^I^ in the form SP,; for suppose 

(ahc)\DEFO,HK\ = :iP,= :i[IJJ,-^I,I,I,-^IJJ,^IJJJ,}. 

Then the syzygy would still be true if we supposed the quartics 
represented by the lettera a, 6, c^ h, k to be all the same — we may 
without confusion express this supposition by using only one letter 
for this quartic. Then 

(aaa) \DEFO, AA\ = %P^= S. {IJJ,+ ...]. 

Operate on this with [d, e, f, g}'; a little consideration will show 
that the result is 

24 (aaa) \ DEFG, ^.1 1 = X (aa) (aa) \ DEFOA \ ; 

and therefore (aaa) \ DEFA, AA | = 0. 

Hence (aaa) = or | DEFA, ^^1 1 = ; 

2 c 2 
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either result being absurd. In exactly the same way, it may be 
shown tbat tbere la no syzjgy of the form 

or of the form IJ^ — ^hh-^^^r 

3. For the sake of finding syzygies, the equations of my prenons 
paper mnBt be written out in full. As regards degt'ee 4# there is only 
one equation, 

2 {abed) +2 (adhc) + 2 (a^tlb) ^ (o^) (cd) + {ad) (be) + iac){dh) ; 
which is the expanded form of 

lab} lao} [ad] [rti] =0, 
[bb] [he] [hd^ Iba} 
[ch] [cff] [cd] [m] 
[db] [dc] [dd] [da] 
The only form of equation for degree 5 is 

[a6.,.] = (abc)(de)-\-{abd)(€c)-^(ahe)(cd)-\-2 (ab)(cde). (IV.) 
Now it was proved before that 

60 i ABODE I = -- [a, b, c, d, e] ' (abcde) -f B. 

In this case B = Sljlj, but [a, b, c, d, e]'S J,7, = ; hence B must 
here be zero. It will be convenient to use the form 

(abcde)' = {abcde) — ^ [ {ab){cde) -f {bc){dea) H- (cd)(eab) 

+ ((fe)(a6c) + (6a)(6cti)]. 

Then 60 | ABODE | = - (a, b, c, d, e] ' (abcdeY. 

Further [«^--.J = — rj {a, b, c, d, e] (ab)(cde). 

Hence [a6...J-f [ae...]'— [ac...]' — [aci...]' 

= 2 (abcdeY -\-2 (abdcey-2 (acbed)' -2 (acebdy = 0; 

and therefore 

(abdce)*— (acbed)' 

= (acebdy — (abcde)' = (adecb)' — (acdbe)' 

= ... = \ ABODE \ 

= \ {(abdce)' -\- (acebdy -{-(achde)' ■\-(adechy '\-{adcbey -\-(abedc)'} 

+ A {a, b,c,d,e} (a6)(cdc). (V.) 
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The equations of degree 5 give nothing in the way of sjzjgies. 
For degree 6 there are two kinds of equation to be discussed — 
[afec...] = (abcd)(ef) -f (abce)(fd) + (abcf)(de) + 2 (afec)(cfe/) (VI.) 
and [ab, cd, e, /] = (abed) (ef) + (abef) (cd) + (abfe) (cd) + (ab)(cdef) 

+ (ab) (cdfe) + (abe) (cdf) -f (abf) (cde) - (ab) (cd) (ef). (VII.) 
As in the former problem, we will use, in addition, the equation 
4i abc\^\def\* 

= 2[a-5-c-]+ [d, e, f} [{ad){be)(cf)^{ad){be€f) 

-'{bd){aecf)^{cd){aebf)] 
= 4i{abc){def) 

or [a— 6— c — ] 

= 2(ahc){def)^i {d, e, f) [{ad){be){cf)-{ad){becf)-(bd)(ceaf) 

^{cd)(aebf)]. (VIII.) 

Let 8 represent the sum of the sixty possible forms (abcdef), and 
operate on (VIII.) with |a, b, c, d, e, f) ; 

728 = {a, b, c, d, e, f } [2 (a6c)(de/)-3 (ad)(be){cf) + 9(ad)(becf)] 
= {a, b, c, d, e. f } [2 (a6c)(d«/) +f (od)(6«)(c/)]. (IX.) 

Now we proved before that 

6 [ (adbecf) + (afbdce) + (aebfcd) ] 

= {(abc), (def)} [[ad, he, c, /]+i [a6c...]-iS + i[a-b-c-]] 

= {(abc), (def)} [(cf)(adbe) + {ad){becf) + i<id)(befc) + (be)iad<^) 
+ (be)(adfc)-(ad)(be)((f) + (adc)(bef) + (adf)(bec) 
+ (ef) (abed) + § (abc) {def) -% (abc) ( def) 
-2 (abd)(cef)-^(ad)(be)(cf) -* (ad)(bf)(ce) 
-(ab)(de)(<^)+%(abc)(def)-i(ad)(be)(cf) 
-i(ad)(bf)(ce) + (ad)(becf)-\ 

= {(abc), (def)} [i(abc)(def) + (ad){4(becf)+2{befc)] 
-i(ah)(de)(cf)-^(ad)(bf)(ce) 
-i(ad){be)(cf)]. (X.) 

We proceed to find the exact expression for (abcdef) in terms of 
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the deterrainnnt forms degree 6 and pmdticts of types of loiflrer 
degree. For this purpose, it is uaefiil fn noi^ thht (nhc^t^f) m un- 
changed hy any substitution of the gvoup f(abcdef), (ar)(df)|. 
Operate, then, with the sum of the auhfitUotions of this group on the 
expi'ession given hj (X.) for 

(abcfed) + {aftdt'h ) -^-iadcMf). 
The i-esult ia 

{(abcdef), (ao)(df)} [3 iabef«d)~(ac«){bdf)-(ab) (2 (eft,i)+{c«d/)\ 
-(ad) {2 (<*«/) + (<«/6) } - (a/) [2 (rd«b) + (™W) ] 
+ i (ab}(ee)(df)+l H)(«)(V) +i («/)f«){M> 
+ k iab)icd)(ef)+i{ad)(cf)(,h)Ti(af)ich)(,d) 
+%(«i>)((^Hde)+i{a4)icb)(rf) -H (af){ed)(e-b)] =0 

or {(abcdef), (ac)(df)} [?i (abcfed)-(ace)(bdf) 

-2 (ah) {2 (cdef)+(cedf)]-(ad) {2 (hcfe) + (hcef)} 

+ ^(ah)(ce)(df) +^ (ah)(cd)(ef)+i (ad)(ce)(hf) 

+ i(ad)(cf)(he)+i (ah)(cf)(de)] = 0. (XI.) 

Similarly, by operating on (X.) itself, 

[ (abcdef), (ac) (df ) } [2 (ahecfd) + (ahfdec) - (abc) (d^f) 

-i (ah) {4 (cedf) + 2 (ce/d) } - 1 (ad) {5 (beef) + 4 (befc) } 
^^(ah)(ed)(ef) -r^^ (ab)(de)(ef) +^ (ab)(ee)(df) 
-^(ad)(ee)(bf)-^l(ad)(be)(ef)] = 0. (XII.) 

Operate on equations (V.) with [fe^ /y- h/j ;:- -h/j ^ ; then 

I VEAB, CF\ 

= (aefebd) -h (afeebd) — (ahefde) - (abfede) 

—I (cf){(^iebd)'-(ahde) ]-(aef)(ebd) - (efe)(bda) -f {hcf)(dea) 
+ (c/J)(ea6) -^ (eb) { (daef) + r^/a/o) } -J (?>^) { (ac/e) + (afce) ] 
-\ (da) [ (efeb) + (fceb) } +i (de) [(abef) + (a//c) } 
+ i (ea) { (/.r/J) + (bfed) ] -^^(nb) [ (efde) + (fed-e) } 
+ l(cf){2(eb)(da)~2(d.)(ab)] 
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= (adecfb) + (adefcb) - (acfdbe) - (afcdbe) - § (cf) { (adeb) - (adbe) | 
-(ecf)(bad)-(cfb)(nde) + (acf)(dbe) + (cfd){bea) 
-i (ba) { (dec/) + (defc) ]-h{ad){ (ecfb) + (efcb) ] 
-i ide) { (cfba) + (fcba) } +i (db) { (eoc/) + (eafc) } 
+ i (6e) { (acfd) -I (afcd ) } + ^ (ea) { (cfdb) + (Jcdb) } 
+ J (cf) {2 (ab)(de)-2 (bdXea)}. 
Operate on these with [(abcdef), (ac)(df)} ; 
{(abcdef), (ac)(df)} \DEAB, CF\ 
= ((abcdef), (ac)(df)} [2 (abeefd) -2 (abc^d) 

+ (ab) { (cdef) + (cedf) } -| {ad) [h {beef) +3 {befc) -2 {bcef^ | 
+ 1 (ai)(6e)(c/) -§ {ab){,le){cf) ] 
= {(abcdef), (ac)(df)} [{abcfed)-{acfdhe) 

- {ah) { {cdef) + {cedf) } + (oc) { {bedf) + {befd) } 

-I (a«i) { {befc)- {beef)} +% {ab){de){cf)-% {ad){ce){bf)\ 
Hence, using [ad, be, c, f] = B, 

the last expression for {(abcdef), (ac)(df)} | DEAB, GF\ becomes 
{(abcdef). (ac)(df)} [2 {abcfed)+i {abee/d)-2 {abd){cef) 

- {ab) { {cdef) + {cedf) } + {ac) { {bedf) + {befd)} 
-i {ad) {7 {beef) +8 {bef^ } + § (ofc) (de)(c/) 
-|(ad)(ce)(6/) + (ad)(6e)(r/)] 

= {(abcdef), (ac)(df)} [4(o6ec/a) +§(oce)(6d/)-2 {abd){cef) 
+ J {ab) {5 {cdef) + {cedf) } + (oc) { {bedf) + {befd) } 
-J (ad) {7 (6ec/) + 4 (6e/c)-2 {bcef)}-^{ab){ce){df) 
-i {ab){ed){ef)-% {ab){de){ef)-% {ad){ce){bf) 
+|(arf)(6e)(c/)], 

uBing (XI.). 

From [afe, de^ c, /], we have 
{(abcdef), (ac)(df)} [(abcdef ) -\- 4 (ahcefd) + (abfdec)-'2 (abc)(def) 

-2 (ab) {(decf)-^(defc)}'-(ad)(bcsf)-^iab)(de)(cf)] =0. 
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Eliminate {ab/dec) between this equation and (XII.); then 
{fabcdef), (ac)(df)} [{abc(hf)'^4(nhcefd)^2{iihftcfd) — (ahc)(de/) 
-^ {ah) {6 (cdef)+2 (c.edf)-2 (cefd)} 

+ i (ad) f 5 (bevf) + 4 ( brfe ) -3 (beef) ]-k(ah) (c4) («/) I 

^^{ab)(de){cf)^^{ab){u)(df)^^ (adHce)ihf} ^j 

Eliminate {abcefil) ftnd {abeefd) between this equation and the two 
expt'esBJons we have found for {(abadef), (acj (df ) } 1 UE^ fl, CF\ ; 
then 

f {(abcdef), (ac}{df)} . DEAB, 0F\ 

= {(abcdef). (ac)(df)} {{abcdff)-{<ibc){a€f)~\{,at*:)(hdf) 

+ («6<i){c«/) + k (at) I -5 (cd«r/) + 7 («rf/) + 4 («/<f) } 

-^ (ac) {(f.erf/) + (l^fd)} + 1 («rf) { - 3 {href) } 

-^iah){de){c.f)-y{ah){ce){df)+^{nd){ce)(hf)^^{,ad){he){cf)]. 

Therefore 2 (ahcdef) 

= \ADEB, GF\ + EBCF, AD , + | CFAD, EB \ 

+ {(abcdef)} [-1 (abc)(def)+^(ace)(hdf)-^ (ahd)icef) 

+ i (ab)icdef)-^ (ab){cedf)-^ (ac){bdef) + ^ (ad)(becf) 

-i (ah){cd)ief) +i (ab){ce)(df)-^ (ad)(ce){bf) 

-^(adKbe)(cf)]. (XIII.) 

This expression for (abcdef) satisfies the equations [afec...] = B and 
[aby cd, e,f'\z=B identically ; hence no syzygies amongst invariants 
degi'ee 6 can exist. 

4. Degree 7. — From the invariant identity degi^ee 6, we have 
{a, b, e}' I FBAD. EC | = 2 EBAD, FC + 2 i FBAE, CD \ . 
Hence 

{a, b, e}' [ (afdbec) -f- (cfdeba) + 2 {efdcba) -f (bfdace) ] 
= i {a, b, e}' [I ABEF, DC + I DCAB, EF\ + 3 | ADFB, CE \ 

+ (7^^D, FB I + 1 F5C^, AD | 
+ ! ^252^^(7, ED I + ^1)^5, J^C i] -hie 
= 6 ABEF,DC\ + {a,b,e}'[(a/)(J6ec) + (6c)(a6/d)-i(a/)(6ti)(ec)]. 
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Operate on this with [af] ffj^ — t"?:^ +?j^— > *nd then with 

•- of. Pfi o/,-l 
{g, d, f} ; therefore, using the equations [a.. .bee] = B, &c., 

6{g,d.f}\A,B,E,FG,DG\ 
= {g, d, f} {a, b, e}' [^(fg) {2 {adbec) + (ahcd4>)}-2 {afg)(dbec) 

+ (afg)(bdXec)] 
= 12 1 A,B,E,FG, DG\ + 12\A,B,E, DF, GG\ +12 \ A, B,E, GD, FG , . 
Hence, operating with ^ {(cd)}, 

12\A,B,E,FG,DC\ 
= {(cd), (fg)} {a. b, e}' [^ (dg) ! AFBEG\ + {dg)(afbec) 

- 2 (adg) (fbec) + {adg) (ec) (If)], 

and 12\A,B,G,E,DFG\ 

= -2{a, b, c, e}'M, B, E, FG, DG\ 

= {(fg)} {a, b, c, e}' [^(dg) \ AFBEG\ + ^ (Jg) \ADBEG\ 

-(cgXafbed)]. 

From these we proceed to find an expredsion for the reducible type 
(abcdefg). 

Operate then on (XIII.) with [<)/] j, -^^^ +ffi ^- +ffj .v— L »nd we 

^ Oft o/, <y;-i 

obtain, after mnltipljing by 12 and i-edncing, 

24 (ahcdefg) + 24 (ahcdegf) 
= {(tg), (ae)(bd)} li(JgXabcde) + 6{(ab)(cdefg) + (bcXdefga)} 

-2 {{ah)(cedfg) + (bc)idfgea)] 

-{2 (ac)ibdefg) + (bd)(acefg)-{-(eaXbcdfg)}+4, (ad)(becfg) 

+ 4,{ace)(bdfg) +4 (6cd) (oe/y) + 8 (ahc)idefg) 

-4 {(aii)(c«/</) + iabe)(cdfg) + (a«i)(6e/ff)} 

+ («/ff) {6 ibcde)-2ibdce)}-2 (bfg)(acde) +2 (,cfg)(adbe) 

+ 2(a/j,){(6d)(ce)-2(6c)(de)} 

+ 2 (6/(7) {(crf)(ffle) + (ca)(«d)-(ad)(ce)} 

-(c/,){2(ad)(6e) + («e)(6«i)} 
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— Off) {4{<i6)(cJc) + {«M)(6nl) + (W)(n««)-2 (oc)(6rie)} 
+2 (rj) 1 A rWEF \ -r 2 (ag) \ (bedej) - {bdeef) | 

-{mv,) {2 (6««/)-8 (i»d<'/)} + (W!?) (2 («m/)-2 (mc/) [ 

-2 Ou-,,) Ko'i«/)-(<e<««f)|-(«*!?)(fc'i)(<'/) + (fids)C"*)Crf) 
-2 (al..j)(cd)(ef) +2 (a«ff)(W)Ce/) +2 ('rfK.) («/)(#) 
-2 itted)ibf)ieg)]. 
KoM-. 24{ai«fo/9)+24(«rff?)e/g) 

= — 24 (T'<r/.T/j/)— 24 (adbc«fg)~24 (ac.hthfg)—2i (acdbefg) 

+ 24 (hr){adefg)-i-2i(cd)(abefg) + '2i < ,UA(ar^f,,) + i9 (!.r.<l){a^g) 
= {(bd), (ae)(fg)} [-2 {bd)(a<-efg)-(ac) {^bdefg)-2 (bdgef)} 
+ 2 (/(•) {(abdeg)-2 (aMj/c)} 

-(«/){6(Mc3'') + 6(M;;ffc)-4 (hj„r.g)}-i {fg)(bdcea) 
-4 (ae) (?'<7/Vj) + 2 (eg) { {hdcfa) + (hdcaf) } -4 (arf) (bdeg) 
-4:{cef){bdag)-\-4,{ace){bdfg) + i(rig)(bdae)-16{efg)(bdac) 
. 8 iaey){hdcf)-{nbd) {4 (re/;,) -2 (r/e;/) } 
- (/6rf) {4 (aegc) - 2 (aceg) } + (rhd) {6 (aefg) + 2 (aegr/) } 
+ 2(«M) {(ce)(/<7)-(r3)(./)} + (/^0 {6{ae)(cg)-2{ec)(ag)} 
^icbd){i(ag)(ef)-2iaf)(eg)} 
+ {bd) {6 (c.)(«/3)+4 {ng)(ref)-2 (cf)ineg)} 
-4 (/<Z) ; ABC EG I + (re?) {10 (ahefg)-T2 (ahefg)} 

— 2 (fd) { (cheag) + (abceg) — (abgce) — (cbgac) } 

- 2 (ad) { (ehcfg) + (fbecg) - (cbgef) - (ghfce) } 

+ 2 (acd) { ihefg) - (begf)} + 2 (egd) { (acbf) - (abcf) } 

+ 2 (fed) { ia.-gb) - (eagb) } + 2 (agd) { (hcfe) - (beef) } 

+ 2 (acd) {ifb)(eg) + (eb){fg)}-2 (egd) {(fb)(ac) +(cb)(af)] 

-2 (fcd)(ab)(eg)+2(agd)(cb)(ef)+2 (f,ef)(cb)(gd) 

~2(agc)(eb)(fd)-2(ace)(fb)(gd) + 2(fgc)(ab)(ed)]. 
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Similarly, —24 (adcbefg) — 24 (edcbafg) 

= - -24 (a«)(dc6/sr)-24 (fg) { (adcbe) + (edcha)] 

-24 (bed) { ("fga) + (afge) } -24 (dcba) (efg) - 24 (dcbe) (afy) 

+24 (dcfc)(a«)(/jr) +24 (dcbeafg) 4-24 (dcbaefg) 

+ 24 (dcfe/i/ea) +24 (dcbfgae) 
= {(a«), (bd)(fg)}[2(«e)(dd.;</) 

+ (cd) {4 (/<,bae) + 6 (?,/ga«) -2 (fffc/o*) } 

+ (fg) { - 6 (dcbas)-2 (dbcae) } 

■¥(gd){6 {fcbae)-1 (bfcae) -2 (chfae)}-2 (b.l)(fgcae) 

+ (/(/) {4 (cgbae) -2 (jrcftnc)} +2 (gc)(bdfae) +4 {bdf)(cgai-) 

-t4:(fgd){cbae) +4 (jdr)(fc/ae)-4 {bcd)(fgae) -8 (dcf)(gbae) 

-4 (sfc/)(6rfae) + (6ae) {6 (/</ic) + 2 (/d^c)} 

+ (/ae) {4 ((fc6j)-2 (<icjfc)}-2 (cne)(dbfg) 

-(606) {2 (/d)(csr) + 2 (/c)(ffi) + 4 (/^X^c) } 

+ (fae){2(gb)(cd)-2(gd)icb)} 

+ (cae) {2(M)(/?)+2 (bfXgd)-2 (bgXd/)} 

-(ae) {4 (cb)(fgd)-2 (fg)(bcd) + 2 (bf)(cdg) + 2 (eg)(bdf) 

-2(bdXcfg)-2{df)(bcg)} 
+ 4 (<fa) I CBEFGl + 2 (co) {(ye/6d)-(6ed5r/)} 
+ 2 (jo) { (6fi/cd) + (cebfd) - (/erftc) - (^eqfi) } 
+ 2 (&o) { (cefgd) - (cefdg) } + 4 (6/o) { (ecgd) - (ecdg) } 
-2 (bca) {2 (edfg) - (edgf) - (egdf) } - (fga) {2 (^d6c) + 10 (ebcd) } 
+ 2 (3ca){2 (efdb)-(efbd)-(ebfd)}-2(bda) {{egcf) - {ecfg)} 
-2 ((7/o) {(e6.9c)-(ej6c)}-2 (6/o)(cj)(d«)-2 {bca)(_gd){fe) 
-2 (fga)(cd)(be)-\-2{gc<,){fb){de) +2 (bda)(gc)(fe) 
+ 2 (d/a)(c3)(6e)- 2 (dr/)(6o)(ye) -2 (big)(ca)(fe) 
+ 2 (/6c)(tto)(?e)+2 (/j?0(da)(ce)]. 
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Add these tliree results, aud we obtain, nfter Bome reduction, 

33fi idbcdff,j) 

= {(abcdefg), (bg)(cf)(de)} [4 (or) ' BDBFff | + 16 (orf) \BCEFQ 
+ («h) {40 {ed^fg)-Q (c//p»)-8 (r.d/j)} 
-r(ae) { -8 (M«/ff)-4 («f«fc/j)+24 (Mj/e/) } 
+ (r7«0^-4 (bctfg)-i-16 («//9)}+(«i<0 {36 {de/g)~i (e/dg)) 
+ («/«/) |8 (cfrif)-U (r^fg) ) + («?,e) \ 8 (<;«<,) -24 (c^/j) } 
+ {ace) {16 (/,.i/5,)~20 (hf,l,j) } 
+ (ofcf) { -4 {'f){d^) +4 (.»/) («j) - 16 {de) ifg) } 
+ (abd) {28 («)(/?)- 12 («/)(e9)} 
+ («6e) { -2 («0 (/,) -8 (rjr) (,!/) - 14 (r/) (^3) } 
+ („„){_ 1 2 (ferf)(!ir) +2 (&?)(.//) + 6 (fc/)(rf!7)}]. 

ISoWt if we wnte 

(reTe/jy = (cOefg) +i | 0i)£/'6' | 

+ {(cdefg)} [-Hfi)(e/3)+J (ce)(d/j)], 

we shall have (^(^^fuY' = is^iidf)" 

and {e, f, g} (a^e/i/) = 0, 

BO that the reductions will be much simplified. For the same 
reason we will use the form 

{defg)' = (</<>/,) -i {{deK/g) + {,i/)(ge) + (idgXef)}. 

With this notation we obtain 

3:i6 iiihrd>'/g) 
= {(abcdefg), (bg)(pf)(de)} [ -20 (ah) | CDEFG\ -'2.{ac)\BBEFG , 

+ 10 {ad) I DCEFG ] + {ah) (40 (c</e/</)"-8 {cdfge)"-S {cedfg)"\ 

+ (oc) { -8 {Mefg)"-A {dehfg)"+24. {hdgef)"} 

+ {ad) { —i {hcefg)" + 16 {cAifg)"} 

+ {ahc) {3(5 {defg)' -A: {efdg)'\ + {nhd) {8 {cfeg)' -\8 {cefg)') 

^{ahe) {8 (rfdgy-24:{rdfg)'\^{ace) \\& {bifg)' -2Q {hfdg)'} 

+ ¥ ("'*'■) { (''")(/?) + ('(/") (9«) + ('^r/)(^/) } 

- ^i {abd) { (<v) (./y ) + {rf)(ge) + {rg){ef) } 

+ 1^ {ahe) { 5 {rd) (fg) - {rf){gd) - {eg) {df) } 

+ ?/ {„ce){-2 {bd){/g) + {bf){<lg) + {hg){df)}]. (XIV.) 
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If we take this value of (ahcdefg) and substitate in the three 
identities degree 7, viz., 

[dbcd..,'] = E, J[ahc, de,f, gr,] = R, [ah, cd, ef g,"] = B, 

we shall obtain all the syzygies of this degree. Owing to the form 
of the expression obtained for (ahcdefg), it is only necessary to take 
one equation of each type. Take, then, the equation 

[abc, de,f, gr,] = E ; 
this may be written 

{ (fg), (ac)(de) } [2 {ahcdefg) + {ahcfdeg) ^\ {fg) \ ABODE \ 

-i(fgXahcdey'-(de)(abcfgy'''(ahc)(d^fgy'-(degXahcfy 
-i(ahc){(de)(fg)^2(dfXeg)} 

- ^ (fg) {4 (ahe)icd) -2 (ahd)ic€)^4:(ade)(bc) -2 (acd)(be) 

-(hds)(ac)} 
-i(de) {2(ahgXcf) f 4 (a/i/)([>c)-2 (acf)(hg)^(hfg)(ac)} 
-i(deg) {(a5)(cf) + (ac)(/fe) + (a/)(fec)}] = 0. 

Hence, putting in the values of the first two forms, 
{(fg), (ac)(de)} Kfg) {-3 (n6cde)"-(a««.e)"-8 (acbed)"} 
+ (6/) {8 (cdaegY'+e (d<wej)"+4 (adecg)"} 
+ (af) { -12 (ecbdg)"-4> (bdecg)"-^2 (debcg)" + 2 {ebdcg)") 
+ (e/) {4 {cbadg)"+6 (cadbg)" +10 (adcbg)"-8 (bacdg)"} 
-9 (ac)(dhefg)"-9 {de){ahcfg)" + 18 {cd){ahefg)" 
+ {ah) {8 icdefg)"-2 {cedfg)") + (eb) {8 {<uidfg)"-2 (cadfg)"} 
-3(bfg)(adcey+6 (afg) {(cd6e)'-(c(fe6)'} 
+ iefg) {10 (abed)' +2 (a«i6)'}-9 (acf)(dbegy-9 (defXabcg)' 
+ 6 (abfXcd^.gY+2(,ebf) {(cadgy-icdag)'} 
+4, (aef) {{,chdgy-(cdhgy) + {adf) { -14 (6c«ff)'-10 (becy)'} 
+ 6 (abc){dfegy +& {di,e)(afcgy -Z (abe)(cfdgy 
-9{abd){cfegy]=0. (XV.) 
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Tbis ma}' be sLmplified thus: — Intei^hange n and e» c and rf, ao^ 
subtract the resnltiDg from the original equation, 

+ OyV) {4^{dciiby—4 (dbcfiy} 4- (>jV) (4 (cdisgY^A {cedgY} 

+ (r;<i/) {4(5er^)'-4 (^r.^^/)'}] = 0. (XVL) 

Kt>w, let the expresaion 

+ (t(/*J ('!%<?)''+ {ef)iachdgy'-iagf)(hc$dy- (%*)(ct?ae)* 

- (^(Z/) (agree)'- (^f ) ( J«o^)'- (r J/) (gr6ae)' - (ce/) (a(f6^)' 

then {abcde.f^ (/) = ^ {bcdea,j\ (j) = <^ (edcba, f, g). 

Then equation (XVI.) is equivalent to 

(ft {ahcde, g, f) +</> (nbcde, /, g) = <p (acdbe, g, f) 4- </* (acdbe, /, ^). 

Operate on this equation with the substitutions (bed), (abode), 
(abede)^ (abode)* respectively ; and we obtain 

0, (nhcde, g, f)+(p {abcde^ /, g) = <^j {<icdbc\ g, /) +^ (acdbe, /, g) 

= (f» (adbce, g.f) + (p (adbce, f, g) 
= (p (acedb, gj')-h9 ((icedb,/, g) 
= (/> {ahecd^ [/>/) + </> (abecd, f^ g) 
= </) (acbed, g,f)+(}^ (acbed,;\ g) 

since the sum of the above six expressions is zero. 

Consider then the expression <p (abcde^ 9^ f) ; ^^ ^^^^.y be written 
{(abcde)} [| {fg)(cihcd(')" -\-Un){gbdcey'—{agf){bc€dy 
-ijd>f)(dcgey-{acf){egdby]. 
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But it might equally well be written 

{(gbdce)} [i (afXgbdce)" + (gf)(abcde)"-(gafXhcedy 

- igbfXcdaey-(gdf)iead>y]. 
Hence ^ {abcde, jr, /) = 9 {gbdce, a, f) = <f> (agced, 6, /) = ... . 
We have proved that 

{(.tg)}<p(abcde,g,f)=0; 
hence also 

{ (fa) } ^ (abcde, gj) = 0, { (f b) } 9 (ahcde, g, f) = 0, <fec. 

Suppose, now, we express 9 (ahcde, g, /) in linear symbols, the quartics 
being ai, fil, yj, r i, el, C» V* > then, if { and ij be interchanged in 9 and 
the result added to the original form, we obtain identically zero. 
Hence, if we put iJC^ = rjjrj^ in 9, the result is zero. Similarly, if we 
give fi/f, any one of the six values aj/oj, fii/^i, &c., (/> vanishes. Now, 
(/j/i, is a I'ational integral function of Ci/ij. of degree 4, and it 
vanishes for six values of the variable ; hence 9 = 0. 

The syzygy may be written symmetrically thus 

{(abode), (gbdce)} [(gfXabcdeY-^ (agf)(bcedy] =0 (XVII.) 

or {(abcde), (gbdce)} [(gfXabcde)-^ (agf)(bced)-UafXab)(cde) 

+ f (9f)(<^Xbde) + ^ (agf)(bcXed) 

+ jMagf)(be)(cd)]=0. 

All other syzygies degree 7 are reducible to this one. In order to 
prove this, it is well to further abbreviate the notation. Thus, let 

(gfXabcde), = (s,/)(a6c<Ze)"-{ (abcde)} [^ (agfXbcedy]. 

Then the syzygy just obtained becomes 

{(abcde)} [i(af)(aiaie), + (a/)(j6dce),] = 0. 

The syzygy 

(fg) {(becday + (bedcay} + (fe) {(gbdacy-^ (gbdca),} 

+ (fd) {igcbea\ + {gebca),} + (fc) {{eg<lba), + (gedba),} 

+ (/a) {igdecb),+ (ge.lcby} + (eg) {ifbcady + (fbcday} 

+ (gc) {{fdbeay + Uebda),} + (gd) {(e/c6a),+ (/ec6a),} 

+ (!,«) { (fcedb), + (f-cJb\} + (ed) { (gabfc), + (gfbac),} 

+ (ea) { (gfcbd\ + (fgcbd),} + (ec) { (gdfab\+ {gfdnb\ } 

+ (dc) {Wae), + igbfea),} + (da) {igfceb), + (gcfeb\} 

+ (oc) { (edgfby + (egdfb),} = (XVIII.) 




400 Mr, A. Young on the Invariant SyMygiesef [Juoe 14, 

la also i^quu'ed. It is obtained bj aabtracting 

{(gedca)} [i (V){s«i/c«). + {ts)C/e<-A.),] 

from tlie sum of the syzygiee 

{(gedca)} li ibfXffcdrn), + (fgKb,cda),] =0, 
{(fecdft)} [i (fc?)(/eod«), + (fc/)(ffedM),] = 0, 4e. 

First consider equation (XV.), We obtained (XYI.) from it by 
int^relmiig-ing a and e, c and d, and eubtractiBg the reBulting from 
tlie ori^iniil equation. If we now add, instead of subtracting, and 
diiicuss the result, we shall have completely disciissed (XV.)- Hence 
we need tMily couaider the i^eault of operating with {(ae)(cd)} on 
(XVO, !>.. 

{(fg), (ac)(de). (ae)(cd)} [(fg) {-4 (hcdea),-8 (hed^^W 
+ {hf) {8 {cdmg\ + lO (/lacsg), \ 
+ (i;/) {4 (Jjrdsg^-^B (Mcg)^ + 12 (debcg),-20 (echd^), 

-4:(hd€cg)i} 
^(ab) {I6{cdefgh-4{cedfg\}-l8 {ac){dhefg\ 
+ 18 {ae){chdfg);\ = 0. (XIX.) 

From { (cdefg) } [i (ah) (cdefg), + (he) (adfeg), ] = 0, 

we obtain 

{(fg), (ac)(de), (ae)(cd)} ['i (ab)(cdefg\ + 2 (bf)(cdaeg\] = 0. 
Similarly, 

{(fg), (ac)(de), (ae)(ed)} [4iah)(cedfg\ + 2 (hf)(ceadg\'] =0. 
Also {(fg), (ac)(de), (ae)(cd)} [{hf)(daceg), + ifg){bdcae), 

+ (/a) {2 (edbcg\ + 2 (bdceg),}] = 
and {(fg), (ac)(de), (^eXcd)} [(bf)(ceadg), + (fg)(deacb), 

+ (fa) {2 {dbegc\ + 2 (cedbg),}] = 0. 

Using these four equations, (XIX.) becomes 

{(fg), (ac)(de), (ae)(cd)} [(fg){-2{hedca\-U(bcdea),-S(b€dca\} 

-h(a/) {4 (€bdcg)i-\-4> {hcd€g)i—8 {cedbg\S {debcg\ 

-20 (dc€bg\-20 (echdgW 

-18 {ac)(dhefg), + 18(a€)(cbdfg\] = 0. (XX.) 
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But, from (XVIII.), 

{(fg), (ac)(de), (ae)(cd)}[2(^)(Mm),-4(a/){(6e(%), + (<«.ceff),} 
-2 {ac)(dbefg\-2iad)(cbefg\+4> (ae)(cbdfg),] = 0. 

Then (XX.) is merely the sum of numerical multiples of this, and 
two other equations similarly obtained, after intei'changing c and e, 
and c and a, respectively in (XVIII.). 
Take next the equation 

[b, cd, e/, ga,] = B ; 
this may be written 

{(ce)(df), (ceg)(dfa)} [6 (abcdsfg)--6 (ef)(ahcdg)^3 (ahg)(cdef) 

-\-3iabg)(cd){ef)] = 0, 
or, putting in the value of (abcdefg), 

{(ce)(df), (ceg)(dfa), (cd)(ef)(ga)} [(6c) {20 (defga), + 16 (deafg), 

+ 12(d/sreo),} 

+ (rJ) {-20(hefga\ + 8 (leaf g\} + (ce) {24 {bgfda\-\- 12 (bfdga)^} 

+ (c/) {4(bdega\ +48 (hegda)i—8 (bgdea\+4! (Mjoe),}] = 0. 

Eliminate the tenus (6c)(...)„ from this by means of (XVII.), aud 

the equation reduces to 

{(ce)(df), (ceg)(dfa), (cd)(ef)(ga)} [20 (cd) {{hegaf\- (hefga),} 

4 20(ce) {2(begda),-(bgdea\-(hdgae)^}] = G. 
And this equation is merely the result of operating on (XVIII.) with 
{(ce)(df), (ceg)(dfa), (cd)(ef)(ga)}. The equation 

[6, cd, ef, gra,] = JB, 
then, gives no fresh syzygy. 

We may proceed in exactly the same way with the equation 
[abed...'] = B, 

with the same result. But the following is better. Suppose the 
quartics c^, /^J., gf^, to be all the same ; and in the invariant forms 
denote them all by the same letter e. (The fonn of the equation 
under consideration is practically equivalent to this supposition.) 

Then [dbc, de, c, c,] = 2 (a&cdtjee) + 2 (a&redee) + 2 (ahceede), 
[a6c, ed, e, e,] = 2 (abcedee) -\- 2 (abceede)'^-'! (ahceeed), 
[abc, ec, d, e,] = 2 {ahcdeee) -h 2 (abceeed) 

+ (abcedee) -f {ahceede) ; 
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Jf the vsilues of these exprejfiaiona in terms of iirediicible types Ik* 
aubatitutedi the equation is still ideatieally trae. Hence the eqnatiou 

fao g-ive us nothing more than is given by 

The above pro<jil^p»ldB for types of aoy degree, and so w© ooaoludid 

that this foi-m of equation never requii-es special consideration. 

The expi^smon for (abcdefg) may be Biniplitied with the help of 
(XVII.). Operating with {(abcdefg), tbg)(cf)(tJi*) } un the venous 
ayzygies of the form (XVIL), we obtain five indeitandent i-elations; 
by means of these (XIV.) reduces to 

36 (abcdefg) 

= {(abcdefg), (bg)(cf)(.le)} [6 (nb)(olefg)-3 (a<^Xbdefg\ 

-3 (ad){chefy),-\^- („h) 1 CDEFG \ - ^ (ac) | IWEFG \ 

+ i|- (ad) , CBEFG\ + (nhr) (6 {defg)'-^ {degfY} 

+ (nhd) {6 (cfegY- 3 {cefgY} - 3 (ahe) (cdfg)' 

+ (ace) {3 (M./V/)'-i (/'.%)'} + (abc) { (de) (fg) + (df) (ge) + (dg) (ef) \ 

- (ahd) { (ce) (fg) + (cf) (ge) + (eg) (ef) } 

+ (abe) {§ (rd)(fg)-i(<f)(dg)-i(cg)(df)} 
+ (ace) { -2 (bd) (fg) + (bf) (,jd) + (bg)(df) } ] 
= {(abcdefu:), (bg)(cf)(de)} [6 (ab)(cdefy)--S (ac)(bdefg) 

- 3 (ad)(chfg)+6 (abc)(defg)-6 (abd)(cefg)—3 (abe)(cdgf) 
-3 („ce)(bfdg) + (abc){-(dg)(ej)-4: {de)(fg)-^2 (df)(eg)} 
+ (nbd) {4 (ce)(fg)+4: (rg)(ef) -2 (cf)(ge)} 

+ ("'" ) { - ('•'/) (/!/) - (<•?) ('(0 + 2 (rf) (dg) } 

+ I ("«) { ('"/) (/!/) + (/'/) (!/</) + ('"./) ' dl) } + f (ab) I CDEFO \ 

- V^ (ac) I BDEFG i + S" i"'^) I ^^' 'EFU I] . 
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5. From (XVII.), syzjgies of higher degree may be deduced. 
Thus, if we operate on (XVII.) with 

•- G9o ^9i ^9t^ 
we obtain at once {fghkl){ahcde)-='%F^^ 

where SPj is used, as before, to denote a sum of products of forms, 
there being at least three forms in each product. Again, by means 
of syzygies deduced fi*om (XVII.) it is possible to show that I^Ij^iSP, 

Thus, operate on (XVII.) with [%] \h^^->tK^^ h^ A] ; 

L dg^ dg, dg^^ 

2 (/^^)(a6c<^)+ {(abode)} [(a/) {{bdcegli)-\-(bdcehg)}-{-(agfh){bced) 

-{abf){{edcgh)-\-{edchg)}~{acf){{dbegh)-\-{dbehg)}] = SP,. 

Operate on this with {f, c, d, e}'; then 

{f,c,d,e}' {g,h} [(Jgh){abcde)+i{af) { \ BEOD, CH\ + \ CBBE,GD\} 

-r i (i/) { I CAGE, DH\ + I DHCA, GE\}] = 2P,. 
Hence 

{£, c, d, e}' {a, b}' {g, h} [ifghUabcde) 

+f (a/) { I CEGD, BH\ + \ BEGB, Gff| }] = 2P, ; 
and therefore 

{f, c, d, e}' {a, b}' {g, h} [{fgh){ahcde)+i{ag) \ CEFD, BE\ 

+i {agh) \BEGI>F\ ] = SP,. 

^0 ^- +^1 ^^ +^ ^^ ) and we obtain 
o/. o/, d/,J 

{c, d, e}' {a,b}' {g,h} [-{fghh){ahcde) 

+ {cgh) { {abfked) + {abkfed) + {abdkfe) + (abdfke) + {abedfk) + {abedkf) } 

+i{agh)\BEGJ),FK\] = :^P,. 

Or, since {cgh) \ AKEB, I)F\-{dgh)\ AKEB, GF \ = SP„ 

iC d,e}' {a, b}' {f,k} [-Ugkh)l,abcde)+%{agh)\BEGB, FK\ 

+ {cgh) { I BEDF.KA \ + \BFED,KA | + | EBKA,BF\ 

+ \EKAB,FB\)'] = 1P^-, 
and therefore 

{c, d, e}' {a, b}' {f, k} \_-{jgkh){ahcde)] = 2P,. 

2 D 2 
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rrence {fgkk) { (a^rdt) + iaMec)-{~{ah€rd)} ^ IK 

Similarly, (fykh)\{ahctk) + [mbde) + {hmde)] — ^P^ ; 

and heuce (/f/^*^) (t^^rde) r= 5J*j 

Thas the pnxlact of any pair of tlie invariant types i^» 4. /ft— with 
the exception of 1#. J< — is expressible in the foim SP^, But the pro- 
duct of 7j or /j and any other invariant type is not so expressible. 

Covfti'iiuit Jiyzygies may be obtained fmm (XVIL) by means of 
combinations of the operations jnst used with ope i^t ions of the foi-ms 

The search for covariant syzygies is, however, much simplified by 

noticing that each of the irreducible types, ^C^, X\, ^0^, 4C4, qC^, jCj, 
may be expressed in the form it* +2/, where / denotes a Jacobian, 
and R a sum of products of concomitants ; and therefore the product 
of any pair of these types may be expressed in the form SP-j. 



On the Differentiation of Single T/ieta- Functions, By Rev. 
M. M. U. Wilkinson, M.A. Communicated May 10th, 
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1. The definition I adopt for the single theta-f unctions differs 
somewhat from that which is ordinarily used. Thus, taking the 
three equations 

0, (x) = e (x) sn X \ 

e,{x) = e{.v)cnx r, (1) 

e,{x) = e{x)dnx^ 



we at once obtain 



dx 



-e,g=e,e,, 
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and five others, which may be thus represented : 

M{Qe,) ={d:-d)QQ, =e,e, 
M (e,e,) = (^'-^)e,ei = e^e 
M(eA) = {d'--'d)efi, = ee, 
M(e,e,) = (d'-d) e,e, = Aj-^ee, 
M{Qfi) =((r-d)e,e =A;'e,ei 
3f(e,e) =((i'-(/)e,e =e,ei 

The symbol Jtf " being defined by 3/" (ZX') 
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(2) 



= X 



drx' 



...+(-ir 



nl d'X (i'-'-X' 



.(TX 



we further obtain 



rl{n-r)\ dx' dx'* 



,+(-l)-^X',(3) 



g(ioge.-ioge) = - -J,- +fc'8n'« 

(tar sn ?« 

f, (log e,-iog e) = - ^ + fc* 8n» M 

dor en tt 



eiaj' 



-(ioge,-ioge) = 



fe»( 



+ A;* sn* u 



and, taking 



|',loge = C-/j«sn«tt 
dx 



(4) 



(5) 



and integrating twice, determining the constants so that 6 {x) is an 
even function and 60 has a constant value conveniently assigned to 
it, we have 9, 9„ B,, 6, defined. 

In Cayley's EUmentary Treatise has for value l^E/K, and 
6 (a*) is a function of x and A:*. In this memoir 9 {x) is a function of 
X and of three constants 90, k*, and C. 

We note the equations 



if* (99) =2(C9*-A:»9P^ 
3r(9A) = 2(09,-9*) 

3f*(9,9,) = 2(C9j-^V,)-' 



(6) 
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TakmjET tbe first of tbeBe, we find, Buccaaaii^ely, 

mid 3f* (80) = 2 (6CF-3ife') 6' - 8 (SG-l-k') l-e\. (7) 

Jtf*{eU)-'4(30-l -^*)3f' (89)4-4 [:) C^-:2(14^ it') CHAj'le'^OaB) 
B, e^, Gj, 63 eaeh satisfy this differential equation. 



2. If we take 



Ro that 



X = ^ exp (i/iwV + 26maj) 9 (mx-^-a), 

•— = fim^x + '2?)?>i + -- log O {m.x + a), 



(9) 



we shall obtain, as before, 

M' {XX)-4^7n' {S{C -^ fx)-l-k^} M' (XX) 

+ 4m*{3((7+Ai)^-2(l + A:-)(O-i-/0 + ^'l X* = 0, (10) 
the /x merging into C-\-fi. So (9) is the complete integral of (10), 
four fresh constants, A^ 6, 7??, a, being inti'oduced. 

3. If we require to solve the equation 
M' (XX) = 0, 

taking '-*- ^ *" ' •-•" "" 



(11) 
(12) 



/c* = K^ = cos + z sin 

o o 

and 3(6'-|-/i) = l-\-k'' 

we have 1 — k- + k* = 

and 3(C + /x)'-2(l+A-^)(r + /u) + A-» =0, 

and A' = ^e-"''"e(m,r + a) (13) 

will be the complete integral of (II), C, k" being determined by (12). 
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[(11) admits of three remarkable solutions, viz., 

(a) X = x-^^f + ^'«f-..., 



7! ■ 13! 
(c) JC ^ ma+c. 
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(14) 
(159 



If we call the series (a) th, x, we shall have 

thj i^x = ic' thj X, thj K*a5 = k* th, a; ; 
th K^x = thjO?, th «*aj = th,a;; 



(16) 
(17) 



th,, th„ being what 9„ 9„ become for the values of C, k*, given by 
(12). The further consideration of equation (11) must be postponed, 
the object of the present memoir being to establish the following 
propositions.] 

4. We have, generally, corresponding to (2), 



M***>(ee,) = TF(2n+ 1)9,6, 

ir->i (GA) = TT, (2w+i) e,e 

Af***^ (6,9,) = TF, (2n-hl) 96, 
JIT"*^ (9,9,) = W (2w + l) 99, 
M»"*^ (9,9) = Wi (2n + 1) 9,9, 
ir»*'(9,9) = TFU2«4l)9,9,J 



(18) 



(19) 



and Jfcr"(99,) = Tr(2n)99, 

Af *• (9,9,) = ir, (2/i) 9,9, 
lf«« (9,9,) = TF, (206,9, 
IP* (9,9,) = W (2n) 9,9 
AT" (9,9) = Wi (2n) 9,9 
AP- (9,9) = Wi (2n) 9,9 



These W functions are all independent of ar, being constants, func- 
tions of C and Ac'. 



(20) 
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[Also wo liave, corresponding to (6), 

M^^(e9) == f7(2n)e'= 2F(2n)e'-2rc2n)0^ 
if'^' : 0,8,)=^ t^i (2f*) 0' = 2Fi (2«) e;'-2F; (2h) B^ 
M^ OA) - Pi(2«)eJ= 2F,(2»)eJ + 2F;(2»0 ej 
M'" e,eO = E7, (2n) 9, = 2 F. (2a) eJ-2 r, {2n) ej ' 

JP**' (99), itc-, all, of courRp, vanisb. 

Tlieae V functioni are, also, all indejiendent of or, and functions of 
( ' and 1-V to be determined. J 



5. In wlmt follows the symbols Z, Z,, Z,, Z, and L, Li^ L^t L^ are 

(iefiued as follows t — 






„ _ do. 



o.z,= 



,h; 



GZ - ''^« 



so that 
and 



dx 



L = Z,^Z-Z^-Z, 

L^ ^ ^\ — Z — ^3 "I" ^2 

Lj = Z^ — Z-\-Zj^ — Z<>^ 

doc d.v <Lv 



or we may define L, L.^, L^ by the equations 



L = 



Z CM 1^1 

sn 2?< 



i,= 



2dn-2« 



(81) 



(22) 

(23) 

1 24) 

(25^ 



[By using L, Lg, Lj, we can pass from one set of formnlfp to 
another very easily, and the expressions obtained will be more 
elegant. 

6. We might proceed by first proving that the F's are constant, 
and, fixnn that, that the IF's are. But, as the following theorem is 
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trae for all functions which admit of successive differentiation, and 
so is generally true, and holds for all functions, and not theta- 
fnnctions only, we shall first establish it, and then show that (18) 
(19), and (20) must be true, since theta-functions are holomorphic, 
and 9u always finite when u is finite.] 

Suppose that, X, X^ being any functions of x capable of successive 
differentiation with respect to a*. 



f =A-(r+^.), fi = z.(r.+^), 



and that B^ is generally defined by the equation 

XX,ie„ = 3i-(ZZ,); 
then we have as follows : — 






(26) 



(27) 



(28) 



r! {n—r)l dx' ' 
+ (-1)— B..,'^(^+'^^ +i?.(r,-Y) 



where we shall hare 



dE, 



dH- 



^J! = n(»-l)fi,.,. 



(29, 
(30) 
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7. To estaHiBh (29), we proceed as follows : — 



fk£^" dj- 



Tn ea4?h of these terius we develop the Smt term bj applj^itig 
Leibniiz'a theorem to the eecoud factoFj obtaining, for a- general feTTTi» 



for 



( _ ir (2"}! ^ rf^X (i^ fr"_ :' '^ ( ^JL±.I4^) 



iC^[^.(^ + /-)] -••• + ,. 



pi {271 — r — p)l dx^ 



J.i''"-' '• 



-h ... 



In the second term of each of the above terms, we apply Leibnitz^s 
theorem to the first factor, obtaining", for a sreneral term, 

^ ^ {2n-r)l q\ {r-q)\ dr'^ ' da'"^ ' rf.r"-'- * 
Now consider the series 

, (^")! ( Y '^"^> - 2, ''^ ''""* ■ '^'' + + '^"^ X \ 

■■ (2«)!(2»-2s)!r <Zj-' dx dx-"' " dx^ ') 

, (2n)! ^„d^-'X, _ d""X^7 

(2s + l)!(2n-2s-l)! ( (/*>•' ,/.r'»''') 



d="---'(r,+ r+2Ma;) 



^,r"---' 



•-{-^ — li^^.}"--'^^^ 
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and the two developments are seen to be identical, and M^*-(XXi) 
can be developed in like manner. 

[The identity of the two developments is readily seen by success- 
ively developing If' (XX,), M* (XXj), ... according to the directions.] 

8. Hence we have, successively, 

E, = r,-r, 

dx 
iJ, = ^=D +2B/ilL±I±^ +E,(r.- F). 

cub' rfiT 



j"-(r,+r) cP"-'(r.-D 

^ dx^-' ^ '' • dx"-' ^ 

+ (2»-l)! p (P-" -^(r,- D 

■■ (2r + l)! (2»-2r-2)!^'*' ir"-*-' 

, (2« -1)! p d'-'^-^ Y. + T) . 

(2r + 2y:(2n-2r-3y."''' dx"-''-" '^^^^ 



(2«)! p d' "-^-(r.-r) 

" (2r)! (2M-2r)! "■' (ir""--'- 

- (2n)! _ rf''-' -(r, + r) 

(2r + l)!(2»-2r-i)! "■*' dj;«»-*-' 

9. Differentiating, we obtain, 

(fa: dx 

^ = ^IZdiD + 2 fi. 1( Jc:Z) , 



^..(31) 
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iind we (ibsei-ve the law 






tir 



da*- 



rfa-* 



4. (g'-)? D ^"-^fr,+ r) 

■■■ (2«)! {2r-2,y. " dj^" ■» 






(2»+l)! (Sr 



(8r+i)! >/^-'^-' cr.-D 

" (2#)!(2r-2«+l)! '^' d*'""-*' 
(2s+ 1)! (2»— -is) ! ■-"*' d^^--' 



+ {2r+l)R,, 






J/?.„ 



Now suppose this law to hold up to ,' ' > then 



'IK ^ > r-{Y, + Y) ^(2,-1) I 7f, ^-'(X-Y )^,!]?, d'-'iY,-Y) } _^ _ 

, (2r- ij ! \ ., </^^- - ' ( r, ^r ) dz?^ ,p^-'-'-HY,- y ) i 

" {2s + iy.{2r--2i>-->y.l "*' d-r'--'-' <ic d*^,-..-. ,' 

(2r- 1) ! j ,. «p-^'-^(l' , + r) dif^^, d-^ -■' ( r, + i-i I 

(2.« + 2)!(2r-2s-3)! ( '""' d.r"-'^'- dr (fe"-"' ) "^ 



+ E,..'^(V^^''"-^(^-n 



./.f 



7 f* /7 7^* 
Substitatinff in this for ..., -— " ? ,''*^i •••? and collecting tosfether 

r/.r ax 
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all the terms containing j^^u — » ^® obtain 

(2r-l)! ^ {2r-l)l 

{2s) ! (2r ^^1)! ^ ^ (2^-1)! (2r-27^! ^^"^ ^^' ^^ 

(2r-l)! _(2r-2]i! ^ d(r, + r-f2^) 

1! (2r-2)! (2*-2)! (•J/--2«;! '*"* (^ 

•• (2«-l)!(2r-2*)! t/or^'-^ 

(2r-l)! (2r~l)! 

(2«)! (2r-2*-l)!^^ (2^-1)! (2r-2*)! ** 

- (2r)! ff 

(2*)!(2r-26)!^' 

and similarly for the terms containing >,^i2«-i » ^^ ^^® 

manner, the law can be shown to hold for — ^^^ • Thus (32) is 
established. 

[The identity it expresses is readily seen by successively develop- 
ine: , ' , -r-* , ... in the manner we here indicate. 1 



10. The formulae (29) follow at once from (31) and (32). And (30) 
can be proved by induction in much the same way. We have, in 
succession, 

^:^ = — ? = 2 



afi dfi 

and, assuming that, up till r = ti, 

'^ = r(r-l)B..„ 
an 
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we nave • • . ' + ^ ," = .*-' +n {»— 1) — 7^', 

o^ dm 

0/t cm: dfi 

+2 («-2) K.,f^^^ +Jj,.,(r,- r) J +2Hi?^, 

= „ (»-l) (b..,+ ''^-J) +2«B..„ ^^^Hi«— 1- 



so that 






[11. Applying the general formulae (29) to functions, we observe 
that the 0's need not have the same argument, nor the same modulus. 
In fact, much more general formuhe than (18), (19), and (20) are 
obtainable. 

To obtain (2o), put X = X^ = 9 {x), 

so that Y = Yj = Z — fix ; 

then we have, in succession, 

[7 (2) := 2 ^ = 20 - 2k' sir u 
ax 

Now, Ox being holomuiyhe dents toute Vetendue du plan, it and it.s 
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derived functions are never infinite when x is finite. Bat, since 
-^sn'^aj =r(r-l)sn''-*«-r'(H-X-')8n''ar+r(r + l)>fe*sn''*'a!, 

U(2n) develops into a finite series of even powers of snaj. Now 
Z7 (2n) 0* is never infinite when x is finite. So we have 

U(2n) = 2F(2n)-2r (2n) sn'x, 

where V(2n), F'(2n) are constants, functions of C and ^, and the 
other equations (20) can be established in like manner. 

I find that 

U(6) =8{15(?-15A:»C+2^«(l-f/t»)} 

-8{450«-30(l-fA:«)C+4+llA:> + 4A;*}ife»sn'ti; (34) 

or, corresponding to (8), we may write 

fr(6)-4(30-l-)t=)Z7(4)-r2[3a*-2(l-fJt»)0+ifc»}l7(2) 

+ 96[O»-C*(l+/^) + (7P} = 0. (35) 

The successive coeflBcients being symmetrical functions of L, L,, L^, 
the formulas (8), (35) will be unaltered when Gj, 9„ 0, take the 
place of 0.] 

12. In (26), putting 

X=e(x), X, = 0,(0:), 

we have Y-\-fix = Z, Ti-\'fix = Z^ ; 

then, since {Z^ — Z) 00, = 0,0„ 

we have, in succession, 

W{\){Z,-Z) = Z,-Z, 

WC2) = ^1^}+?} + W(l)(Zi-Z)\ 
ax 

(mR CLX (tX . . . 

W(3)(Z,-Z) = "^l?^^!^ +2TF(I)(Z,-Z)^?i^-±^ 
itur ax 

+ Wi2)iZ,-Z), 

WiZ) ^.--^ = '£^^ +BW(1)(Z,-Z) ^i^p} 
ax dor dx 

+ 3Tr(2)^j=^\ 
cue 
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1^2 oar 

1.2.3 dif' 

1.2 iki^ 

+ 2nW(2i.-l)(Z,-Z) i^\~^) 

dir 

(ir2»+l){2,-if) 

1.5: <h- 

+2nW{2H-l){Z,-Z) '^^^'\^- 
+ W(-ln)iZ,-Z) 

'-L{\y{2n + lH/.-Z)} 

(to-"" (//-" 

(•2h + 1)2»(2»-1) tir(.,,_.,,''^f^,-j?J 
•■■^ 1.2.3 ^" " r/./ 

1 . 2 iL ' 






1 

I 

4 



m 
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Here we observe that, since 



dx 
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(37) 



W {%%) develops into a finite series of even powers, positive and 
negative, of sn ar. Also, since Tr(2w-l-l)(Zi — Z) develops into such 
a series multiplied by sn a; cnar dn «, Tr(2n-f 1) does so too. 

Now, 0jr, Gj.TJ being holomorphic throughout, and they and their 
derived functions never infinite for finite values of a;, M** (60i), 
j^i»*i (00j) are likewise never infinite. 

So, if U'(2n)eG, = f^- +(r + D' sn«x) 90,, 

\ sn X / 

we must have IT = D' = 0. 

So ir(2w) is constant. In like manner, W{2n-\-Y) is constant. 

Of course, then, ^ — ^ , — . vanish. So, too, the other 

dx dx 

fPs in (18), (19) are all constant. 

13. If we express FT, W in terms of the Zr's, we can at once find 
^i» W^si &c., by permutation. 

For small values of w we have as follows : — 



?r(i) = i, ir'(i) = A;'«^ 
?r,(i) = i, wi{i) = v 
?r,(i) = i, wiii)^i . 

ir(2) = Tr'(2) = 20-l-A;«) 

ir,(2) = fr;(2) = 20-i 

?r(3) = jk'*ir(3) 
Tr,(3) = ir,(3) 



(38) 



(39) 



>» 



(40) 
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r,(4) = i^c-i2C+i 

-6(o-i)(o-jfc»)+(a-ifc>)* 

= 60C7^-2O{4+;t')O+16+24&'+i* 

ir,(5) = 60r'=^20(l + 4Jt*)O + 1+24^ + 16/^* 

(4^) 
FT (6)= 120r-180(l+y)C+30(l + 10Jt*+Jfe*) ^ 

\V,{6) = It) ( 2C - ky-U(:2(J-k']k'-'A'2{G- 1) k* 

If^ (6^ = 120(7^^ - 180C- + 80^'- 1 4 82^- 

(4:>) 



h!xtensio}i'i of the RienuiHu-Uorlt Theorem in Plane Geouietri/, 
Bij F. S. Macaulay. lieceived and coinuiuTiicated June 
14tli, 1900. Received, in revised form, October 22nd, 190U. 



§ 1. 1nTR01)1:( llON. 

The onliiiJiry form of the tlioorom known as the Riemanu-Roeh 
theorem in the o^eometry of phme algebraic curves is capable of 
generalization in more than one respect. In the following paper I 
have stated and proved what 1 believe to be the most general form 
of the theorem (§4); and have given a corresponding, but less 
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definite, theorem for a more extended case (§ 6). The paper fonns 
an addition to an earlier one on " The Theorem of Besidnation, Ac." 
(Proc, Lond, Math. Soc, Vol. xxxi., pp. 381-423), to which several 
references, are made in the course of the proof (§§^-4). Apart, 
however, from any external reference, I have endeavonred in the first 
instance to explain what the generalized Riemann-Roch* theorem is. 

Suppose that two given algebraic curves Cj, (7„ having no common 
factor, intersect in any manner in the plane, and that, the origin is 
taken at one of their points of intersection. In the most general 
case (7„ Oj will have multiple points of any kind at the origin, with 
any kind of contact. The intei'section of C^ and C, at the origin is 
called a base-point, whose degree n is the number of ordinary points 
to which it is equivalent. This base-point a, and the conditions 
which it supplies for a curve, are determined by finding its a inde- 
pendent equations, which are the linear equations satisfied identically 
by the coefl&cients of both (7, Pi and C,P„ where P„ P, are arbitrary 
power series in x, y. 

More generally, the condition that a given system of linear equa- 
tions may be the equations of a base-point is that the equations are 
satisfied by the coefficients of GP as a consequence of their being 
satisfied by the coefficients of (7, where, as before, P is arbitrary. 
Without entering into further details as to the character of the 
equations, we may add that the particular kind of base-point which 
is the whole intersection of two given curves at a point is called a 
one-set point, and its set of equations a one-set system. 

Base-points include all kinds of points, viz., the ordinary point, of 
degree 1 and order 1, the equation of which is zl=:0 (s^ being the 
coefficient of x^"^y'' in the general polynomial of any order, so that 
jp ^ q >' 0) \ the ordinary i- point, of degree \i{i-\-\) and order i, 
which supplies an ordinary i-fold point for a curve and no furthei* 
conditions, whose equations are :?J = for all values of j9, 5, such 
that i > p ^ q\ the one-set point, which is the whole base-point 
common to any two curves at a point ; and, in general, the ^-set 
point, which is the whole base-point common iot-\-\ fixed curves at 
a point, of any order i ^ / and any (finite) degree q ^ ^i (i-hl). 

A base-point is said to form part of and to be contained in another 
if both are situated at the same point and if the equations of the 
first are deducible from those of the second. Given any base-point, 
we can always find an ordinary z-point, and also a one-set point, 
which contains it. 

2 e2 
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A point-hasB in any g^^oup of ba4^e*point« (nidiiding utijr nmttiber of 
ordinary points),, all finitely aepara ted and in thf finite ^e^ion of the 
plane; and itfi degi'ee N is the fium of the degrees of its basa-pointa, 
A point-biise forms pat-t of and is contained in another if each of ita 
bftse-pointa in contained in a base- point of tho other. 

Tf S is tlie gisnej-al algebraic curve tli rough any gtven paH q of 
one-flet point a, then the remaining part r of a iii that base- point 
tbronp-h which R muKt pass in order that the CM>mpo8it« cnrve S+ST 
(analyticnll^'^ SH) may pasH tbi-ough a. The base- points g, r are 
said to bo residual with respect to a, and the sum of their degrees 
r^ + r is equal to a. 

Similarly, if N^N* is any giTen point-base made up of tm^-set 
points {inciudinpf ordinary points), and N any given part of it^ and S 
the geuentl algebraic curve through N^ then the remaining part N* 
is that point-hmiu through which S' mnst pass in order that the 
composite curve S+Sm^j pass thi*ough N-^N\ The point^bas^s 
N^ A'' are said to ho reividual with res port to N+N'. 

With this explanation it is hoped that the enunciation of the 
generalized Riemann-Roch theorem (§ 4) may be understood. This 
theorem pives all the defects and excesses of N in terms of those of 
N when iV-f-iV forms the whole intei*section of any two given curves. 
The ?i-ic defect of A' is the degree of freedom of an ?^-ic through N \ 
and the //-ic excess of A^ is the excess of the number AT over the 
number of independent conditions supplied by A'' for an 7A-ic. 

The generalized Riemann-Roch theorem may be thus contrasted 
with the ordinary theorem : — The ordinary theorem refers only to 
the point-base formed by the whole intersection of any given curve 
C',„ with an adjoined curve ('„._3 ; not to the whole intersection of any 
two given curves. Again, in the ordinary theorem, the point- 
base N, instead of being a// v part of the whole intersection A'+iV"' 
of G,n and C'„, 3, ha,s an ordinary (i — l)-point at each multiple point 
of order t on (',„ and i — \ on 6'„._3; the corresponding residual base- 
point of A^' being then also an ordinary (t — 1) -point. Lastly, the 
ordinary theoicm gives only the values of d',„_j^ and e',.^, viz., 
rf',.-3 = ^m-3 and o'„.r, = d„._3. 



§ 2. Rrsoi.ution of Base-Points into Simplk Elements. 

It is easy, in practically endless ways, to lesolve any given base- 
point q into simple elements, that is, to arrange its equations in such 
a way that any the tirnt </, of them shall be the equations of a base- 
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point Qi* It will be sufficient to explain one way of doing this. 
Let J^ = be any prime equation of the base-point q, and let n he 
the highest value of p in any «J appearing in E, Arrange the 
derived equations in the following order : — 

(^)::.,=o, (E):::\=o, 
(i?)::,,=o, (b):::j=o, (B):::j=o, 



Any one of ihese equations has all its derivatives occurring befoi*e 
it. Thus the equation (E)l^^i = is preceded immediately by its 
derivative (J&)r«,+i = 0, and at a greater distance by its derivative 
(E)Z„ = 0. Hence, if we take the equations in this order, and reject 
all those which are deducible from equations previously written, the 
first qi which remain are always the equations of a base-point q^ 
These equations may be combined in any way with the derivatives 
of all the other prime equations of q; it being only necessary that 
the derivatives of the same prime equation preserve the right order 
among themselves. The reasoning is not affected if two different 
pHme equations have several of their derivatives the same. 

In the case of a one-set point ^-fr a faHher property can be 
proved, viz., that its q-\-r independent equations can be so arranged 
that the first q of them .ire the equations of any given base-point q 
contained in q-i-r, while any the first q^ of them are the equations of 
a base-point jj. If J^ = is the prime equation, and 

E, = E, = ... = E,,r--0 

any set of independent equations of the one-set point, and if S and »S' 
stand for l,sfx^'^y* and S^'^a^'^y* respectively, then the value of E 
for SS' is identically 



* A base-point differs in character from a point-group in respect to the fact that 
the simple elements from which it is built up must be regarded as having an order 
of arrangpement. 

The notation employed is the same as that in the paper of Vol. xzxi. The /^h 
here used have no connexion with the Hn which stands for n-ie excess ({{ 4-6). 



to l)e tlie equations of the given f):ise-j)oint q\ then 

are the equations of the corresponding residaal has 
p. 402). Further, choose ^„ ^„ ..., JB?, so that i 
them correspond to a base-point g,. Also choose 
that any the first r, of them correspond to a base-p( 
is effected by a suitable linear transformation of jP„ 
corresponding linear transformation of E^^i, E^^^^ 
leaves the value of E^^^F.-i-E^^tF^.^-k- ...-\'E,^rf 
same as before. Then, since 

F,=F,=...= F,. = (r,= 

are the equations of a base-point r,, 

E, = E, = ... = E,^=:0 {q,^q + r-l, 

are the equations of the corresponding residual base- 
p. 402). Hence any the first q^ of the equations 

E, = E, = ... = E,,,=0 

Ave the equations of a base-point g,. 

Also, if 8 passes through the base-point g, whof 
JE7, = JB?, = ... = ^,, = 0, and 8' through the base-p 
equations are F^ = F, = ... = JP^ _i = 0, where q^-\ 
8ff passes thix>iiErh a bnsp-nninf ^.l- i — ^ * 



1900.] Riemann^Roch Theorem in Plane Oeonietry. 423 

From this it follows that, if N-^- N' is any point-base made up of 
one-set points, and if ^ is any given part of it, and N* the remaining 
part, then the conditions which N-\-N' supplies for a curve may be 
resolved into simple elements Cj, 6',, ..., Cx*.x** which can be chosen 
definitely in such a way that the first N of them are the conditions 
which the given point-base N supplies for a curve, and any the first 
N^ of them the conditions which a point-base JV, supplies. To these 
will correspond a unique residual set of conditions CJ, CJ, ..., Cy^ifn 
such that any the first N\ of them are the conditions supplied for a 
curve by the point base N{ which is residual to N^ with respect to 
N'\-N\ where ^,-h^i'=^+^. Moreover, if the conditions 
6^„ (7„ ..., Gx^ are satisfied for ^^ and C[, Ci, ..., Oir/-i for 8\ then 
SS' passes through a point-base ^-h^'— 1 contained in N-^N*. And 
SS' does not pass through the whole of ^-f^' unless Gy^^x is satisfied 
for.S, orC;.f.oriS'. 



§3. Point-Base forming thk whole Intersection of Two Curves. 

The (Z-hm— 3)-ic excess of the point-base Im formed by the whole 
intersection of two curves 0/, C^ is 1. In other words, the point- 
base Im supplies lm—1 independent conditions for a curve of order 
Z-f w— 3. It does not necessarily follow that any point-base N 
forming part of the point-base Im supplies N independent conditions 
for a curve of order Z-f m— 3. Hence the following theorem, which 
states this to be the fact, is of importance : — 

Any curve of order l-\-vi—S through any point-hose Zm— 1, forming 
part of the intersection of two curves Ci^ (7„„ passes necessarily throitgh 
the whole intersection of Gi, C„,. 

Any point-base Zm — 1 forming part of the point-base Im has a 
residual point-base of degree 1, which must therefore be an ordinary 
point. Take the origin at this point. Let C/^,„_8 be any curve of 
order l-\-m—S through the point-base Zm — 1. Then, since xsLiidy 
are two curves through the residual point-base, we have 

aiid yGu„,.i= 0,B^.2-hO„B/.2, 



* These conditioiis are that certain homogeueooH linear functions of the co- 
efficients of the curve ^, expressed by means of the values of S and the partia 
differential coefficients of S at the varioua base-points of JV-i- N% should yanisn. 



i24 



Dr. F, S, Macaulity on Extefmon^ of the [Jtrae 14, 



whei-e j4;_a, J,a,_j, £; J, -S„,_i are |MiVviirjmialB wIjobc oitlers iiv\5 m- 
dicated by the snffijces. From these we liave 

Henne, i^ince C^, C„ have no common factor, and xB^_.^—yA^^i is of 
less order than 0,„, we huve 

;rB^_s— ^-4«_j ^ and yAi.^—xBi^^ = 0. 

HeticR .!„,... and At -7 a^re both dirisible by ir ; and, writing ;rj4»_i, 
jJt_j for them, we have 

which jirores the theorem, 



§ 4. The GENEaALiZED Eiemahk-Roch Theorem. 

If the point -base forniinij the whole iiitersectuni 0/ two curves Ci, C„,, 
which have no comtnon farior and no intersect i 0)1 at infinity^ is divided 
into any two residual point-bases N, N\ and if r/,,, d'„ Z)„ are the n-ir 
defects, and 6„, e,'„ Ji/,, the n-ic excesses, of N, N\ N -\- N' respectively, then 
d\,. = e„ + Bn' and e,',. = r7„ — Z>„, where n -\-n' •=. / + m — 3. 

We shall prove first that e',. ^ d„ — L)„. Since r/,,4-1 and A. + l 
are the numbers of linearly independent curves of order n through 
N and N-\-N' respectively, it is clear that d„ — D„ > 0. Also, if 
d,^—D„ = 0, then e'„, ^ </„ — D,„ since e',. ^ 0. This shows that the 
inequality holds in all cases in which iV does not lie on an ?i-ic, for 
then d„=—l = i),„ and in all cases in which an 7/-ic through N 
passes of necessity th rough the whole of N-^ A". 

If dn-D^> 0, we have d,, ^ 0, since J)„ ^ — 1. Also d„ — D„ is 
the number of (extra) independent conditions which the whole point- 
base A^ 4- A" supplies for an w-ic drawn through A". Hence an ?/-ic 
can be drawn through N, and can be made to satisfy d„ — D„ — 1 
further independent conditions supplied by the point-base N-\-X\ 
without vanishing identically and without passing through 
whole of N-\- N'. Let the conditions that N-i-N' supplies for a curve, 
viz., Ci, Cj, ..., Cy^y,, be arranged definitely as in § 2 ; and suppose 
them applied successively to a curve of order n. Among the condi- 
tions Cy,„ Cy^2^ ..., Cy^y thcre will be d„ — D„, each one of which is 
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not a consequence of all the preceding (including Cj, Cj, ..., Cjf). Let 
these be Cj^.+i, Gy^^u .., Gyp*u where N^ > N^^i > ... > N^ ^ N 
and p = d„— D„. The last condition Cy ^i will require that the n-ic 
vanishes identically if D„ = — 1, otherwise not ; but an w-ic can in 
any case satisfy all the conditions up to (7jv . Now apply the residual 
set of conditions 0[, Ci^ ..., C^, to a curve of order n. Then the 
condition C'y> , where JVp^-^ = N-{-N\ will be satisfied as a conse- 
quence of the conditions C[, G^, ..., Oj^,-!- For an n-ic which satisfies 
the conditions (>,, (7„ ..., Gy and an ??'-ic which satisfies the condi- 
tions CJ, G'ij ..., Cy. _, make up an («-f n')-ic which passes through a 
point-base N-\-N'—l contained in N-\-N' (§2). This must pass 
through the whole of N-\-N' (§3). Hence one of the conditions 
Gy^^u Gy,^ must be satisfied (§ 2) ; and since, by hypothesis, the 
condition C,v,^i is not necessarily satisfied by the n-ic, the condition 
G'y is necessanly satisfied by the «'-ic. In the same way it is shown 
that each of the conditions Gy*^, ^J^'-.r • • • » G'y.^ is a consequence of those 

which precede (JVp<-AJ^^. I <...<jV; ^ A" since N^>Np.^> ... >N^>^N). 
If at any time the conditions applied to the n'-ic make it vanisli 
identically, then all the remaining conditions up to Gy* are conse- 
quences of those already applied. Hence there are at least 
p = d„—D„ of the conditions ^i', CJ, ..., G'y which are consequences 
of the rest, when applied to an n'-ic. Hence e,'» ^ (i„ — D„. Similarly 

These two inequalities can be converted into equalities by nieaiiK 
of the known form nice 

i^-e,-fJ,4-l = h (n + l)(n4-2), (1) 

andD„-hl=[i(n-Z+l)(n-Z-f2)]-f[^(n-m-hl)(n-m-f2)j,(2) 

the square brackets in (2) indicating that the products enclosed are 
to be retained only when the individual factors are positive. By 
formula (2), since n'\'n = l-{-m — 8, we have 

2)„ + l+D,, + l=^(«-Z + l)(«-Z + 2)+^(n'-Z + l)(n'-Z+2). 

Also, by (1), e'„.-d:. = N'+l-^0,'+l){n' + 2), 
and e,-d, = N + l-i(H + l)in + 2). 

Also N+N' = lm. 
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Adding, we hava ( r ;,--<+i3. ) + («,.- ^h' + JP#) = 0. 
Therefore f,v = i^« — ^^m ^^^ 'O =■ ^^+-0,**. 

Tiiu two fitruiulip (3) fu»0 eqoivwlent by virtue of (1) aiid (2). 

§ 5. CONSEQITENCES OF THK THKOEIM. 

Tlie eqiio-tioas e',^ = ti,,^!),, and ^^^i =; ef^+i^H', 
where «' =;= /H-m — n^S, 






besides g^iviTiij;^ all the spaiMtte and defects of ^' in tei-ms of those of 
Y, yield tlie following important i^Biilts, which are different aspects 
nf a- sinje^le thearem. We asanme an heretofore tliat the whole inter 
seotion of Ct, 0^ \b in the finite region of the plane. 

(i.) If r^'n = 0, then tf„ = 1>«, i.e., an n-ic thraugh N pm\ 
thniin^h flie whole of N-^N': and, if e^>0, then d^ > D.,. HGnrr on 
n-ir drawn through any point-hase N", forining part of the intersection of 

two curves Ci, (s,„ is or is not necessarily of the form CiS,^.i-\-C„^Sn.„^, 
nrrordimj ns the (/+»? — n — 3)-ic excess of the point-hase N\ forming 
the remaining intersection of Ci, ('„„ is (O' is not zero. 

(ii.) If e„ = 0, then d[,' = I)„. Hence^ if the n-ic excess of the point- 
hase N is zero, i.e., if the point-base N supplies N independent con- 
ditions for an n-ic, (-r in other ivords is regular far an n-ic, then an 
{l-\-m—n — \i)-ic through N' is of the form. CiS-\-C„,8'. If Z-f m— n — 3 
is less than m, hut not less than I, the (l-\-7n — n — 3)-ic is of the form 
CiS ; and, if l-{-m — n — 3 is less than both I and m, there is no 
(I -\- ni —n — 3)-ic th rough N'. 

(iii.) An important particular case of (ii.) is obtained by putting 
II z= I. If the point-bdsc N, forming part of the intersection of two 
curves Ci, C„„ is regular for art l-ic, then any {ni — 3)-ic through the 
jyoint-base N\ forming the remaining intersection of Ci, C,„, is of the 
form CtS ; and there is no (?^i — 3)-tc through N' if I >m — 3. (Cf. loc. 
cit., p. 417, footnote.) 

§ 6. Point-Base made up of One-set Points. 

The reasoning by which the theorem of § 4 is established is 
applicable, except as regards the use made of Cayley's theorem in 
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formula (2), to any point-base N-\-N' which consists entirely of one- 
set points. We thus have the following theoi'em : — - 

If a point-base N-\-N\ made up of one-set points, is dicided into any 
two residual point 'bases N, N\ and if d,„ rf'„ D„ are the n-ic defects, and 
e„, e'„, En the n-ic pvccesaes, ofN, N\ N-{-N' respectively , then e'^, ^ d^^B^ 
and rfv ^ <?« + ^»i/» provided any (n-tn')'ic through any point-ba^e 
N-\-N'—\ contained in N-\-N* passes necessarily through the whole of 
N-\-N' or vanishes identically. 

The greatest value of 7t + w', consistent with tbe conditions, gives 
the best results. 

These two inequalities are not equivalent, and cannot be converted 
into equalities, because Cayley's theoi-em is no longer applicable. 
The first gives an inferior limit, and the second a superior limit, for 
the degi'ee of freedom of a curve of any order through N\ if the 
degrees of freedom of curves of all orders through N-\-N' and 
through -W are known. By means of formula (1) the inequalities 
may be wntten 

E,-N' >: e„-e'^, ^ N-E,,. 

If N-\-N' is a point-group two other inequalities of some interest 
can be proved. Those already given may be written 

A. ^ dn — p,V and L„ ^ rZ', — <?„., 

provided an {n-^n)-ic drawn through all but any one of the N-\-N' 
points passes necessarily through the last or vanishes identically. 
The other inequalities may be written 

E„ ^ <'„+e;.. and L\ ^ e;, + e„., 

the first with the proviso that an (n — n )-ic can be drawn through 
the N points without passing through any of the N' points, and the 
second with the proviso that an (;*— n')-ic can be drawn through the 
N' points without passing through any of the N points. It is to be 
observed that, if 7i is the same in all four inequalities, n' is different 
in all except the first two. The greatest value of n', consistent with 
tlie conditions, gives in every case the best results. 

The N' points supply d^ — I)„ independent conditions for an w-ic 
through the N points. Hence d„— D„ points can be chosen out of the 
N^ points such that, if an n-ic can be drawn through the JV and the 
//h — D,» points, it must pass through all the A'' points. Now, if an 
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j/-ic rati be drawn tbi*ough the d,, — D^ pointa, ami an (w^w')* 
through the Appoints, wit hoot passing thrtmjjh any c*f the ^ point 
then the n'-ic and (w— n')-iG make up Fin n*ic wbich must pm 
tb rough all the N' pointe. The »'-io must therefoi^ pass tb rough all 
tlie A'' jiointt?, i.e.^ the N* points do not supply more than d^—D^ iu^ 
depemlent conditions for an «'-ic. Also, if no ti'-ic can be draw 
tbi-ough the dt^^I)^ pointa, then figaiu the N^ point* do not snpplj 
more tliaii r/,, — U^ conditiooK for an n'-ic. Hence, io all caaes, if tl 
pit)viao respecting tbe (ji — n')-ut holds, we have N^ — e!,, ^ d^ — D^ 
E^ € e., + ei^| by formnla (I). The inequality E^ ^ el + e^. 



i.c,. 



proved in a similar way. The reasoning i« not applicable if N-^N 
124 a point- base made up of one- set pointe unless tbe residual point 
bases Nf N* into wbicb it ia divided aneentinely sepamte. 



§7. General Eemahks. 



1 



Tlie folliiwing notes will he of some use if tbey prove suggestive 
of other possible modes of investigation of tbe properties of point- 
bases. 

(i.) The most general property of point-bases proved above is that 
expressed in §G by the ine(|uality el, ^ f/„ — D,,, wbicb may be inter- 
preted analytically as follows: — Choose the point-base N -\- X' 
arbitrarily by givinc^ to each of its one-set })()ints a any situation and 
any prime equation. The value of a for each one-set point may be 
found from its prime e(iuation, and tbe value of N-\-N' is 2a. The 
conditions supplied by the point-base N-}-N' for a curve of any order 
n are known, and the value of Z?„ is to be found from tbe fact that 
N-hN' — E,, is the number of independent conditional equations 
wbicb tbe point- base aY-f- A'' supplies for an ?/-ic. Let w-f n' be the 
highest value of n for wbicb A\, does not vanish,* i.e., let n-\-n be 
sucb that ^„^,,/>0, ^„^„,^, = 0. Cboose arbitrarily a base-point r; 
out of each one-set point o, i.e., cboose any of tbe equations of « as 
tbe prime equations of q. Then tbe point-base N made up of tbe 



• Ar n increases ^„ diminiBlies, never remaining stationary. Hence J?„ must 
vanish if n has a sufficiently high finite vahie. Or, again, r„ must vanish for a 
given point-base X if e,^ vanishes for any point-base vrhich contains N ; and a 
point- base can always be found which contains N and consist.** entirely of ordinary 
t-points. For this latter kind of point- base r„ vanishes when ti has a sufficiently 
high value. (C. A. Scott, •' A Proof of Noether's Fundamental Theorem/* Matht- 
nmtUche Atmaien, Vol. Lii., 1899, pp. .')93-,597, ^ 3.) 
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base-points q is any paH of N-\' N\ and the values of N (viz., 2gf) 
and Ch may be found in the same way as those of -AT-f ^' and E^. Let 
»S be the genei*al algebraic curve of an order >n-^n' which passes 
through -AT, and let S[,' be the general algebraic curve of order n'. 
Then the number of independent conditional equations (not involving 
the parameters of S) which must be satisfied by the coefficients of 
S'n* in order that the composite curve SS',,, may satisfy all the con- 
ditions supplied by the point-base N-k-N^ is N'—e'^r, and the in- 
equality el, ^ J„— D„ states that the number N'—e,!, ^ En—e„. 

Hhe validity of the theorem is dependent on the proviso that any 
(n-l-n')-ic through any point-base ^+^'—1 contained in N-^N'' 
passes of necessity through the whole of N+N', or vanishes 
identically. This is expressed analytically by saying that, if S is 
any (n-hn')-ic such that both (x—Xj) S and (y— yO S satisfy all the 
conditions supplied by the point-base N-^-N', then S itself must as a 
consequence satisfy all the same conditions, or vanish identically, no 
matter what Xi and yj are. The only paii^ of values of ajp yj which 
need be tried are the coordinates of the points of the point-base. 

(ii.) The limitation of a point-base, by definition (§ 1), to the- 
finite region of the plane is important. Base-points which go to 
infinity disappear, and must be regarded as non-existent, unless some 
method is devised for taking them into account. If C/, 0„ are any 
two given curves, having no common factor, the number of con- 
ditions satisfied identically by the curve CiSi-\-C„,S^ (S^^ S^ being 
arbitrary polynomials) is Im — d, where d is the number of (ordinary) 
points of intersection of the two curves (7/, (7,„ which have disappeared 
at infinity. The number Im—d is also the degree of the whole 
common point-base of the two curves ; and the general curve of 
order n through the whole common point-btise is of the form 
(7/S>i-|-C,«S5, where, however, 8^^ S^ must be of higher orders than 
n— Z, n— ?>i respectively, if n exceeds a certain value. 

This suggests the question whether, having given any point-base 
made up of one-set points, two curves Ci, 6',,, can always be found 
which pass through the point-base and have no further intersection 
(either at the base-points or at any other points) in the finite region 
of the plane. Any curve through the point-base would then be of 
the form C/^Sj+O^S, ; but even if, as supposed, two fixed curves 
(7/, Gt^ should suffice to determine the point-base uniquely, it does not 
follow that the fact could be used to much advantage. 
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iiiu) iSinco a base- point in the iutei^s taction of two or mor^ cui'vew 
nt a. point, it is natural to seek a method of obtaining the eq nation t< 
of n hiLse-point at a given point *>o a given carve. 

First, ti'unsfer the origin to any oitlinarj point on the curve. 
Expand y in powers of x (or x in powers of ^ if ac = is the tangent 
to the cnrve at the origin), and snhstitute the expansion for r/ in thi* 
power series Xz^r'^'^ft or the oxpanfiion for rj in Sz^j^ij". We thit^ 
obtain a ptnver aenes in x whoi0 coefficients are linear homogeneous 
functions of the r s- The coefficient of .r"^ ef|uat^fl to zeix> is then the 
prime equation of a base- point lying on the carve at the origin; and 
tliis is iL 4)ne-36t point of degree n-k-h The independent d^v^ 
cqutitions are thorte obtained by equating the coefficients of 
y*\ lt="'^ ...,.?-* to zero, Thei^ is no definite limit to the degree, 
since 7* is um-estricted ; but there is only one base -point of assigned 
degree on the curve at the origin* It should be added that the 
prime equation 2XjzJ = is uf a simple and special type, all it*i 
derivatives SAj^jT™ = being deducihle from those alone for which 
VI =: 0, Z = 1, 2, ..., n. 

Xext, transfer the orisfiii to a multiple point of order / on the curve. 
By the same process as before, we ol)tain one prime equation corre- 
sponding to each linear branch tlirough the origin. For a supei-- 
linear branch of order k (the tangent not being o^ = 0) we expand rj 
in integral powers of x^ '' and substitute in Sr^r^'r;'. The coefticionts 
of x"'\ .r"'' *, ..., .c'— *-')* equated to zero ,L,ave us k more prime ecjua- 
tlons, which are not of the same simple type as those corresponding 
to linear branches. We thus obtain, in all, / independent prime 
€(|uations, which may be called the fundamental prime equations 
corresponding to the given curve at the origin. Any equation 
linearly deducible from these and their derivatives is the prime 
e<piation of a one-set point on the curve ; and any number of such 
e(iuations (after omitting those which are deducible from the rest 
and their derivatives) are the prime equations of a base-point on the 
curve. 
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The following presents were made to the Library during the 
recess : — 

** Educational Times," July-Oct., 1900. 

** Indian Engineering," Vol. xxvn., Nos. 21-26, May 26-June 30, 1900; 
Vol. xxvm., No8. 1-11, July 7-Sept. 15, 1900. 

Rayet, G. — ** Observations pluviometriques et thermometriques faites dans le 
Departement de la Gironde de Juin 189S a Mai 1899," Svb ; Bordeaux, 1899. 

Miiller, F. — **yocabulaire Mathcmatique fran(;ais-allemand et allemand- 
fran<;ai8,*' Iste Hiilfte, 8vo ; Leipzig, 1900. 

'* International Association for Promoting the Study of Quaternions and Allied 
Systems of Mathematics," 8vo ; Toronto, March, 1900. 

John Crerar Library.— " Fifth Annual Report for 1899," 8vo ; Chicago, 1900. 

Fischer, O.— ** Der Gang des Menschen," Theil 3, 8vo ; Leipzig, 1900. 

Cambridge University Library. — *' Report of the Library Syndicate for 1899," 
4to; Cambridge, 1900. 

Extracts from the ** Memorie del R. Istituto Lombardo di Scienze e Lettere " : — 
Veratti, E. — '* Ricerche sul Sistema nervoso dei Liniax," 4to : Milano, 1900. 
Fossati, F. — ** Bibliografia Volticina," 4to ; Milano, 1900. 
Monti, R. — " Le Ghiandole palivari dei Gasteropodi terrestri," 4to ; Milano, 

1899. 
Jatta, M.— ** Sulla Geneni della Fibrina," 4to ; Milano, 1899. 

Adams, J. Couch.—** The Scientific Papers of," Vol. n., 4to ; Cambridge, 1900. 

Lemoine, E. — *' Comparaison geometrog^fique de douze constructions deduites 
de onze solutions d*un mcme probleme," pamphlet, 8vo ; Paris, 1899. 

McGinnis, M. A. — " The Universal Solution for Numerical and Literal Equa- 
tions," 8vo ; London, 190u. 

Biddle, D. — <* Mathematical Questions and Solutions from the * Educational 
Times,' " Vol. Lxxra., 8vo ; London, 1900. 

Bashforth, F. — " A Second Supplement to a Revised Account of the Experiments 
made with the Bashforth Chronograph," 8vo ; Cambridge, 1900. 

Capelli, A. — *' Sull' Ordine di Precedenza fra le Operazioni fondamentali dell' 
Aritmetica," 8vo ; Napoli, 1900. 

**The Cardioide and some of its related Curves," Inaugural Dissertation ziir 
erlangung der Doctorwiirde in University of Strassburg, by R. C. Archibald ; 
1900. 

The following exchanges were received: — 

** Annals of Mathematics," Series 2, Vol. i., No. 4 ; Harvard, 1900. 

"Proceedings of the American Philosophical Society," Vol. xxxix.. No. 161 : 
Philadelphia, 1900. 

** Proceedings of the Edinburgh Mathematical Society," Vol. xvni. ; 1899-1900. 

** Proceedings of the Royal Society of Edinburgh," Vol. xxn. ; Edinburgh, 
1897-98, 1898-99. 

" Memoires de la Soci6te des Sciences Physiques et Naturelles de Bordeaux," 
Tome ni., Cah. 2 ; Tome v., Cah. 1 ; Proces Verbaux, 1898-1899 
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** SupplciQcntjj id PyrUidii.if> cLi Iff interna tlcjt/ * Anno iii., Fjmc. 8 ; June* ISOO* 

** Frwwdiugji of tlit* Eoyal Sticiety," Vol. uve,, Nq«. 430^4:I*'5, 19O0 ; -^ R«port * 
riml "' Further Report to tlie Mularb Cotninitteo,** 1&0(I, 

" Beiblatkr zu dea Aunftlen der PhyHik imtl Uhemie," Bd. xxtv., St. 5-a j 
Leipzig, 190(L 

** Bidletiii de la SociH* Mathdroatiqaa de France/' Tomit xxinii , Fii^^. 2, 
PariH, 1900, 

" Amiakfi dc laFaculte d^ Soienoea de Ton!ou»o." Sptw 2* Tume i., Fa»c. 4 ; 1890 

** BnUetLu of tJie American MaUiematical 9ooiet)%'' StTia^t 'i. Vol, vr,, Ntifl| 
9. 1(1, June, July, l&flO i Now York. 

^* MomiUhi^Ue fiir Mathematilc uud Phywik/' Jibhr^^^uig xJ«i Pt. li; Wie 
]9i*0. 

** Rcule iHtltuto Lomlmrdo— Beuclictotiti,^^ Surie 2, VoL x\iii„ 1899* 

'* Bulletin dos Soienoei* Math^^matiquos," Tof&e xktt,, ICarfi-JuiB ; Tjibles 
Mnti^ies, Ti>ine xxni. ^ Paru, liioo. 

'♦Rendicouto dell' Awnideniia delle Science Fiiiicbe e Mateiimtie}ie»" Sflrie . 
Vol. VI., Fane. 5-7t May-July, IMOO: Napoli. 

''Journal fiir die roine uuti ange^andte MatheraaHk," Baud cxxn.. Heft 3^ 
ARgnnt, V90U ; Berlin. 

*' Annali di Matematica,** Serie 3, Tomo iv., Fasc. 3, 4 ; Milano, 1900. 

'* SitzungHberi(;hte der Physikaliech-uiedicinischeii Socictiit in Erlang^n/' 
Heft 31, 1899; 1900. 

" Atti della Reale Accaderaia dei Lincei — Kendiconti," Sem. 1, Vol. ix., 
Fasc. 11, 12, and Index ; Sem. 2, Vol. ix., Fasc. 1-0 ; " Anno 297, 1900, Rendi- 
couto deir adunanza Holenne del 10 Giugno 1900 onorata dalla prcsenza delle LL. 
Mm. il Ro e la Rcgina," pp. 455-540 ; Roma, 1900. 

'* Berichte iiber die Verhandlimgen der Kijnij^l. Siichs. Gefiellschaft der Wissen- 
schaften zu Leipzig," Bd. lii., Nos. 2, 3, 4 ; 1900. 

" Imperial UniverHity Calendar," Tokyo, 1899-1900. 

•'Nyt Tidsskrift for Matematik," Aargang ir.. A, No8. 5, 0; Copenhagen, 
1900. 

" Revue Semestrielle des Publications Mathematiquen, " Tome viii., Pt. 2, 
Oct. 1899-Avr. 1900 ; Amsterdam, 1899-1900. 

** Journal of the Institute of Actuaries,*' Vol. xxxv., Pt. 4, No. 198 ; Jidy, 1900. 

" Vierteljahrsschrift der Naturforschenden Gesellschaft in Ziirich," Vol. xlv., 
Ilefte 1, 2 ; March, 1900. 

" Proceedings of the Physical Society," Vol. xvir., Pt. 2, July, Pt. 3, Sept., 1900. 

" Annales de la Faculte des Sciences de Marseille," Tome x., Preface, Fasc. 1-6 : 
1900. 

" Sitzungsberichte der Konigl. Preuss. Akademie der Wissenschaftenzu Berlin," 
1900, Nos. 2»-3H, May 3-July 20, 1900. 

''Proceedings of the Cambridge Philosophical Society," Vol. x., Pt. 6; 
" Transactions," Vol. xix., Pt. 1 ; 1900. 

"Memoirs and Procoerlings of the Manchester Literary and Philosophical 
Society," Vol. xuv., Pt. 1 ; 1899-1900. 

'*Nachrichten von der Konigl. Gesellschaft der Wissenschaften zu Gottingen," 
Math.-Phys. Kl., 1900, Heft 1, (Jeschaftliche Mittheilungen, 1900, Heft 1. 
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'* Jahrbach iiber die Fortsohritte der Mathematik/' Bd. xzix., Heft 1, 2, 
and Jahrgang 1898 ; 1900. 

"Proceedings of the Royal Iriah Academy," Vol. v.. No. 5 ; Dublin, 1900.' 

"Transactionfl of the Canadian Institute/' Vol. ▼!., Nos. 11, 12, Pte. 1, 2 ; 
Toronto, 1899. 

" Proceedings of the Canadian Institute," Vol. n., Pt. 3, No. 9 ; Feb., 1900. 

'' Acta Mathematical* Bd. xxm., Pts. 3, 4 ; Stockhohn, 1900. 



APPENDIX {h). 
(Session 1899-1900.) 



In connexion with the recent issue of " A List of Members fi^om 
the Foundation of the Society," it may be of interest to note that the 
meetings of the Society have been as follow : — Prom January 16th, 
1865, at University College, W.C. ; from November 8th, 1866, at the 
Rooms of the Chemical Society, in Burlington House; and fi-om 
November 10th, 1870, to the present date, at 22 Albemarle Street, W. 

With reference to Mr. Macdonald's communication (pp. 152-157), 
the following letter has been received from Dr. L. Gegenbauer : — 

Soeben erhalte ich das neueste Heft der Proceedings of the London 
Mathematical Society, in welchem Ihre interessante Arbeit, " The 
Addition Theorem for the Bessel Functions,'* enthalten ist. Sie 
beweisen daselbst das von mir in meiner im lxix. Bande der Sitzungn- 
berichte der mathematisch - naturtnssenschaftlichen Clause der Kais. 
Akademie der Wissenschaften in Wien verttffentlichten Abhandlung, 
*' 0ber die Bessel'schen Functionen," zuerst aufgestellte Additions- 
theorem der Besserschen Functionen erster Art in der Weise, dass 

o- .. I, ^ J- 1!^ *• J" (y/a^-\-h^—2ah cos &) . , . , 
Sie zunachst die Function — ^ . ^ — - durch em be- 

{x/a* + 6*-2a6cos^}" 
stimmtes Integral ausdrucken,sodanneinen Factor unter dem Integral- 
zeichen in eine nach den Functionen Ui (cos &) fortschreitende Beihe 
entwickeln und endlich die Integraiiou unter Beniitzung des von 
VOL. XXXII. — NO. 737. 2 f 




I 



(lorsotzen vverde. 

In meiiier im Lxxxv. Bande dei* citierti 
schienenen Abhaiidlung, " Das Addition} 
FanctioQen, welche bei der Entwicklan^ von 
ii(i[?ftneun<3iTi itr^ltiit^r Kettenbryciie miftrtjt 
iieuer Bcgriindun^ meines AdditioiiBtht*f*i*etn 
uhne Beweis mitg^tlidlt 






^i^t^o.^jiyi..u ^^ dm f sill iff) iZ (co8^) I 

/2'.n(^)n(..)y 

ans dfir specioll folgt : 

(2) r e'*-** J* •*-'' (y sin ^) aiii* ^^* '► f i/f 

EiiienBeweis dieser lU'latif>ii iluU.^ ich in nieiuer 
}[t>^fuU»hefie fiir MntftiMtinttk und PhyUk, public 
iiber diu BesfturscdiLMi Functionen ei-atcir Art 
Kogbit^b henrf>ixeli*>lH^JJ* <ia«s dieselbe an der Eai 
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Setztman in der Gleichung (2), 

x= — a + h co8^, 
y = 6 sin ^, 
80 verwandelt sich dieselbe in 
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/-(y a^H-6^-2a6co8^) 
{ v^a* + 6=^-206 cos ^}- 



= /5 / ^^l- Y(6 8in^)-*<2^-»)ret-«.6co.^^co..) 

v2(^2-n(^"--i-)n(.); Jr 

X /*(''•'-•> (6 sin ^ sin ^) sinif*"**) f» J^. 

Entwickelt man nun die Function e"''*^'*** J* ^^""^^ (6 sin 3 sin <^) mit 
Hilfe der Gleicliung (3) in eine nach den Fnnctionen CJ (cos ^) 
fortsclireitende Reihe, so erhalt man weiter 



J- ( vV4^- 2a6 cos ^) 
{ya*-f 6*-2a6co8^}'' 

X [' e -"•""♦ 0; (cos 0) 8in^'9 <i^, 

Jo 

woraus sofort das Additionstheorem folgt, weil, wie ich in meiner im 
Lxxv. Bande der citierten Sitzungshenchte ver5ffentlichten Mittheilung 
** Uber die Functionen C\ {x) ** gezeigt habe 

der Coefficient von C{ (ir) in der Entwicklung von e"** nach den eben 
genannt«n Functionen ist. 

Gestatten Sie mir noch, dai'anf hinzuweisen, da«B man unter 
Benutzung des eben erwahnten Satzes aus Ihrer Gleichnng (A) so- 
fort das Integral 



J« { \^a* + 6' — 2a6 cos 5} 






2 F 2 
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ableiten kann, aus welchem sich, wie ich im lxxxy. Band der oft 
geDannten Sitzungsberichte bemerkte, unmittelbar das Additions- 
theorem ergibt. 

Sollten Sie glauben, dass die obigen Auseinandesetznngen die 
Mitglieder der London Mathematical Society interessieren, so 
ersuche ich Sie, dieselben ihnen im Anschlasse an Ihre Arbeit 
Yorzulegen. 

For the accompanjing obituary notice of the late Signer Beltrami, 
the Council are indebted to Prof. G. H. Bryan. 

Eugenic Beltrami was bom at Cremona on November 16th, 1835. 
His grandfather, Giovanni Beltrami, was a famous sculptor on 
precious stones, and his father, Eugenic Beltrami, senior, was also an 
artist, especially in miniatures, his mother, Elisa, of the Venetian 
family Barozzi, being still alive. Beltrami inherited the love of 
fine arts, and was brought up in his youth by his mother and grand- 
father. He attended school at Cremona, except in 1848-49, when, 
owing to the war in Lombardy, he went with his mother to Venice. 
From 1853 to 1856 he studied mathematics under Brioschi at Pavia, 
where he held a scholarship in the CoUegio Ghisleri. His University 
career was cut short in consequence of an agitation of the students 
against their Rector, and he was obliged to accept an appointment at 
Verona as private secretary to Diday, engineer to the Lombardy 
Railways. For political reasons he lost this post in January, 1859, 
but was reappointed after the battle of Magenta, when Diday trans- 
ferred his office to Milan, taking Beltrami with him. 

At Milan Beltrami renewed his mathematical studies, devoting 
much time to reading the works of Bordoni, Brioschi, Monge, Jacobi, 
Abel, Gauss, Lagrange^ and Riemann, and an impetus was given 
to these studies by his making the acquaintance of Cremona, when 
that mathematician came to Milan to deliver a course of lectures at 
the Liceo S. Alessandro. 

Beltrami rapidly developed as a mathematician, and in 1862 we 
find him publishing two papers in the Annali di Matemattca, edited by 
Tortolini, of Rome. These proofs of his power resulted in his ap- 
pointment as Professor Exti^aordinarius of Algebra and Analytical 
Geometry in the University of Bologna. His tenure of this chair 
was of short duration, for in the following year he was appointed 
Professor Ordinarius of Geodesy at Pisa. Here he remained three 
_yeai'8 and made the acc\uaiT\tance of Betti, which developed into a 
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life-long friendship. He also enjoyed the society of Riemann, who 
was staying in Pisa on account of his health. But the climate did 
not suit his mother, and, accordingly, Beltrami sought an early 
opportunity of returning to Bologna, where he lectured on rational 
mechanics. In February, 1868, he married Amalia Pedrocchi, of 
Venice, and about the same time published his famous memoir on 
non-Euclidean geometry, entitled, " Saggio d* interpretazione della 
geometria non euclidea," In February, 1870, Rome was restored to 
Italy and became the seat of Government. On the appointment of 
Antonio Scialoja as Minister of Public Instruction, the University 
of Rome was reconstituted, and in October, 1873, Beltrami was 
ofPered, and accepted, the post of Professor Ordinarius in the subject 
of Rational Mechanics, with the added duty of conducting a class 
in Higher Analysis. On entering into office, however, Beltrami 
found that the scheme of reconstitution was hardly accomplishing its 
ends in the way that had been predicted ; he was alarmed at the 
difficulties attaching to his new duties, which interfered with his 
private studies, and he lost no time in seeking a more congenial post. 
Accordingly, in 1876 he accepted an appointment at Pavia as Pi-o- 
fessor of Mathematical Physics and Lecturer in Higher Mechanics. 
His departure fix)m Rome was a source of much regret to his col- 
leagues there, who hoped that he might soon return to them ; 
but this hope was not realized until 1891. At Pavia, if the climate 
was not healthier, he, at any rate, found greater quiet and new finends, 
among whom Felice Casorati became his close companion. The 
premature death of Casorati in 1890 was a source of considei'able 
gi'ief to Belti^ami, and was, probably, the factor which determined his 
I'etum to Rome in the following year. Hero he held the office of 
Councillor of Public Instruction ; two years ago he was elected 
Pi-esident of the Reale Accademia dei Lincei, and he was elected to 
the Senatorial rank shortly before his death. 

Of Beltrami's works, the catalogue in the special number of the 
Atti ffei Lincei for June, 1900, enumerates one hundred and thirty- 
four. Prof. Cremona, in his obituary address to the Academy, 
describes Beltrami as a " self-made man " ; but by this he means rather 
a ** self-taught man " — a man of original ideas, in fact. His duties 
at Pisa directed his attention to Gauss's theory of sui'faces and the 
mathematical theory of maps. He was thus led on to the subject of 
conformable representation, to transformations of complex variables 
on surfaces, and, finally, to non-Euclidean geometry ; in which latter 
subject we are largely indebted to Beltrami for the fundamental 
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properties of the pseudosphere, and for many developments of the 

doctrines of G-anss and Lobatchewsky. 

In his obitnary address on Brioschi Beltrami distinguished two 
schools of mathematicians — the classical school, represented by 
Fiuler and Jacobi ; and another school, founded by Lagrange, and 
developed by G-auss and Dirichlet, and still further developed by 
Cauchy and Riemann. Beltrami claimed that Brioschi was one of 
the first school, and Cremona now places Beltrami himself in the 
second. 

From 1871 to 1874 Beltrami published an extended series of articles 
on the kinematics of fluids in the Memorie of the Bologna Academy, 
and, subsequently, he devoted considerable attention to the theory of 
potential, elasticity, electricity and magnetism, conduction of heat, 
and optics. In the study of elasticity he was led to the conclusion 
that Lame's equations were intimately connected with the euclideity 
of space, and he sought to extend them to spaces of constant curvature. 
The discoveries of Maxwell, leading to the substitution of stress in a 
medium for action at a distance, afforded a new field for Beltrami's 
scientific work, and Hertz's experiments, elaborated in Italy by 
Righi, lent an additional interest to this study. Instead of starting 
with Hamilton's generalized equations of dynamics, Beltrami sought 
to base the equations of the electromagnetic field directly on 
D'Alembert's principle — a method which, without introducing any 
substantial modification in Maxwell's theory, led to the required result 
in a simpler manner. The last period of Beltrami's life was devoted 
almost entirely to this branch of applied mathematics ; yet we find 
him also writing on thermodynamic potentials, on spherical functions, 
on Huygens's principle, and as late as 1895 on Lagrange's equations. 
Beltrami's writings were all characterized by a certain perfection of 
style arid neatness of expression which enabled him to render signal 
service to mathematicians in clearing up obscure points in the pre- 
viously existing literature on the branches of mathematics which he 
made his especial study. 

That a cei'tain connexion exists between music and mathematics 
has been frequently stated. Such an idea was put forward by 
Sylvester in his paper " On the Real and Imaginary Roots of 
Equations" (Phil. Trans., 1864). Belti-ami was an ardent musician, 
and in his leisure hours he derived great pleasure from performing 
on the pianoforte selections from the works of Bach, Mendelssohn, 
Schumann, and other composers. Prof. Cremona gives exti*act6 from 
two of Beltrami's letters, oive to Dr. Gustav Wolff, Professor at the 
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Conservatorium of Leipzig, embodjing the idea of a relation between 
music and mathematics, and the other referring to Sylvester's note 
and to the fact that the composer Meyerbeer had commenced his 
career with the study of mathematics. 

Beltrami sought no distinctions, but these were freely conferred on 
him. The Academy of Bologna, the Italian Society, the Accademia 
dei Lincei, the Istituto Lombardo, the Turin Academy, the Royal 
Society of Naples, the Academies of Berlin, Paris, Munich, G5ttingen, 
and our Society, were glad to include him on their membership lists. 
The Universities of Kazan and Halle conferred honorary degrees on 
him ; he was also one of the Knights of Savoy (Cavaliere del 
merito civile di Savoia) from 1879 ; and it is interesting to learn that 
Beltrami, in conjunction with Hermite and Bjerknes, were appointed 
as a commission to report on the claims of Sofia Kowaleifsky for the 
chair which she subsequently held in the University of Stockholm 
till her death, two years later. 

John James Walker, the son of John Walker and Ann {nee 
Fricker) his wife, was bom at Kennington, Surrey, on October 2nd, 
1825. 

On the paternal side he was Insh : his great grandfather Matthias, 
his gi*andfather John (F.T.C.D.), and his father were all gi^adnates of 
Tnnity College, Dublin, and wei'e remarkable for their combined 
mathematical and classical tastes. John Walker, junior, appears to 
have been for a short time (1831) the Headmaster of " University of 
London School"* — a fact which did not come to J. J. Walker's 
knowledge apparently until the summer of 1899.t The connexion 
with this school soon terminated, and a " London High School " was 
started at Tavistock House, where, subsequently, Charles Dickens 
had his residence. Later on Mr. Walker was appointed Headmaster 
of Plymouth New Grammar School, and here our Mr. Walker entered 
upon his earliest training, which was carried on entirely under his 
father's eye. 

A short time previous to his father's death, which took place in 
1845, Mr. Walker entered Trinity College, Dublin, in 1843. Here he 
took his degree in 1849, as a Senior Moderator in Mathematics and 
Physics, having been also an Honoui-man in Classics frequently 



• Cf. Alphabeticaf and Chrwtological Reguter for 1831-1891, p. 9 (University 
College School, London, by Temple Orme). 

t Afl I learn from Mr. W. F. Walker. [R. T.] 



^,-^.vvi .Ml. >>;ilkri' I'lMiuivcd to lioiidoii, and 
iriiMiced liis relations witli University Collegi' 
;md mysL'lf l)ec;une ('olleagues in September, 
noon work as Lecturer in Applied Mathematics 
morning (Pure) Mathematical Master. By this 
i*arely met at school, but, as we were both ele< 
Mathematical Society, on October 16th, 186. 
opportunities of meeting one another. Fi-om 
Walker was Vice-Principal of University Hall 
(in 1874) he married Emma, daughter of tli 
Turner, of Newcastle, who survives him. His 
School terminated in 1888.* Mr. Walker took j 
work of our Society, being a frequent contribute 
and a referee. He was a member of the Coub 
1869, to November, 1874, and then again fixjm 
November, 1894; he was Vice-President for t 
years and was President from November, 1888, tc 
Mr. Walker was also a member of the Physic 
1883 he was elected a Fellow of the Royal Society 
His range of mathematical reading was exter 
script memoi*andum of his 8tat.es that he contribi 
matical papers to the Philosophical Magazine (" Ii 
1853), Cambridge and Dublin Mathematical Journa 
of Mathematics^ MesseTiger of MatJiematicjty Philos 
(1888), and Rf>vf>rh nf Jy-'^' ' ' 
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His earlier work, done when M'Cullagh, Salmon, Graves, and 
Townsend ruled over Trinity, had a strong bias in the direction 
of "pure geometry," and his later work tended in the direc- 
tion of the algebraic methods and subjects. The valedictory 
address, "Of the Influence of Applied on the Progress of Pure 
Mathematics " (Proc.y xxii., 4r-18), is said by Prof. Greenhill, in his 
valedictory address (Proc, xxiv.), to show " how many of the most 
abstruse theorems of pure analysis owe their origin to ideas which 
arose in connexion with concrete and even practical requirements." 
The subject dealt with in this address was one fertile in interest and 
importance in its scope, and, doubtless, had Mr. Walker had carte 
blanche, he would, from the stores acquired by a fairly extensive 
range of reading, have made it even a finer piece of work than it is. 
The pains evidently taken with it are characteristic of his usual 
patient care and habit of looking all round his subject. 

The following picture of him as a teacher comes from an old 
pupil : — " My recollections of him and of his ' Natural Philosophy ' 
lectures are among the pleasantest and most vivid i^emembrances of 
the old days at University College School. His refinements of ex- 
planation, his precision of expression, his grave courtesy of manner — 
how they all come back ! . . . We had excellent opportunities, all 
unsuspected, of learning science and manners from a master of both. 
His reproaches were pointed and eloquent, but too nite for the thick- 
skinned, ... an excellent teacher for a willing ear." 

Mr. W. F. Walker* writes that the general tenour of his brother's 
life was, throughout, simple and devoid of all exciting events ; a life 
of quiet, industnous work, scholastic tastes, of calm and genial inter- 
course with family and friends. Underlying a somewhat re.sei'ved 
temperament, not only were his family affections as a son and 
brother and relative always keen, loyal, and self-sacrificing, but his 
attachments to, and esteem and confidence from, the early and later 
friends of his private life always kept up and treasured to the 
last. 

On February 14th, 1900, Mr. Walker appeared to be quite in his 
usual health ; on the 15th he was found insensible in his bath-i-oom. 



* This gentleman has placed a quantity of interesting matter at my disposal . 
which I have freely used. He was only ten years of age when the father died . 
and henceforward our Mr. Walker, then a student, was in loco parentis to Mr 
W. F. Walker. 
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